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Abstract

It is shown that in causal inference based on choice-based samples, the consis-
tent estimation and t-tests of propensity scores and average treatment effects can
be performed only from biased subsamples without external knowledge about the
original random samples. Thus, program evaluation becomes more feasible.
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1 Introduction

Due to the cost of data collection, program evaluation is often conducted with matched
subsamples. The subsamples from which an econometrician arbitrarily selects treatment
and control groups are called choice-based samples. Choice-based or endogenous sam-
pling has the advantage of simple to implement because, unlike exogenous sampling with
multivariate exogenous variables or propensity scores, the former method relies only on
treatment and control groups with the endogenous dummy variable. Generally, how-
ever, the subsamples are not representative because they are drawn differently from the
population ratio, which possibly leads to the selection bias in average treatment effects
(ATE) estimation.

Although there has been much development in causal inference under random and
choice-based samples with external knowledge, the following are the previous studies on
robustness when only choice-based samples are available. Heckman and Todd (2009)
suggested that even if the propensity scores has the bias, ATE can be identified from the
propensity score matching based on its odds. For ATE on the treated (ATT), Kenndy et
al. (2015) pointed out that ATT can be estimated using standard estimation methods
even if propensity score is not identified. As a different approach, we present a method
in which the propensity score is first estimated consistently, and the identification and
consistent estimator of ATE are obtained by inverse probability weighting (IPW).
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Our goal is to present consistent estimators and t-tests for the propensity score and
ATE when the original random sample size, n, is unknown and only choice-based samples
are available. First, we identify the population ratio of the treatment group by applying
the approach of Cosslett (1981) with the number of subsamples as random. Second,
the IPW estimator is extended to choice-based samples. Third, we demonstrate that
normalization and the standard error do not depend on n with regard to the ATE
significance test. Therefore, it is easier to evaluate a program as only biased subsamples
are needed without external knowledge.

The remainder of this paper is organized as follows. The next section provides an
overview of choice-based sampling and presents the t-tests on the propensity score and
the ATE. Section 3 describes the numerical experiments and the results and Section 4
is the conclusions. All proofs are summarized in the Appendix.

2 t-tests for propensity score and ATE

We consider the Rubin causal model:

Yii = Y1y (2.1)
voi = Yoi(1—w2), (2.2)

where y7]; and y;; are unobservable and only one of y1; or yio , ¥; = y1; + ¥io , is observed
for each subject i. yo; = T{B'x; +u9; > 0} , where the indicator function I{.} takes the
value of 1 if the argument is true; otherwise, it takes 0. x; are the K-variate covariates
that are independent of ug; . The error term wuo; follows the standard normal distribution,
i.e., the propensity score becomes the probit model.

pi = Pr(ys = 1]x;)
= o8, (2.3)

where @ is the standard normal cumulative distribution function. The parameters of
interest are B, T = E[y}; — y¢;) as the ATE, and p = &[p;| which identifies 7 .

2.1 Choice-based samples

For random samples (i = 1, -, n) ,let ny = Y ;" | y2; be the number of the treatment
group and ng = > (1 — y2;) be the number of the control group. Then, the following
holds:

ny no

— = —~p:1—- 2.4
i =p P, (2.4)

where p is the proportion of the treatment group in the population,

p="Pr(yu=1). (2.5)



Choice-based samples (j = 1, ---, m) are subsamples (m < n) of random samples
arbitrarily collected by an econometrician for each treatment and control group. Hence,
the ratio r of the treatment group in the subsamples is known.

L (2.6)
m m

where m1 = >0 ya; , mo = > 1L (1 — yo;) , and m = my + mg . Hereafter, subscript
j indicates that the sample of subject j is drawn as the choice-based sample.
The IPW estimator for ATE is widely used in program evaluation.
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where p; = @(,élxj) and 3 is the probit maximum likelihood estimator (MLE). However,
as the choice-based samples follow the biased distribution as r : 1 —r #p:1—pin
general, there may be a selection bias.

First, we consider the consistent estimation of B in the propensity score. The con-
sistent estimation methods for dealing with choice-based samples are summarized in
Amemiya (1985, Ch. 9). Given the true value of p , Manski and Lerman (1977) pro-
posed the weighted MLE obtained by

m
p L—p
Z S Y2 logpj + (1 —ya;) log(1 — p;) - (2.8)

Thus, a bias can arise in p; where p/r and (1 —p)/(1 — r) are not weighted.
In practice, p is unknown. To obtain the feasible weighted MLE, Hsieh et al. (1985)
assigned the sample average p to p,

1 n
1=

This method consistently estimates propensity scores. However, we eventually need
external knowledge about (n, ni) regarding the random sample for p when estimating
with the choice-based sample, m . As described in the previous study, there may be few
datasets that cover all persons, including information necessary to determine whether a
person is eligible for the program. Hence, n is assumed to be unavailable or unknown.
Then, a feasible weighted MLE would be difficult to calculate.

Hence, we next consider another important estimation method described by Manski
and MacFadden (1981). They proposed the following log-likelihood function, given the

true value p :

y2 _ 1—y2;
Zl i Ao — pj) % , (2.10)
)\lp] +)‘0(1 _p])

where A\ = r/p and A\g = (1 —r)/(1 —p). Cosslett (1981) proposed the generalized
choice-based sampling method, which for the binomial model is reduced to estimate Ay



and )¢ as unknown parameters. When normalizing with A\g = 1, A = A\;/)\¢ becomes
the unknown parameter. Then the log-likelihood function of Cosslett (1981) becomes

(B, \) = yajlog Apj + (1 —ya;) log(1 — p;) —log (Mp; + (1 —p;)) . (2.11)
j=1

The MLE ) is the consistent estimator for the following odds ratio:

< 1—
) NN
p 1—r

(2.12)
Note that because r is known, by counting backwards, we can obtain the consistent
estimator for p by only subsamples:

r

. (2.13)

D=
Although p is needed to identify the ATE, p can replace the sample average p . Cosslett’s
MLE is essential in our approach, as p plays an important role in extending the IPW

estimation discussed next.

2.2 Cosslett’s MLE under a random subsample size

Importantly, the way subsamples are drawn affects the asymptotic distribution of
the estimator. To characterize the choice-based sample design, we introduce sampling
dummies (dy;, dp;) and the sampling probabilities (g1, go) . If sample i is included in
subsample m in the treatment group, it is represented as di; = 1 and 0 otherwise. If the
sample ¢ is included in subsample m in the control group, it is represented as dp; = 1
and 0 otherwise. We put d; = (d1;, dio)’ and x} = (x}, y3;, vio) -

ASSllmptiOl’l 1: ¢ = PI‘(dli = 1|y2i = 1) >0, q = PI‘(dOZ' = 1|y2i = O) > 0, and
dz‘ JLX;< ’ Yoi -
Assumption 2: {d;, x}, ug}l", are independent and identically distributed.

Assumption 1 implies choice-based or endogenous sampling in which sampling does not
depend on the exogenous variables x; . That is, it depends only on the endogenous vari-
able yo; . Because there are the latent variables, including (y7;, v) , X} is conditionally
independent of d; .

In choice-based sampling, there are two ways to consider the numbers of subsamples
(my, mg) as constant sequences or random variables. If (my, mg) are fixed, then
conditioning Y | di;y2; = mq and Y. doi(1 — y2;) = mo means that the samples,
i =1, ---, n,are not mutually independent.

Assumption 3: > | diye; and > doi(1 — yo;) are not conditioned.

This study considers the case in which the random variables (m1, mg) are not given. As



such, the results are derived from standard asymptotic theory for the sum of independent
random variables. For instance, if the number of the treatment group is small and
relatively rare, all of its samples may be collected. Hence, because ¢ = 1 or m; = nq ,
it is suitable to let my be random. When (mj, mg) are random variables, the ratio,
r = my/(m1 + mg), is also a random variable. Therefore, we add the asymptotic

evaluation of \/n(r — rg) to Cosslett’s MLE, where the probability limit r¢ of r is
q1p
rg=—"""", 2.14
@1+ qo(1 —p) (214
as shown in the Appendix.

Based on the invariance property, we directly estimate p as follows:

" T 1—r T 1—r
B, p) = Y yojlog P (1 = y2;) log 7—(1 = p;) —log ( P ﬂ(l —Pj)>
j=1
= () (i say). (2.15)
j=1

Thus, with the maximization point as 9 = ([5’/2, p)’, the estimators of the propensity
scores p; = @(B/xj) and p are simultaneously obtained. Notably, Cosslett’s MLE in-
cludes the probit MLE as a special case, i.e., p = r. Hence, even if we can assume
random subsampling, applying Cosslett’s MLE provides a more robust estimation.

We prepare the notation I(8, p) = > 1, l;(¢;r)d; with subscript ¢ for the following

assumptions, where

Li(;r) = logrMi(1 — py)doi(l=yz) (2.16)
~1
rp”'pi
ri = 2.17
i+ (=n(=p) (1 =p) (2.17)
- i +o,(1), (2.18)

q1pi + qo(1 — p;)

and d; = dy;y2; + doi(1 — y2;) , in Equation (2.18), r is evaluated at ro . Thus (3, p)
is asymptotically equivalent to the conditional log-likelihood function conditional on
subject ¢ being drawn, i.e., given d; = 1 and x; .

Assumption 4: (i) The parameter space of (¢', o) is compact, and the true value of
1 is an interior point. (ii) Given d; = 1, ¢ # ™ implies l;(v;r0) # Li(¢p™;10) . (iil)
For somee >0, e<p;<1—e€cwp.1.

These assumptions are similar to the ones made by Cosslett (1981). The identification
condition of (ii) implicitly requires that x; is not multicollinear to identify coefficients 3 .
Condition (ii) also requires that at least one covariate, z;, exists and that its coefficient
is non-zero. If there is only a constant term (3, then p; = ®(51) x p, and p is
unidentifiable from Equation (2.17). For instance, it is sufficient if x; is a dummy variable
and p; takes two values, then p is identifiable. It is a mild condition that Pr(ye; = 1|x;)



is not a constant; thus, p can be identified, even within biased subsamples. Condition
(iii) is referred to as the strict overlap assumption in the causal inference literature, and
it requires the index 3'x; or x; be bounded random variables. This condition applies
to the IPW estimator described below, but it is also employed as the condition for the
existence of moments related to the MLE.

The result of Cosslett (1981) is slightly changed to match the case of a random sub-

sample size and parameterization to p :

Theorem 1: (i) Under Assumptions 1-4, as n — oo , {p LN ¥ and

Vi T mo( — ) 5 N(0,9) (2.19)
where 1 = (3, p)’ and
Q=043 + T+ 3)¥ L. (2.20)

(i1) Under the same assumptions and the null hypothesis Hy : ¥ = tok ,

~

b= LYok 4 gy (2.21)

~

Ok

where 6 refers to the standard error of 1&;9 fork=1,--- K-+1.

For the asymptotic variance-covariance matrix of (i), definitions from ¥ to 39 are given
in Equations (A.1) and (A.3) in the Appendix. Although ¥ and X; correspond to
the Hessian and the squares of the score function, respectively, the covariance 312 and
variance Xy are added by Assumption 3.

With respect to the result of (ii), € depends on the nuisance parameters (q1, qo) ~
(my/n1, mo/(n —mn1)) , however, the test statistic is also constructed without relying

on (n, n1) . The definition of 67 is as follows:

52 =e b 'S¥ ey, (2.22)
where e = (0, ---, 1, ---, 0)’ is the vector with only the k-th element as 1,
; 9*1(¢)
¥ o= 2.23
oY’ (2.23)
~ ~ /
- " (Ol A ol X
2= < éﬁ;l)) + 412 —r)) ( éﬁ;p) + 41 (y2) —r)> ,and  (2.24)
j=1
. 1 ()
M= my + mo OYor (2.25)

The t-value of the M-estimator is expressed as

Vm(y — o) _ Pr — Yo

Tk Ok (2.26)
V(G In(LE) e, O

)



where the normalization 1/m of 4; cannot be omitted on both sides of Equation (2.26).
Meanwhile, standard error &j is computed without information on (n, ni), and the
sampling probabilities (q1, go) can be unknown. Following the consistent estimation of
3 or the propensity score, we conclude that the asymptotic ¢-test is feasible given only
the choice-based samples.

The null hypothesis of the t-test for the coefficient is usually Hg : S = 0, however,
Hy : p = 0 is meaningless. On the other hand, the 95% confidence interval, p+1.966 11 ,
would be useful for predicting the population ratio from the choice-based samples. More-
over, using t x p—r , we can consider the specification test for being random subsampling
asHg: p=19.

2.3 IPW for choice-based samples

This section describes the estimation and testing methods of the ATE under choice-
based samples, which is our main interest. For the IPW estimator, it is insufficient to
consistently estimate the propensity score 1/p; as the inverse weight. Hence, we add
1/q1 as an inverse weight:

ig |:d1iy1i:| _ ig [5[d1i|y2i = 1]?/1}?/21
q1 pi q1 bi
_ ¢ [E[yi‘ilxi]f[ymlxi]]
pi
= €yl - (2.27)

Similarly, gq le [dioyol-(l — pi)_l] = E[yg;] » where the first equality of (2.27) follows from
Assumption 1, and the second equality is from the following assumption,

Assumption 5: (yg;, v5;) L y2i | i .

This condition set by Rosenbaum and Rubin (1983) is called the ignorability assumption
in the causal inference literature. Replacing the expectation with the sample average, it
follows that

1 1 n diivs —1 1 m )
11 Z LYl | _ (@) - iy +0p(1) . (2.28)
@ \ni= P np =

Thus, we construct the estimator as the sample analogue of (2.27):

1 <Py 1—p vy

. L 0j

= § : . 2.29
m r p ( )

The difference from 7 is that Cosslett’s MLE ,3 is employed to estimate the propensity
score at the first stage. In the second stage, Cosslett’s MLE p is employed and ( p/r, (1—
p)/(1 —r) ) are also added as inverse weights. We may call 7 the choice-based IPW



(CIPW) estimator to distinguish it from 7 .
Assumption 6: The second order moment of (yi;, yg,;) exists.

Alongside the overlap assumption of Assumption 4 (iii), the variance of 7 is guaranteed
to be finite, and the asymptotic normality holds.

Theorem 2: (i) Under Assumptions 1-6, as n — 0o , T — E[yt; — yi;] and
VIn(E = ) <5 N(0,0%) (2:30)
m

where pr = (q1p + qo(1 — p))7 .
(ii) Under the same assumptions and the null hypothesis H : 5[ny - ySZ] =0,

t, = @% ~4 N(0,1), (2.31)

where & stands for the standard error of /m7 .

The definition of o2 in result (i) is given by (A.12) in the Appendix. Notably, the
normalization of 7 depends on n; however, that of ¢, does not depend on n under
Hy : 7 = 0. The estimate of the individual causal effect is expressed as

N . 1_A .
s By LoD w0

= . 2.32
T p; 1—rl—p; (2.32)
Then, regarding the definition of standard error in result (ii),
AN 2
1 & ol (%)
~92 ~ ~ .
ot =— Z ( SRR vl B (2.33)

The leading term corresponds to the sample variance of 7; . The second term is the
variation caused by the random subsample size, and the third term relates to the use of
estimates 9, where (32, 44) = (8r + 4143, —(8, 6p)(m—1¥)71) |

A 1<~ Dy I—p  yoj
5, = —S -RYu_ 7P Yo 2.34
" m; r2 p; (1—-r)21—p;’ ( )
5y = L3N (Chmy Loh N (2.35)
mig\ 1P 1—r(1-p))
2 1 o= Ly T oy
op = —> L+ — (2.36)

mjzlrﬁj 1—rl—p;’

and ¢ represents the standard normal density function. The t-statistic ¢, depends only
on the observable normalizer m . Therefore, the consistent estimation and significance
test for the ATE can be performed without external knowledge of (n, n;) from the

random sample.



Monte Carlo experiments
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Fig. 1: Empirical cumulative distribution functions of ¢-statistics

The finite sample properties of a simple simulation are explained forthwith. The

exogenous variable is generated by z; ~ Be(a*, §*) — 0.5, and the true value is

B = 5. Then, the support of Sx; becomes [—2.5, 2.5] , where e = ®(—2.5) = 0.006 .
In an application scenario, p can be considered small. When the beta distribution is

(a*, 5*) = (2,4.19) , the right tail is longer and p is 0.25. When (o, 5*) = (2,12.57) ,
p is 0.05. As the true value p cannot be obtained analytically, it is approximated by
p= N1 Zf;l ®(Bx;) for N = 10* x n. Then the effect on the asymptotic distri-

bution is O,(y/n/N) , which is negligible. These true values are commonly used with
10000 iterations. Given (nq, mg) , subsamples (mj, mg) are drawn using uniform ran-
On average, the set-

dom numbers, dli = I[{ulz < (J1} and dOi = H{UOZ < qO} .



ting is » ~ 0.5 for 10000 iterations. When (p, ¢1, ¢go) = (0.25, 0.80, 0.267) and
n = 1000, it follows that (mq, mp) ~ (200, 200) on average. If n = 4000, we obtain
(mq, mo) ~ (800, 800) . When (p, q1, go) = (0.05, 1.00, 0.053) and n = 4000, it holds
that (mq, mg) ~ (200, 200) on average. If n = 16000, we obtain (m1, mg) ~ (800, 800) .

The latent variables are yi;, = Biz; + uj; and yg5;, = Bgxs + ugy; , where (uj;, ug;)
both follow the standard normal distribution. Under Hy : 7 = 0, the bias of the IPW
estimator is approximated by

£l -0 = e o] —aosie [ =L (3.37)
Di 1—pi

If g1 = qo or p = rg , then choice-based sampling is reduced to random sampling. Under

q1 # qo , there are two sources of bias: q; # qo and p; # p; . When 3] = 3 = 0, there

is no bias by chance; hence, we set 37 = 1.5 .

Figure 1 illustrates the empirical cumulative distribution functions of the ¢-statistic
for p = 0.25 and my ~ 800 . Figure 1-(a) shows that for coefficient 3 of the propensity
scores, the asymptotic ¢t-distribution based on B is shifted from the reference distribution
because the probit MLE 3 is biased. Meanwhile, the asymptotic ¢ distribution based on
Cosslett’s MLE § is well approximated by A/ (0, 1) . Figure 1-(b) is for the population
ratio p. Because the probit MLE does not estimate p, we compare tx41 and tx 41
without X145 and ¥y in Theorem 1 (t w/o0). It can be seen that these additional terms
make the standardization more precise. Figure 1-(c) illustrates the significance test for
ATE 7 . The t distribution of the IPW estimator deviates from the reference distribution,
and that of the CIPW estimator ¢, is well approximated.

Table 1 list the bias and standard deviation (SD) of the IPW estimators and the actual
size, Pr(|t;] > 1.96), of the corresponding ¢-test statistics under Hy : 7 = 0. From
the table we can see that the CIPW estimator has less bias than the IPW estimator.
Although the nominal size is 0.05, size distortions occur for the t-statistics of the IPW
estimator for both p = 0.25 and p = 0.05 . As m increases, the size based on the CIPW
estimator approaches the nominal size and the convergence in distribution is confirmed.
Conversely, as m increases, the size based on the IPW estimator increases due to the
inconsistency, i.e., the Type I error is not controlled.

Table 1: Finite sample properties of IPW estimators and t-statistics

IPW CIPW
r~05 7=0 Bias SD  Size Bias SD  Size
p=0.25 m; ~200 0.144 0.113 0.200 -0.0001 0.173 0.064

800 0.145 0.057 0.656 0.0010 0.084 0.059
p=0.05 m; ~200 0.138 0.102 0.272 -0.0004 0.131 0.053
800 0.137 0.050 0.768 0.0001 0.064 0.050
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4 Conclusions

The Cosslett’s MLE includes the probit MLE as a special case, which provides the ro-
bust estimation for the propensity score in causal inference. This study applied Cosslett’s
MLE to identify the treatment group proportion of the population based only on choice-
based samples. By adding the estimated ratios as inverse weights, we extended the IPW
estimator to a choice-based samples version. The consistent estimation and significant
test for ATE can be performed without external information on the original random
sample. Thus, program evaluation would be made easier even when external informa-

tion is difficult to obtain.

Appendix

Proof of Theorem 1: (i) r is expressed asn =1 >°1 | dy;yoi/(n >0 | dyyoitn=t Y0,
doi(1 — y2;)) , and the law of large numbers holds because E[(dy1;y2;)%] < co. Then,
r 25 rg as E[duya] = qip . The term involving only r in n~'I(1p) converges in prob-
ability to E[d1;yai]logre = E[diiyeilogre] . Then, using Assumptions 4 (i) and (iii),
n P (s ) di 2 E[Li(;m0)di) < oo uniformly in 4 . Because n~'(a) is the con-
ditional log-likelihood function when r = 1o, E[l;(Y*;ro)|d; = 1, x;] < E[li(Y;70)|d; =
1, x;] by Jensen’s inequality. Moreover, the inequality strictly holds due to Assump-
tion 4 (ii). Thus, E[E[L; (Y™ ;ro)|di = 1, xi]d;] < E[E[Li(Y;m0)|di = 1, x;]d;] , because
Eldixi] = q1pi + qo(1 — p;) > 0 due to Assumption 1. As the maximum point is unique
at the true value, from the arguments of the consistency for the M-estimator, it follows
that ¥ -5 1 .
From the Taylor expansion with respect to 3 , 0 = m 2 > i1 0li()/ oY+ \/m(eh—
¥) + o0p(1) , where Pr(d; =1) = q1p + qo(1 — p) > 0 and
_ 1 ¢ [di82li(¢§7:0):| . (A1)
Pr(d; = 1) 0P oy
This is because from (m/n, r, ¥ ) (@ip+qo(1—p), ro, ¥') , we have (n/m)n=1 Y"1,
did1Li(P + 0p(1);7)/0pdY = (n/m)E[d;l;(b;r0)/dPdY'] + 0p(1) . The true value is a
local maximum point, hence, 92E[l;(1h;70)d;]/0pdP" is negative-definite. Under the
Assumption 4, all elements of I;(1;r0)/0% 01’ are bounded; thus, differentiation and
integration are interchangeable. Then, as shown in Akashi and Horie (2022), ¥ is also
negative-definite or invertible. Therefore, v/m(¢) — ¢) = — @~ L~z > i1 Oli(p) /0 +
op(1) . By expanding at rq , since the numerator of r is also the sum of independent

random variables,

1 <o(y) ol ( meo 0%1;(vp; 7o)
ﬁ; é'(/; B \/—Zd Zd npor \/—(T_r0)+0p(1)

_ \/g% S s+ op(1) | (A.2)
=1
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where s; = d;0l;(;10) /Oy +, (d1iy2i—d;iro) and v, = Pr(d; = 1)71E[d;0%1;(vp; 70) /O Or] .
The conditional log-likelihood function implies that E[0l;(v;r¢)/0¢|d; = 1, x;] = 0.
Hence, it holds that £[s;] = 0 because £[d;rg] = ¢1p . From Assumptions 2, and 3,
and the Lindeberg-Lévy central limit theorem, (n/m)%rf% o si N N(0, ¥) as
n — oo, where ¥ = Pr(d; = 1)"1&]s;s!] . Therefore, for the notations of the asymptotic

covariance matrix of Theorem 1, we have

1 Ol (v; o) Ol (v; 7“0)] E[(dviyai — diro)?]
2 = —g dZ 5 2 = 5 and
' Pd [ oy o' ? Pd nmn
1 oli(v;ro) 3%(#’;?“0))]
b = —&|diys | ———=y7 + ¥ ——7—> , A3
12 iy [1?;2( o Y1TTN BV (A.3)
where pg = Pr(d; = 1) , di(d1iy2i) = diiyoi , and E[(driyai — diro)?] = qip(1 — 1) . Thus,
we obtain the representation that Q@ = ¥~ 1(XZ; + X5 4+ ) ¥ L, [ |
(ii) From the above arguments, m~ ¥ 25 & | 4, 5 v, , and m 2 25 ¥ . By
Equation (2.26), the desired result is obtained. |

Proof of Theorem 2: (i) For the first term 71 of 7, from p — p 2y0and 8 23,

we have 71 = (p/m1) Y501 y1j/Dj = (na/ma)n™' Y20 digyiiyai/pi + 0p(1) . By the law
of large numbers and Assumption 1,

n

< Eldvilyai, xFy3;y2i
my Di

= +op(1) = %qls[ym +0p(1) - (A.4)

mi/n1 = q + 0p(1) ; hence, 71 - E[yt;] . Similarly, for the second term, 75 = (1 —
p)/mo > 70 Yo /(1 = pj) SN Elys;) - Therefore, 7 =71 — 7o 2 r. O
We next show the asymptotic normality. By expanding at (ro, 8, p), under the

assumptions,
vVm(# — %pdT) = e, + 0v/m(r —rg) + 5%@(@ —B) +opvm(p —p) +0p(1) , (A.5)

where £[y/me;] = 0 and the law of large numbers leads to

1 < pdiy  1—p doy
1iY1i —p doiYoi
er = — — — DdT , A6
’ \/mizlro i L—rol—p; (4.6)
L[ pdiy 1—p doiyo
b = e[ pdun 1o du] )
pa | g i (1—ro) i
1./ pduyi 1—p doyoi ) / ]
o = —&||—— — B'x;)x;| , and A8
- ( L L ) o, (A.8)
5. - Lo _iduylz‘_'_ L doiyoi (A.9)
P P4 [To Di 1—rol—pi| '
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Moreover, expressing r — rg and @ — 1) as asymptotically linear forms, we have

n

. 5 , L1
vm(7T mpdT) er + NG ;Zl (driyai — diro) — (85, Jp) NG ;:1 si +op(1)

_ \/gﬁzmop(l), (A.10)
i=1

where

ol;(;r
—PdT) + v2(diiyri — diro) + di‘/’g% , (A11)
v5 = —( 'B, (513)‘11_1 , and v2 = d, + 57, . Because s; contains (di;y2; — diro) , it is

collected as the second term of e; . It follows that £[e;] = 0 and E[e?] < co under the

o <£d1iy2i 1 —p doiyos
' ro  Pi I—rol—p;

same assumptions. From the Lindeberg-Lévy theorem, \/m (7 —nm~!pyr) AN (0,0?) .
Then, the definition of o2 is given by

Ele?
o2 = Eleil (A.12)
Pd
Thus, the desired result is obtained. |

(ii) From the results of Theorem 1 and (4, 3/5, Sp) L5 (6, 5> 0p), we have
62 2552 Under Hy: 7 =0 , it holds that u, = 0. Thus, we conclude the asymptotic
normality of ¢, . |
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