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Motivation

» systems in contact with heat bath are dissipative

P> change state of system — dissipate energy into heat bath

e move Brownian particle through viscous environment

e change occupation probability of lattice sites
» dissipation quantified by entropy production

» what is the minimum entropy production required for a given
operation?

» what type of process realizes minimum entropy production?
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1. Equilibrium, detailed balance and entropy production
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Equilibrium and detailed balance

P classical statistical mechanics: systems in thermal equilibrium
» defining feature of equilibrium:
probability of transition ¢ — j: P(i — j) = P(j — ) for any pair of states (i, j)
. in the system on average
® one-to-one correspondence
1

(i) = 2 e PV with 7 = Ze_ﬁU(i), B = %ol

» detailed balance: probabilistic
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Entropy production out of equilibrium

» system out of equilibrium: , P(i — j) # P(j — i) for some (i, 7)
> of system: sequence of transitions ' =iy — i1 — ... 2> iy_1 — in
> trajectory: I'f =iy — in_1 — ... = i1 — i

= P(I) # P(TT) for some I’

> use P(T) to define entropy production as

5= 3P (rey ) = P (PP 20

> ¥ =0onlyif P(T) = P(T'") forall T —
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Continous-time Markov processes

» here: focus on in continuous time
» transition probability P(i— j,tlk,s <t)=P(i — j,t)
» path probability factorizes

P(T) = P(inlin—1)P(in—1lin—2) ... P(i1|io) P(ip)

» entropy production: sum of
N
Y = ZDKL (P(ik_l — ik)||P(ik_1 — Zk))
k=1

» two concrete types of dynamics: diffusion processes and jump processes
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2. Diffusion processes: continuous state space
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Diffusion processes

> . continuous state-space = € R?

» dynamics described by

@(t) = pF,(x(t)) + \/2uks TE()

F;(x) time-dependent force, p mobility, T temperature
» £(t) Gaussian white noise: (§(t)) =0, (&(t)€;(s)) = 0;;6(t — s)

» describes (interacting) Brownian particles in external force field
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Fokker-Planck equation and entropy production

» equivalent description: for probability density p:(x)

oipi(x) = =V - (vi(@)pi(x)) continuity equation
vi(x) = p(Fi(x) — kgTV Inpy(x))

> transition probability density Gaussian
1 2
o _ F(y)dt) H
Pttt (z|Y) <47ruk:BTdt> exp [ 4,ukBTdt H (y + pFy( ]

» entropy production <+ local mean velocity

% = D (PO PHI) = St

pi(x) >0

» PT(I'): path probability for time-reversed protocol F, (x) = F,_,(x)
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Entropy production and thermodynamics

» equivalent expression for entropy production

= kBLT </0 dt Fy(x(t)) o 9'c(t)> +AS §— —/dw In pe (2)pe ()

> of thermodynamics
A
AS — kB—C; =X>0
» AS change in of system
> AQ from environment to system
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Equilibrium and detailed balance

» in equilibrium: ¥ =0 =
e O:p:(x) = 0: steady state p*'(z)
e F(xz) = kgTV Inp*(x): conservative force F(x) = —VU(x)

» Boltzmann-Gibbs equilibrium density
L, U@ _ _uw)
p*Y(x) =Z e T with Z=[dye T
» equilibrium <

e change of state 9;pi(z) #0 = X >0
e nonconservative force F(x) # —VU(x) = X >0
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Minimum entropy production

> of X for given change of state po(x) — p,(x)?
[Aurell, Mejia-Monasterio & Muratore-Ginanneschi, Phys. Rev. Lett. (2011)]

inf [/Ofdt/daz (Hut(w)ngt(w) = 2() [5tpt(~’”)+v'(”t(“’)pf(‘”))]ﬂ

» minimum condition: vy (x) = — Vi (x) with Hamilton-Jacobi equation

1 2
aﬂ/’t(m) = §Hv¢t($)“
» v (x) = pu(Fi(x) — TV Inpf(x)) = conservative force F(z) = —VU;(x)
» optimal protocol: unique with entropy production rate

Ldt/dm 1V e(@)|*pe() = 0

*
dto—t =
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Relation to Wasserstein distance

» minimizing 3 dynamical problem: connecting initial and final state
> . joint probability (coupling) II(x, y) with marginals
[t 11z ) = m(y) [y @) = . (@)
» find IT*(x, y) minimizing average distance
Walpr.po)? = inf ( [z [ ay ||w—y||2n<w,y>>
» Ws(pr,po) is called : depends only on po(x) and p.(x)
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Relation to Wasserstein distance

central result of optimal transport theory: dynamic and static problem are equivalent

[Benamou & Brenier, Numer. Math. (2000)]

minimum entropy production = Wasserstein distance [AD & Sakurai (2019)]

¥ = /,LkBTTWQ(pT’pO)z
recall ¥* = 70* with ¢* = const.
1
= u? with U= M “Wasserstein speed”
uksT T

optimal process has constant speed with respect to Wasserstein distance
Wasserstein speed — [Nakazato & Ito, Phys. Rev. Res. (2021)]
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Relation to Wasserstein distance
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Interim summary: diffusion processes

» optimal process is driven by conservative force
» optimal process has constant \Vasserstein speed

» minimal entropy production = \Wasserstein distance between initial and final state

1
¥ = ——Ws(pr, p0)?
ke TT 2>(Pr, Po)
» minimal entropy production proportional to 1 /7 — fast process requires more dissipation
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3. Jump processes: discrete state space
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Jump processes
» discrete state space i € {1,...,N}

» transition from j to i: rate process with Wy(i,5) >0

» occupation probability p; (i) follows Master equation

depe(i) = Y (Wali. i)pe(i) = Wl Dpedi) )

J

» short-time transition probability (W;(i,4) = 0)
prraaili) = (1= D Wik, j)dt ) b5 + Wili, )dt
k

» entropy production

3= /OT dt > Wi(i, j)p:(j) In (W) >0

,J
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Thermodynamics

» equivalent expression for entropy production

T o Wi (i, j : N
Y= /0 dt;th(Z’])pt(j)ln (Wtﬁj,g) +AS with S=- ;lnpt(z)pt(z)

» thermodynamic interpretation of transition rates

Wiliod) = i) exp |~ GAi(i)]

wi(i,7) = we(4,4) >0 . A(i,5) = —Ay(j,9) change in energy =
| condition
W (i, j) . . .
1 e = — A frnd —
n <Wt(j,i) BA(i,j) or Wi(i,j) =0 < Wi(4,i) =0
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Equilibrium and detailed balance

» detailed balance for all (7, 7)

W (i, j)
W(j,1i)

= dipe(i)=0  and In ( > =Inp*(i) — Inp*™(j) = -B(UG) — U()))

» equilibrium p9(i) = Z7le AU &
» time-dependent state d;p; # 0 or nonconservative driving = ¥ > 0

» so far: completely analog to diffusion case
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(Non-)Uniqueness of conservative forces

» diffusion case: one-to-one relation Us(x) < p:(x)
» jump case: one-to-one relation Uy (%) > p¢ (%)
» equilibrium state p*9(i) = Z e~ AU

» different combinations of Uy (i) and wy(4,5) with time evolution
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Time evolution at vanishing entropy production

» minimum value of X for given change of state pg — p,?

» without any constraints: trivial answer > = 0l
[Muratore-Ginanneschi, Mejia-Monasterio & Peliti, J. Stat. Phys. (2013)]

» define new transition rates (a > 1) [AD, J. Phys. A (2022)]

Jt(Z)]) ’

W) = oo (o sign(.))) T ) = Wi, )pd) — WG, i)

Ji(i,g) = Je(i,5) = depe(i) ZJO‘ (i,79) same time evolution

» vanishing entropy production rate

o 1
of = atanh(a> Z

,J

— 0

a— 00

Ji (i, 7)
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Time evolution at vanishing entropy production

» rates W (i,j) correspond to with

» overall transition rate measured by

A= WiliinG) = A =53] o0

a— 00
2y

> limg o0 0f AP = 5 (25, |Jt(i,j)|)2 between dissipation and activity

» minimizing entropy “interesting” only with
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Fixed local traffic

» first possibility: fix local traffic w; (7. /) and ps [Remlein & Seifert, Phys. Rev. E (2021)]

Wilinj) = ealioi) exp | = 5 A5

conservative forces A, (i, 7) = U, (i) — U,(])
minimize o; with respect to A¢(i,7) = Aj(i,7) # U(i) — U(j)

surprising result: entropy production rate minimized for nonconservative driving!

vV v v v

connection between conservative forces and minimum entropy for jump processes?
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Jump processes and graphs

» represent state space of jump process as graph
» states i € {1,..., N} — vertices
1 i< j allowed

WilisJ) = i dJenlid)exp | - SAGD]  Klid) = k(G0 -
0 i< j forbidden

» k(i,7) connectivity matrix of graph — edges
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Wasserstein distance on graphs

» graph distance dg(i,7): length of shortest path between vertices ¢ and j

1 T dg(1,4) =2
9

dg(3,6) =4 @
» \Wasserstein distance between pg and p;
We (prspo) = inf (;dc(w)ﬂ(w)> with
(i,5) >0, Y M(,5) =po(s),  »_ T(,4) = p(i)

J

23/31



Detailed balance and entropy production Diffusion processes Jump processes
000 000000000 0000000000 e0000000
!

Optimal coupling and energy landscape

» optimal coupling II*(4, j) defines directed tree

4 0
(O (O
3 5 17 a9 1 #1 A= a1
@ (O] (@) @ &) @ o @

A 4 A 4

V2 10 1 18 V-2 0 0 4 -2

@ @ (©) ) (@) o (©) O]
Y6 V-1
@ )

» can always choose consistent “energy landscape” (i) with Ae = +1
» mathematically: consequence of Kantorvich duality
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Relation to jump processes

» computation of Wasserstein distance problem
» what is the equivalent continuous-time problem?
» minimize average N = fOT dt Ay at k(i,j)

[AD, J. Phys. A (2022)]

We(pr,po) = N* = inf </T dtZWt(iaj)Pt(j)> with

Wi,pe 0 i
)

dtpt@')=Z(Wt(i,j>pt(j)—Wt<j7i>pt(i>)7 Wi(i,j) =0 if k(i,5) =0
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Optimal and symmetrized transition rates

» jump process minimizing A/ has transition rates

oo A0 G)

Wt (Za.]) = .
Tpe(5)

» I1*(i,5) > 0 = II*(j,4) = 0 one-directional transitions

with  p(i) = (1 - :)po(i) + ;pr(i)

» physically: minimizing N corresponds to 7' — 0 limit = SAU — +oo

> transition rates (a > 1)
AT ,§) >0
Wta(i,j) — 2 pe(d)
a—1T°(Gi) - Wi
et i ) >0
1
= Za—2atanh<>/\/*, N® = aN*
a

26/31



Detailed balance and entropy production Diffusion processes Jump processes
000 000000000 0000000000000 e0000
! !

Minimum entropy production

» 3% is minimum entropy production for jump process with A'® average transitions

» N = N relation between and

*

We(pr, .
¥* = 2N *atanh (Aj\//, ) = 2W¢a(p-, po)atanh <G(/1\7[Po)> (N, (i, 5))

» large number of transitions N >> Weg(p-, po)

* QWG(pTap0)2

2
D diffusion case: X* = Wa(pr,po)”

N /J,k‘BTT

» remark: [Van Vu & Hasegawa, Phys. Rev. Lett. (2021)]

Wc(pﬂpO)z
T

>

definition of W,
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Precision-dissipation tradeoff

» for arbitrary processes:

> 2Wc(pf,po)atanh(wa(p“p°)>

N

» N average number of transitions to transform pq into p,

e large NV: many transitions in the “wrong” direction — low precision

e small A/: almost all transitions in the “correct” direction — high precision

> require large dissipation

1
2 2, Welprpo)n (1_%%1)0))

» if N/~ 1A — tradeoff between dissipation and
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Conservative forces and optimal process

» from properties of optimal coupling: () with Ae = +1

BU; (i) = —Inp:(i) + 2atanh (V\}()>€(z)

» optimal process with >* driven by

> with respect to Wasserstein distance

A* _ WG(pt+dt7pt) — WG(pTﬂpo)’ Y — ot = T.A*atanh i
dt T A

» optimal process . interpolation p; arbitrary
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Lower and upper bounds on Wasserstein distance

» computing Wasserstein distance: combinatorial problem

P> explicit expressions only in simple cases
e one-dimensional chain Wa(p,q) =) ._, }Z] N (j))‘

e complete graph Wa(p, q) = 5 ZZ 1 Ip(@) )| = d(p, q) total variation distance

» complete graph has minimal distance between any two vertices =

5(177-7170)

> 25(p7,p0)atanh< N

> [Shiraishi, Funo & Saito, Phys. Rev. Lett. (2018)]

» maximal distance between any two vertices: diameter D¢ of graph
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Diffusion and jump processes

diffusion, (u,T')

jump process, ws

jump process, A;

force conservative nonconservative conservative
Ui < pe one-to-one one-to-one degenerate
. Wz (pr,po)® 1 We (pr,p
minimum entropy % Lotons < g < g% | We(pr, po)atanh %

optimal process

constant speed

77

constant speed

» diffusion process: calculate Wa(p, po) <

» jump process: calculate Wq(pr, po) <

at fixed (u,T')
at fixed N <
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Thank you for your attention!
J. Phys. A 55, 094001 (2022)



Minimum entropy production rate

> of X for given change of state po(x) — pr(x)?

» first step: pi(x), t €10,7]

/ dt oy with or = ﬂleT /dw Hyt(w)HQPt(w)
and oipe(x) = =V - (ve(@)pe(x)) (%)

> entropy production rate o; with respect to v;(x) under (%)

inI}tf [/d.’t; ||Vt(:c)”2pt(w) - Q/dw Ui () (atpt(w) +V. (ut(:c)pt(a:)))]

» ¢ (x) Lagrange multiplier — compute Euler-Lagrange equations
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Minimum entropy production and conservative forces

» minimum condition: v} (x) = — V()
vi(@) = p(Fy (@)~ TV Inp(a)) = F(@) = -VUi(a)

> minimum is unique: V - (p(@) Vi (x)) = V - (pi(2) Vi (x)) = Oypi(x)

» entropy production rate minimized by Fjf(x) = -VU(x)
[Maes & Netocny, J. Stat. Phys. (2014)]
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Excess and housekeeping entropy

» system driven by a time-dependent nonconservative force F(x)
» can find conservative force Fy(x) = —VU;(x) with

» entropy production rate has two positive contributions

ot = oy + (0¢ — o})

® o} for time evolution p.(x) (“excess entropy”)
e o — o; additional entropy production from (“housekeeping entropy”)
» corresponds to terms in local mean velocity

[AD, Sasa & lto, Phys. Rev. Res. (2022)]

[z vi@)- (@) -~ v @)mi(a) = [ dw (@) - () - vi(@)pila) =0
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Excess and housekeeping entropy

Housekeeping entropy production rate

(v — v}, vy — V)

Entropy production rate (Vt, I/t>

v
¢ v — U

v {Ve}

Excess entropy production rate (v}, v})
[AD, Sasa & Ito, Phys. Rev. Res. (2022)]
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Gaussian processes

» in general: no explicit solution for optimal protocol U;(x)

» if initial and final state are Gaussian [AD, Sakurai, 2019]

» mean m; and covariance matrix =, interpolate between initial and final value
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Gaussian processes

» expressions simplify if initial and final covariance matrix commute EgE, = B, 5

1 1
Ui(x) = —;mt -z + 5(33 — mt) ~Kt(w —mt)

t t
my = —m, + <1 — )mo
T T

=
|

1 .
— =1 =-1=
ksTE; " — o=t Bt
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Cycle affinities

» characterize nonconservative driving via '
> state space = connected graph @ :
» decompose graph into cycles and calculate affinities -:
W(1,3)W(3,2)W(2,1) .
A(C) =1
() n<W(3,1)VV(1,2)W(2,3) K :
» if A(Cy) =0 can find E(1), E(2), E(3) along cycle
_ W(1,2)
E(2)=EQ1 ' ’
@ =50+ (50 )

» if A(C1) # 0 no consistent energy landscape —
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Cycle affinities

» conservative forces only if A(C) = 0 for all C < steady state satisfies detailed balance

P in steady state [Schnakenberg, Rev. Mod. Phys. (1976)]

ot = JHC)A(C)

C

» minimum o; at fixed wy(i,7) leads to A(C) # 0 [Remlein & Seifert, Phys. Rev. E (2021)]
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Properties of optimal coupling
» optimal coupling II*(4, j) not unique

e shortest path not unique
e I1"(6,3) moves probability from 3 — 6; same as 3 -4 — 7 — 10 — 6

4 10
de(3,6) = 4
» optimal coupling one-directional: II*(i,j) > 0 = II*(4,i) = 0

» edges with II* (¢, j) > 0 can be chosen as tree
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Minimum entropy production rate for given time evolution

» instead of py, pr and N: specify pt, t € [0,7] and Ay

o; = 2A;atanh (jt ) with
t
Ar = W Z minimum activity

» fixed p; and A;: can entropy production even for conservative forces

Wea (pr,po)

- . . .
» minimum entropy production process has Wasserstein speed A* = -
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Example: pumping on a ring

» ring with N sites

» time-dependent energy landscape

. 1 1 1—1
Ut(Z) =&y <2 — 5 COS |:27T<t+ N):|>
Wili.d) = woep | - 2 (0(0) - 0i)]
> moves around ring — current

» fix p;, A; and
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Example: pumping on a ring
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Fast transitions wy = 10

Ay
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Fast transitions wy = 10
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Slow transitions wy = 0.1

A
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Slow transitions wy = 0.1

Uy
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0.2 001
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Conservative forces and detailed balance

» jump process, fixed w;(Z,): minimum entropy production rate for force
» however: for given process p;
» meaning of conservative force?

» conservative force minimizes

m=23 Wili,i)pu(s) In (W) ~ (VWG G~ TG0

» similar properties to oy: and
oy <y < 204

» 1, convex measure of —
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