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Schnyder, Ryu, AF, and Ludwig, Phys. Rev. B 78, 195125 (2008)
Ryu, Schnyder, AF, and Ludwig, New J. Phys. 12, 065010 (2010)
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Anderson localization

P. W. Anderson

“Absence of diffusion in certain random lattices” Phys. Rev. (1958)
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Sca I | ng theory (Abrahams, Anderson, Licciardello, Ramakrishnan, PRL 1979)
—DOESAL OFRBDIVF 4R (
g(2L)=F[g(L).¥]

L

Metal: g oc —oo0_ _ [ d-2
length
ding 9
= =d-2-0
Al9)=] (97

Insulator: g oc e_L/g

B(9)=Ing+0(g")

All wave functions are localized below two dimensions!

A metal-insulator transition at g=g_ is continuous (d>2).



Prog. Theor. Phys. Vol. 63, No. 2, February 1980, Progress Letters

Spin—Orbit Interaction and Magnetoresistance

in the Two Dimensional Random System o %

Shinobu HIKAMI, Anatoly I. LARKIN® and Yosuke NAGAOKA

Research Institute for Fundamental Physics
Kyoto University, Kyoto 606 ®
(Received November 5, 1979)

o
3 symmetry classes (orthogonal, unitary, symplectic)
Wigner-Dyson RMT ensembles ding
dinL g —
symplectic class: O time-reversal, X spin-rotation
w/ spin-orbit int.
metallic

anti-localization
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din L g critical point

Metal-insulator transition in 2D



Anderson transition (metal-insulator transition)

Continuous phase transition induced by disorder

localization length f — OO S ~ |E _ EC| —V
scale invariance universal critical properties
MIT in the 2d symplectic class ve2.7 (Asada, Ohtsuki, & Slevin, 2002)

delocalized localized

metallic phase critical point insulating phase



Anderson metal-insulator transition is
a continuous quantum phase transition driven by disorder

 Dimensionality d
*  Symmetry of Hamiltonian
time-reversal symmetry

(SU(2) rotation symmetry in spin space)

Wigner-Dyson ensemble of random matrices

time reversal symmetry spin rotation symmetry
orthogonal ves T%=+1 yes (SZR% > spinless&AIL)
unitary no —

symplectic yes T? =—1 no
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10 random matrix ensembles
(symmetric spaces) Aitiand & zimbauer (1997)

Cartan label TRS PHS Ch  time evolution operator exp(—iHt)
“A (unitary) 0O 0 0 UN)
Wigner- AT (orthogonal) +1 0 0 U(N)/O(N)
PYSON | ATT (symplectic) —1 0 0 U(2N)/Sp2N)
" AIII (ch. unit.) 0 0 1 UWN+M)/UN)xUM)
chiral { BDI (ch. orth.)  +1 +1 1 O(N+M)/O(N) x O(M)
CII (ch. sympl.) —1 —1 1 Sp(N+M)/Sp(N)x Sp(M)
D (BdG) 0 +1 0 SO@2N)
| C (BAG) 0 —1 0 Sp(2N)
DIIT (BdG) —1 +1 1 SO@N)/U(N)
uper | CI(BAG) +1 =1 1 Sp(2N)/U(N)

* Wigner-Dyson (1951-1963): “three-fold way” complex nuclei

* Verbaarschot & others (1992-1993)
* Altland-Zirnbauer (1997): “ten-fold way”

chiral phase transition in QCD
mesoscopic superconductors
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- BRARLBEHFEEMEEICIEGE0
¢ 2RTDIZE KR x 4
— BERIFREE  (Obuse, Subramaniam, AF, Gruzberg, Ludwig, 2007, 2010; Zirnbauer 2013)
BRYAZXR7—1)2% (Cardy)

ARBEORODBER &= 2XRTBERRBBRDTSVF2ILIEE
— ¢ =031 F) R IHER
BORT—)OTREDEEF BIAIK. TILFIZ052IL1ER)
— Class C LSO DIBRIIEZIZFHTETES (= percolation)
¢ 1RTDIZE
— ERiX 175 D EHFE (Lyapunovig #) 2% 9~ HFokker-Planck A T8 =X
DMPKA 2=
(Dorokhov; Mello-Pereyra-Kumar; Beenakker; Brouwer-AF-Mudry-Gruzberg)

— SUSY nonlinear sigma model: gMDIERE—AV D EEZEZLETE (Alll, Cl, DIII)
(Lamakraft-Simons-Zirnbauer)
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I[GLVERTO
Topological (band) insulators

e band insulators free fermions (ignor'e e-e mT)

* characterized by a topological number (Z or Z,)

2
00

¥ non-topological
(vacuum)

* gapless excitations at boundaries
stable

7
7
7
Z
Z
7
Z
~

Examples: integer quantum Hall effect,

time reversal _ quantum spin Hall insulator, 3D Z, topological insulator, ...
symmetry
2D 3D



Energy band structure:

map k- E, (k), or un(IZ)> T/'\i Egap

K, D .
e \ —T K.~ m

topological numbers (e.g., winding number)

Band structures are topologically equivalent,
if they can be continuously deformed from one to another
without closing the energy gap.

Topological numbers are not changed by continuous deformation.

(discrete number)



Integer Quantum. Hall Effect ~ = Py = Pr
£ |
sl

|
5

TKNN number (Thouless-Kohmoto-Nightingale-den Nijs)
i TKNN (1982); Kohmoto (1985)

ny = —FC
15t Chern number integer valued
1 = .
C= —_jdzk V, x A(kx, ky) = number of edge modes crossing E,
filled band bulk-edge correspondence
(kx, ky) < ‘ﬁk ‘IZ> Berry connection N

Vi=(0.0, ) Zi




Effective field theory
H = —iv(axﬁx +0,0, )+ Mo,

: 1
parity anomaly === o, = > S (m)

Domain wall fermion m(x)

H = —iv(axﬁx +0,0, )+ m(x)o

z

vly) =0 y-2ar, k| %)

E =-vk m>0 m<0



2D Quantum spin Hall effect (2D Z, TPI)

Kane & Mele (2005, 2006); Bernevig & Zhang (2006)

* time-reversal invariant band insulator
* spin-orbit interaction
e gapless helical edge mode (Kramers’ pair)

I B E
> up-spin electrons
conduction band

W/ down-spin electrons ><

/ Q . B’ valence band

S?is not conserved in general.  Topological index: Z == 7,

Spin flip: Rashba spin-orbit coupling etc.



Conductance
channel with

Experiment g

‘{
Conductance
channel with
down-spin

HgTe/(Hg,Cd)Te quantum wells

CdTe | HgCdTe | CdTe

Konig et al. [Science 318, 766 (2007)]

well

Quantum

charge carriers

Fig. 4. The longitudinal four- G- 0.01e2h
terminal resistance, R4 23, of P cesesssessssnsans
various normal {@ = 5.5 nm) 10°F
{I) and inverted {d@ = 7.3 nm)
(I, N, and V) QW structures F T = 30 mK
as a function of the gate volt- 10
age measured for B =0T at
T = 30 mK. The device sizes
are {20.0 x 13.3) pum® for
devices | and Il, (1.0 x 1.0)
um? for device 11, and (1.0 x
0.5) um® for device IV. The 10*
inset shows R14,23(/;) of two
samples from the same wafer,
having the same device size
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3 dimensional Z, Topological insulator

e Band insulator

Z, topologically nontrivial

e Metallic surface: massless Dirac fermions

E
y k‘-*’tK/ R —
j ‘ k < “/f::\\ u-}kx @
X y P~
k. ' |

, Theoretical Predictions made by:
an odd number of Dirac cones/surface Fu, Kane, & Mele (2007)

Moore & Balents (2007)
Roy (2007)




Experimental confirmation

Bi ) Sb 0.09<x<0.18 theory: Fu & Kane (PRL 2007)
1-x~"™x

0.1 -

exp: Angle Resolved Photo Emission Spectroscopy

R - - - - -0- &

Princeton group (Hsieh et al., Nature 2008)

Eg(eV

5 surface bands cross Fermi energy or

Bi,Se,
. photon
ARPES exp.: Xia et al., Nature Phys. 2009 p, E

a single Dirac cone

Other topological insulators:
Bi,Tes, Bi,Te,Se, ...




Topological superconductors

* BCS superconductors with a fully gapped Fermi surface

e characterized by a topological number

e gapless excitations at boundaries (Dirac or Majorana)

stable ////
7

non-topological
(vacuum)

. -
Examples: p+ip superconductor, °He, ... ////

TS

particle-hole symmetry (BdG Hamiltonian)



2D p+ip superconductor 3He-A thin film, Sr,RuO,

* (p,+ip,)-wave Cooper pairing .{\,
\\ 4
e Hamiltonian Nambu-spinor(%} (spinless fermions)
i
2 A - C—f)
P Dpow, 5*
2m Pe iy = A TT ,
H, = . |=d(p)-c d:d/‘d‘ (px,py)|—>S
S(p-in,)  a-E
pe > 2m wrapping #=1
 Majorana edge state
px+ipy E px_ipy
~ T
ikx i f\
® O 2A1 >k W(X)Z J. (e" Yk +e_kxj/z)dk ® o
= mmm



Majorana zeromode in a quantum vortex

Zero-energy Majorana bound state

G Eh

(p+ip) superconductor I I
A

zero mode &,=0 Yo =70 -

energy spectrum
near a vortex

Majorana fermion

If there are 2N vortices, then the ground-state degeneracy = 2N,

1D p-wave superconductor (Kitaev 2000)

P-wave SC Majorana fermion



Q: How many classes of topological
insulators/superconductors exist in nature?

Topological insulators/superconductors should be stable against arbitrary
perturbations (deformation of Hamiltonian) that respect symmetry constraints.

classification based on generic symmetries:
time reversal
charge conjugation (particle hole) SC

random matrix theory

A: There are 5 classes of TPIs or TPSCs
in each spatial dimension. 3Z & 27,




Table of topological insulators/superconductors for d=1,2,3

10 Symmetry Classes TRS PHS CS d=1 d=2 d=3

A (unitary) 0 0 0 - 7 -
Standard

(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) -1 0 0 -- Z, Z,

Alll (chiral unitary) 0 0 1 7 - 7

Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,

D (p-wave SC) 0 +1 0 Z, Z --

; 0 -1 0 - Z -

BdG C (d-wave SC)

DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z

Cl (d-wave TRS SC) +1 -1 1 - -- Z

Altland & Zirnbauer, PRB (1997) Schnyder, Ryu, AF, and Ludwig, PRB (2008)



Table of topological insulators/superconductors for d=1,2,3

10 Symmetry Classes TRS PHS CS d=1 d=2 d=3

A (unitary) 0 0o 0 - @ IQHE

Standard Al (orth ) B B
(Wigner-Dyson) orthogona +1 0 0 QSHE
All (symplectic) -1 0 0 -- @ @ Z,TPI
Alll (chiral unitary) 0 0 1 - 7
Chiral BDI (chiral orthogonal) +1 +1 1 @ polyacetylene (SSH)
Cll (chiral symplectic) -1 -1 1 Z,
p+ip SC
D (p-wave SC) 0 +1 o0opSC @ | oi_
+id SC
C (d-wave SC) 0 -1 a --
BdG 3He-B
DIII (p-wave TRS SC) -1 +1 T Z, e @
(p+ip)x(p-ip) S
Cl (d-wave TRS SC) +1 -1 1 -- -- VA

Altland & Zirnbauer, PRB (1997) Schnyder, Ryu, AF, and Ludwig, PRB (2008)



Periodic table of topological insulators/superconductors

Cartan 0 1 2 3 4 5 & 7 3 g 10 11

Clomplex cose:

A zZ 0 Z 0 Z 0 Z 0 Z 0 2 0 period

AT o Z 0 Z 0O Z 0 Z 0 % 0 Z d=2

Real case.

Al Z 0 0 0 22 0 Z, Z, Z 0 0 O

BDI Z Z 0 0 0 22 0 % Z Z 0 0

T F O
) Fa 2 &

ATl 2% 0 % %, Z 0 0 0 22 0 7 % d=8

CI 0 22 0 Z, Z Z 0 0 0 22 0

C 0O 0 22 0 % % & 0 0 0 2 O

CI o o o0 22 0 Z Z Z 0 0 0 22

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009); arXiv:0901.2686 K-theory, Bott periodicity
Ryu, Schnyder, AF, Ludwig, NJP 12, 065010 (2010) massive Dirac Hamiltonian
M. Stone, C.-K. Chiu, A. Roy, J. Phys. A 44, 045001 (2011) representation of Clifford algebras



Table of topological insulators/superconductors for d=1,2,3

10 Symmetry Classes TRS  PHS CS] d=1 d=2 d=3

A (unitary) 0 0 0 - 7 -
Standard

(Wigner-Dyson) Al (orthogonal) +1 0 0 - - -
All (symplectic) -1 0 0 -- Z, Z,

Alll (chiral unitary) 0 0 1 7 - 7

Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,

D (p-wave SC) 0 +1 0 Z, Z --

; 0 -1 0 - Z -

BdG C (d-wave SC)

DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z

Cl (d-wave TRS SC) +1 -1 1 - -- Z

Altland & Zirnbauer, PRB (1997) Schnyder, Ryu, AF, and Ludwig, PRB (2008)



Time-reversal operator

H=> c¢'Hc,
i ]
SpinOcase T=K T: Hij —)THijT_1 = H;
Complex conjugation T2 -1 integer Spin

Spin’.case T=ic K T: Hij —)THijT_lzayH;Gy
T2=_1



Classification of Hamiltonian in terms
of time-reversal symmetry

—

+1 f THT'=H andT?=+1
TRS=— -1 if THT'=H andT?=-1

0 ifTHT'=#H




Table of topological insulators/superconductors

)

TRS | PHS | CS d=1 d=2 d=3

A (unitary) 0 0 0 - 7 -

Standard

(Wigner-Dyson) Al (orthogonal) +1 0 0 -- - -
All (symplectic) -1 0 0 -- Z, Z,

Alll (chiral unitary) 0 0 1 7 - 7

Chiral BDI (chiral orthogonal) +1 | +1 1 7 - -
Cll (chiral symplectic) 1| -1 1 7 - Z,

D (p-wave SC) 0 +1 0 Z, Z --

- 0 -1 0 -- 7 -

BdG C (d-wave SC)

DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z

Cl (d-wave TRS SC) +1 | -1 1 - -- Z




Particle-hole transformation for
Bogoliubov-de Gennes Hamiltonian

Examples:

(1) spinless p,+ip,

1 ~
H :EZ(CE C—E) HE[CTk j
B} k —ik
Hq:[A( “ A( o y)J:A(kX7X+kyry)+gkrz

Particle-hole symmetry rH .+ =—H. C=rK C2 =1

X' KX K X

(H] UJZM[HUK o=7s

Majorana fermion



Particle-hole transformation for
Bogoliubov-de Gennes Hamiltonian

(2) dyo.y2+id,, (spin singlet pairing)

H = Z(C:T ) H [;kkzj

L &, Ak —k? —ikk, )
LAk -k +ikk, ) 5
= Al (K =Kz, +k kT, |+ 40,
Particle-hole symmetry z-yH_kz-y — _HIZ C = iZ'yK C?=-1
E,—>-E,

WT un V: T
( Tj - Z (V a4+ « Ay
v, E.~0| \ Vn —U, No Majorana



Classification of Hamiltonian in terms
of particle-hole symmetry

—

+1 if C'HC=-H and C?=+1

PHS=— -1 if C'HC=-H andC*=-1

0 iifC'HC=H



Table of topological insulators/superconductors

)

TRS PHS| CS d=1 d=2 d=3

A (unitary) 0 0 0 - 7 -

Standard

(Wigner-Dyson) Al (orthogonal) +1 0 0 -- - -
All (symplectic) -1 0 0 -- Z, Z,

Alll (chiral unitary) 0 0 1 7 - 7

Chiral BDI (chiral orthogonal) +1 +1 1 7 - -
Cll (chiral symplectic) -1 -1 1 7 - Z,

D (p-wave SC) 0 +1 0 Z, Z --

- 0 -1 0 -- 7 -

BdG C (d-wave SC)

DIl (p-wave TRS SC) -1 +1 1 Z, Z, Z

Cl (d-wave TRS SC) +1 -1 1 - -- Z




“Chiral symmetry” (cs)

There is a unitary operator which anticommutes with Hamiltonian.
HI'+ITH=0

S

Example 1: lattice model with hopping between AB sublattices only

H:Z(tabcgcbﬂ:bcgca) e © o o o e
ach A B

Example 2: time-reversal X particle-hole (T'and C are antiunitary)
THT * =H

TCHC'T ' =—-H =—



Classification of free-fermion Hamiltonian
in terms of generic discrete symmetries

~

* Time-reversal symmetry (TRS) 0 no TR Invariance

THT =H TRS=:{+1 T°=+1 spin 0
-1 T2 =1 spin 1/2

.

* Particle-hole symmetry (PHS)
BAG Hamiltonian (0 no PH invariance

CHC*=-H PHS=!4+1 C%?=41

-1 C?=1 Singlet SC

\

TRS=PHS=0,CS=1
3x3+1=10
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— Nonlinear sigma model with a topological term

 Dirac Hamiltonian
— CliffordX# D xR/ (KXEiR)

— Dimensional reduction

LL



Anderson delocalization of boundary states
* Gapless boundary modes are topologically protected.

 They are stable against any local perturbation.
(respecting discrete symmetries)

* They should never be Anderson localized by disorder.

Nonlinear sigma models for Anderson localization
of gapless boundary modes

_ 2 .
S — jd d 1I’ tr (@Q) + topologlcal term (with no adjustable parameter)
Q ceM ZQ tOp term ﬂd_l(M ): Zz

bulk: d dimensions WZW term T (M )= Z

boundary: d -1 dimensions A
O-term



bulk-boundary correspondence

Anderson delocalization
topologically stable, gapless excitations

Topological insulator/superconductor

fully gapped (no excitations)



Nonlinear sigma model: (Wegner, Efetov, Altshuler-Kravtsov-Lerner, ...)
low-energy effective field theory for Nambu-Goldstone bosons

E = [(60) dxdz+i22SN E = [tr(@Q)*d*r +ieN
Antiferromagnets Integer Quantum Hall effect
N-G bosons magnons Diffuson
Ordered phase  antiferromagnetic metallic
Disordered phase paramaghetic insulating
Order parameter ficR® fA-fi=1 QeU(2N)  Q=diag(ly,-1y)
Target space G/H =0(3)/0(2) G/H=U@2N)/U(N)xU(N)
7,(GIH)=2 7,(GIH)=2
Haldane Pruisken

Topological terms lead to nonperturbative effects.
S=1/2 (8 = ) DEZ. massless (critical)



Nonlinear sigma model

Symplectic class (AII)

N-G bosons Diffuson & Cooperon
Ordered phase metallic % %
Disordered phase insulating
Matrix fields Q*=1,, Q'=Q, TrQ=0

Target space G/H =0(4N)/O(2N) x O(2N)

772((3/ H): Z, Fendley, PRB (2001)

2 distinct sectors in the space of field configurations

e_Sl _|_e_82 or e_Sl _e_sz ®IC

metallic
(no top. term) (with Z, top. term)



NLSM topological terms 74(G/H)

f'.‘n??#.pft-z'f‘ Case!

G/H\ d d=0 d=1 d=2 d=3
A UN +M)/U(N) x UM) Z 0 Z 0
Alll U(N) 0 Z 0 Z

P‘t'!{lf Case;

G/H\ d d=0 d=1 d=2 d=23
Al Sp(N + M)/Sp(N) x Sp(M) Z 0 0 0
BD| U(2N)/Sp(N) 0 Z 0 0
D O(2N)/U(N) Zs 0 Z 0
D111 O(N) Lo Lo 0 Z
All O(N + M)/O(N) x O(M) Z Zo Zo 0
Cll U(N)/O(N) 0 Z Zo Zo
C Sp(N)/U(N) 0 0 Z o
Cl Sp(N) 0 0 0 Z

Z,: a Z, topological ferm can exist in d dimensions

Z:a WZW term can exist in d_-1 dimensoins



Periodic table of topological insulators/superconductors

Cartan 0 1 2 3 4 5 & 7 3 g 10 11

Clomplex cose:

A zZ 0 Z 0 Z 0 Z 0 Z 0 2 0 period

AT o Z 0 Z 0O Z 0 Z 0 % 0 Z d=2

Real case.

Al Z 0 0 0 22 0 Z, Z, Z 0 0 O

BDI Z Z 0 0 0 22 0 % Z Z 0 0

T F O
) Fa 2 &

ATl 2% 0 % %, Z 0 0 0 22 0 7 % d=8

CI 0 22 0 Z, Z Z 0 0 0 22 0

C 0O 0 22 0 % % & 0 0 0 2 O

CI o o o0 22 0 Z Z Z 0 0 0 22

A. Kitaev, AIP Conf. Proc. 1134, 22 (2009); arXiv:0901.2686  K-theory, Bott periodicity
Ryu, Schnyder, AF, Ludwig, NJP 12, 065010 (2010) massive Dirac Hamiltonian
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— Nonlinear sigma model with a topological term

 Dirac Hamiltonian
— CliffordX# D xR/ (KXEiR)

— Dimensional reduction

LL



Classification of Dirac mass

d
H:Zkﬂ7ﬂ+m70 {7/#’7V}:25y,v
u=1
If my, is a unique Dirac mass, then gapped phases with opposite
sign of m are topologically distinct phases. m;
A
Examples
(1) d = 2 class A (IQHE) {\
H =ko, +k,o, +mo, — e—> m
(2) d = 1 class A

H = kXGX + mlay +M,o, Two gapped states (m; > 0 and m; < 0) are

connected without closing a gap.

(3)d = 1classAlll  {H,o,}=0

H =k.o,+mo, mo, is a unique mass term.



Set of possible mass terms: classifying space

Example: d = 2 class A (IQHE)

H:kX0X®1N+kG ®1, + 7, {7/a’7/b}:25ab
£}
Vo &= U e (n+m) Classifying space Cy

( ) ( ) = Complex Grassmanian

EO[@m,nU(m+n)/U(m)XU(n):|=Z ‘ ‘ ‘ ‘

There are topologically distinct gapped phases labelled by an integer index.

The parameter n corresponds to Chern number.
2 1 (e>0)
H=ko, tkKo, +(8—k )0'

Chern # _{O( £ < 0)

z



Example: d = 1 class A (no symmetry constraint)

H=ko, &1, +y,

0O U
Yo = (U 0 j UeU ( N ) Classifying space C;
g (U ( N )) =0

There is only a single gapped phase. ‘
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— ff*naaﬁﬂ\ﬁ(ﬁﬂﬂﬂs C3. etc) EFRIR BT EDHLETR RO AIILIZE
TFEFEIZIAR topological crystalline insulators: SnTe

— *HFM’FFH?’%ZF‘ (fermions, bosons (spins)) D k7RO H)LFE
IRV T LAV MISEEEEE - symmetry protected topological (SPT) phase
X.-G. Wenis, Fidkowski-Kitaev. Pollmann-Berg-Turner. Lu-Vishwanath. ,,,
1R 7T : 17513 4KRE (MPS) AKLT state group cohomology
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