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we prove the presence of macroscopic 
irreversible behavior (ballistic diffusion) in a 
free fermion chain initially in a non-random 
state and evolving under quantum 
mechanical unitary time-evolution

the proof is based on an accumulation of ideas and 
methods (in particular, ETH = energy eigenstate 
thermalization hypothesis) developed to understand 
thermalization in isolated macroscopic quantum 
systems, as well as new results specific to the free 
fermion chain illustration of Humpty Dumpty from "Through the Looking Glass", by John Tenniel, 1871



introduction/motivation 
model and the main theorem 

ingredients of the proof



the emergence of macroscopic 
irreversibility
a physical system governed by a deterministic reversible 
time-evolution law may exhibit irreversible behavior

it is essential that the system has a large degree of 
freedom
even an ideal gas may exhibit irreversible behavior



irreversible expansion in a 
classical ideal gas

 free classical particles on the interval  with 
periodic boundary conditions (  )
N [0,L]

N ≫ 1

 for all  
 drawn randomly and uniformly from 

xj(0) = 0 j
vj [−v0, v0]

 are almost uniformly 
distributed in the interval 
xj(t) = vj t mod L

[0,L]

t = 0

t ≫ L/v0

irreversible expansion (or “ballistic diffusion”) 
the initial velocities must be chosen randomly



classical irreversibility vs 
quantum irreversibility

macroscopic irreversibility can be proved as a 
probabilistic statement that is valid for the majority of 
random initial conditions 
there are always exceptional initial conditions that does 
not lead to irreversibility

macroscopic irreversibility can be proved without 
introducing randomness (either in the Hamiltonian or in 
the initial state)

classical systems

quantum systems

we provide a simple rigorous example
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model and non-degeneracy

Hamiltonian

 non-interacting fermions on the chain  
    a large prime 
    a large positive integer

N {1,…, L}
L
N

Lemma: all energy eigenvalues of  are non-degenerate 
except for a finite number of , in particular, for any  
such that 

Ĥ
θ θ ≠ 0

|θ | ≤ (4N + 2L)−(L−1)/2

<latexit sha1_base64="1K0UJZ5OY5ALJaJq5xJ6CeBmI3k=">AAACC3icbVDLSgMxFL1TX7W+prp0EyyCgpSZ4mtZdOOygn1AO5RMmmlDM5khyQhl6N6Nn+HWjQtF3PoD7vwb03YW2nog4dxz7iW5x485U9pxvq3c0vLK6lp+vbCxubW9Yxd3GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h9cTv3lPpWKRuNOjmHoh7gsWMIK1kSK7CE+gYQDU3NhwBgLa4MAJVEwVm/q4a5ecsjMFWiRuRkqQoda1vzq9iCQhFZpwrFTbdWLtpVhqRjgdFzqJojEmQ9ynbUMFDqny0ukuY3RolB4KImmO0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4NJLmYgTTQWZPRQkHOkITYJBPSYp0XxkCCaSmb8iMsASE23iK5gQ3PmVF0mjUnbPy2e3p6XqVRZHHvbhAI7AhQuowg3UoA4EHuAZXuHNerRerHfrY9aas7KZPfgD6/MHL02Uzw==</latexit>

✓ 2 [0, 2⇡)
<latexit sha1_base64="bCqacHgvrpcZRr67V0R6v6ZYYVY="></latexit>
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ei✓

we choose such , e.g , θ θ = (4N + 2L)−(L−1)/2

standard free fermion Hamiltonian with nearest 
neighbor hopping except for the phase factor eiθ

periodic b.c.

Tasaki 2010, 2016, Shiraishi, Tasaki 2023 



Theorem: for any  and any (sufficiently large) , 
there exists a set  with   s.t. 

 
for any  

|Φ(0)⟩ T
𝒜 ∈ [0,T] ℓ(𝒜)/T ≤ e− δ2

8μ(1 − μ) N

⟨Φ(t) | ̂P[ N̂S

N −μ ≥ δ] |Φ(t)⟩ ≤ e− δ2
8μ(1 − μ) N

t ∈ [0,T]\𝒜

main theorem
  an arbitrary subset of  with  sitesS {1,…, L} |S |
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N̂S =
P

x2S n̂x the number of particles in S
  the equilibrium value of μ = |S |

L
N̂S

N
  an arbitrary (sufficiently small) precisionδ > 0

the total length of 𝒜

negligibly smallnegligibly small
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main theorem (less formal)
  an arbitrary subset of  with  sitesS {1,…, L} |S |
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N̂S =
P

x2S n̂x the number of particles in S
  the equilibrium value of μ = |S |

L
N̂S

N
  an arbitrary (sufficiently small) precisionδ > 0
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|�(t)i = e�iĤt|�(0)i
Theorem: let  be an arbitrary initial state. 
for a sufficiently large and typical time , the measurement 
result of  in  almost certainly equals the 
equilibrium value  (within the precision ).

|Φ(0)⟩
t

N̂S

N |Φ(t)⟩
μ δ

t0 T
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irreversible expansion
 any initial state where all particles are in |Φ(0)⟩ S

 for sufficiently large and typical |Φ(t)⟩ t
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N̂S
N = 1

“time’s arrow” has emerged from the unitary 
time evolution in an isolated macroscopic 
quantum system! 
we don’t have to introduce randomness in the 
initial state or the Hamiltonian
it is essential that we focus on a macroscopic 
observable N̂S

N



time-reversal “paradox”
 any initial state where all particles are in |Φ(0)⟩ S

 for sufficiently large and typical |Φ(t)⟩ t
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new initial state  for a typical |Ξ(0)⟩ = |Φ(T0)⟩* T0
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time-evolved state |Ξ(T0)⟩ = e−iĤT0 |Ξ(0)⟩ = |Φ(0)⟩*
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main theorem        for sufficiently large and typical ,  
it holds for  that 

t

|Ξ(t)⟩
N̂S

N ≃ μ

 is not typical with respect to T0 |Ξ(0)⟩

paradox!?
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strong ETH bound

 almost certainly equals  (within the precision ) 
in every energy eigenstate

N̂S

N μ δ

strong ETH (energy eigenstate thermalization hypothesis) 
in the form of large-deviation
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energy eigenstates
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k = (k1, . . . , kN )

Lemma: for every energy eigenstate , we have|Ψk⟩
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essential technical result in the present work

Hamiltonian

von Neumann 1929, Deutsch 1991, Srednicki 1994, Goldstein, Lebowitz, Mastrodonato, Tumulka, and Zanghi 2010, Tasaki 2016
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|0i



“ergodicity” theorem
initial state
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Lemma: for every energy eigenstate , we have|Ψk⟩
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the main theorem is a simple corollary

Lemma: all energy eigenvalues of  are non-degenerateĤ

time-evolved state
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long-time average

Theorem: for an arbitrary initial state , we have|Φ(0)⟩
<latexit sha1_base64="8XJIWpZARiXdJHBOzZAZu0/lSdA=">AAADS3icbVLLbtNAFL12KZTwCrBkYxEhNVIb2UUqLCPYsEJFJG2lOI3Gk0kyql+aGRdFxjt+JR+AWPIDbNiwQ/wDG4RAiAXHTqI0LWPZc+495849M54gDaU2rvvVsjeubF69tnW9duPmrdt36nfvHeokU1x0eRIm6jhgWoQyFl0jTSiOUyVYFITiKDh9XvJHZ0JpmcQdM01FP2LjWI4kZwappP6eZhSSpIgGlFMHUUYpMVJ4En qDWFJMIzI0pQL8CVS75AHPGYM6F9kODYFntFOtx8CMMQtEBzSBchtsk96Sj4gB58gXiAJwpbJ3Dpcqg54KSg7lquYlakqfrzEXi3gXfATXy3pV1Y/R24cngfUMqldsH/y6q1nVaenYr7412gPaAZrv2F/zs1r3BLrSyeOFi22czdJREwwcDuoNt+VWw7kMvAVotJs/v519+PjuYFD/4g8TnkUiNjxkWvc8NzX9nCkjeSiKmp9pkTJ+ysaiBxizSOh+Xt2FwnmEzNAZJQpvbJwqe74iZ5HW0yiAMmJmoi9yZfJ/XC8zo6f9XMZpZkTM541GWeiYxCkvljOUSnATTgEYVxJeHT5hinGD61fDIXgXt3wZHO61vP3W/iuv0X5G87FFD+hhdaxPqE0v8OO6xK1P1nfrl/Xb/mz/sP/Yf+dS21rU3Ke1sbH5D2dz2uE=</latexit>

limT"1 T�1
R T
0 dt h�(t)|P̂

⇥�� N̂S
N � µ

�� � �
⇤
|�(t)i  2 e�

�2

3µ(1�µ)N

expectation value
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summary

the proof is based on an accumulation of ideas 
and methods (in particular, ETH) developed to 
understand thermalization in isolated  
macroscopic quantum systems, as well as new 
results specific to the free fermion chain

extensions to other observables, time scale for 
equilibration, treatment of non-integrable systems, …

remaining issues

we proved the presence of macroscopic irreversible 
behavior (ballistic diffusion) in a free fermion chain 
initially in a non-random state and evolving under 
quantum mechanical unitary time-evolution


