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gapless or degenerate ground states(s)
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z
j )

we rigorously rule out this possibility! 

this is expected

a rigorous and nontrivial result about the 
ground state of the  antiferromagnetic 
Heisenberg chain
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the ground state of the spin  
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the picture of symmetry-protected topological (SPT) 
phases

even S
odd S

Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012

belongs to a trivial SPT phase
belongs to a nontrivial SPT phase

Haldane’s discovery

integer S

half-odd integer S
Haldane 1981, 1983, 1983

unique gapless ground state

unique gapped ground state
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z
j )

2trivial model unique gapped g.s.
<latexit sha1_base64="sUs67MKnlNhMIVkKHds/qj6Hsjo=">AAACF3icbZC7SgNBFIbPxluMt1ULC5vFIFjFXYtoIwRtLCOYCyRLmJ1MkjGzM8vMrBDW1L6AjZ2NL2EjqIjYaefbOLkUmnhgmJ/vP4eZ8wcRo0q77reVmpmdm19IL2aWlldW1+z1jbISscSkhAUTshogRRjlpKSpZqQaSYLCgJFK0D0d+JUrIhUV/EL3IuKHqM1pi2KkDRL2FjxAABTaIECbOwQCChpwCdfgGk8CAm5cZrihDTvr5txhOdPCG4tsYf/5/uajeVxs2F/1psBxSLjGDClV89xI+wmSmmJG+pl6rEiEcBe1Sc1IjkKi/GS4V9/ZNaTptIQ0h2tnSH9PJChUqhcGpjNEuqMmvQH8z6vFunXkJ5RHsSYcjx5qxczRwhmE5DSpJFiznhEIS2r+6uAOkghrE2XGhOBNrjwtygc5L5/Ln3vZwgmMKg3bsAN74MEhFOAMilACDLfwCC/wat1ZT9ab9T5qTVnjmU34U9bnD+Dom/8=</latexit>N

j |0ij
interpolating model

there seems to be a phase transition
plot by Emil Aagaard

Haldane 
gap

gapless point?trivial 
gap

energy gap

<latexit sha1_base64="8LEYqnieAe7nE14ViN/kTqbE6c4=">AAAB+XicbVDLSsNAFL2pr1pfVZduhhZBUErioroMunFZwT4gDWUynbRDJ5MwMymE0L9w6caFIm79E3f9G6ePhbYeuHA4517uvSdIOFPatqdWYWNza3unuFva2z84PCofn7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYzuZ357TKVisXjSWUL9CA8ECxnB2kgMFLwBAwEe2HAFDvi9ctWu2XOgdeIsSdWtdC+fp27W6JW/u/2YpBEVmnCslOfYifZzLDUjnE5K3VTRBJMRHlDPUIEjqvx8fvkEnRulj8JYmhIazdXfEzmOlMqiwHRGWA/VqjcT//O8VIe3fs5EkmoqyGJRmHKkYzSLAfWZpETzzBBMJDO3IjLEEhNtwiqZEJzVl9dJ67rm1Gv1R6fq3sECRTiDClyYIG/AhQdoQBMIjOHFxPxu5dar9WF9LloL1nLmFP7A+voBx+OTgA==</latexit>

s 2 [0, 1]
<latexit sha1_base64="WbvzvJANbmwheuoasj3WVtRj7YM="></latexit>

Ĥ
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distinct symmetry-protected topological (SPT) phases

nontrivial SPT phase of  chainS = 1

gapless (critical) point
unique gapped g.s. unique gapped g.s.
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cannot be distinguished by an order parameter

there is always a phase transition if the interpolating 
Hamiltonians have one of the following symmetries

Pollmann, Turner, Berg, Oshikawa 2010, 2012, Fuji, Pollmann, Oshikawa  2015

• time-reversal symmetry
•  symmetry (  rotations about  axes)ℤ2 × ℤ2 π x, y, z

• bond-centered inversion symmetry
•  symmetry 

   (any rotation about  axis + site-centered inversion)
U(1) × ℤ2

z
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trivial nontrivial



unique gapped g.s.
trivial

“topological” index is defined for a locally-unique gapped 
ground state on the infinite chain, and is invariant under 
a smooth modification of the model with symmetry G

topological indices
gapless (critical) point

unique gapped g.s.
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Inds = �1

the two phases are distinguished by a “topological index” 
 (  is the symmetry group)Ind ∈ H2(G, U(1)) G

matrix product states
general unique gapped ground states Ogata 2018

 and  in the ground states of the trivial 
model and the Affleck-Kennedy-Lieb-Tasaki (AKLT) model
Ind = 1 Ind = − 1

Affleck, Kennedy, Lieb, Tasaki 1987
prototypical solvable model in the “Haldane phase”

nontrivial



Haldane gap and SPT phases
general picture of SPT phases by Gu and Wen and 

Pollmann, Turner, Berg, and Oshikawa
well-defined indices and index theorem by Ogata

AKLT model provides a rigorous example of the 
Haldane gap and topologically nontrivial ground state
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ĤAKLT =
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1
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general theory

examples

nothing rigorous has been proved about the 
antiferromagnetic Heisenberg chain with odd !!S



the goal of the present work
two conjectures about the  antiferromagnetic 
Heisenberg chain

S = 1

(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase

we assume (1) and rigorously justify (2) 
proof is elementary!

standard Lieb-Mattis-type technique
elementary index theorem by Tasaki

“Haldane conjecture” (probably very difficult)

the model with general odd  can be treated similarlyS
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P
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introduction/motivation 
main results 

idea of the proof



 model on finite chainsS = 1

Hamiltonian on the finite open chain {−L, ⋯, L}
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• time-reversal symmetry
•  symmetry (  rotations about  axes)ℤ2 × ℤ2 π x, y, z
• bond-centered inversion symmetry
•  symmetry 

   (any rotation about  axis + inversion about )
U(1) × ℤ2

z 0
lemma:  has a unique ground state  
it satisfies 

Ĥ(1)
L |ΦGS

L ⟩
(∑L

j=−L
̂Sz
j ) |ΦGS

L ⟩ = |ΦGS
L ⟩

magnetic field at the edgessymmetry

Fuji, Pollmann, Oshikawa  2015



assumption
Hamiltonian on the finite open chain {−L, ⋯, L}

<latexit sha1_base64="tN7Liy/rviTeqb6oMpQ+l8MVI5M="></latexit>

Ĥ
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assumption: there are constants  and  
such that  for any 

h > 0, γ > 0, L0
E1st

L − EGS
L ≥ γ L ≥ L0

 the ground state and the 1st excited energiesEGS
L , E1st

L

highly nontrivial and unproven

expected hold with  and  (Haldane conjecture)γ ≃ 0.41 h = 1

the boundary field  is necessary to suppress gapless 
excitations at the boundaries

h ≳ 1



main result
 a locally-unique gapped g.s. ofω(1)

theorem: Ind[ω(1)] = − 1
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!(1)(Â) = lim
L"1

h�GS
L |Â|�GS

L i for any local operator ̂A

Index defined in Tasaki 2018

corollary:  there is  such that  is not a 
unique gapped ground state or  is discontinuous at 

s0 ∈ (0,1) ω(s0)

ω(s) s0

 the ground state of ω(s) Ĥ(s) Ind[ω(0)] = 1
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interpolating model

remark:  is critical if the assumption is not validω(1)

the existence of a phase transition in the ground states 
of  has been proved without any assumptions!!Ĥ(s)
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twist operator

twist operator on finite chain

twist angle with gradient α ∈ [0,4 − π]
Bloch 1940’s, Lieb, Schultz, Mattis 1961, Affleck Lieb 1986
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when , we take the  limitα > 0 L ↑ ∞

local operator on the infinite chain
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 and  are continuous in Û(α)
L Û(α) α
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j = 1̂

<latexit sha1_base64="P8v7b1Y0sXHCM2Ge/fGMAQXzJZA="></latexit>
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topological index in terms of Û(α)

theorem: if  is a locally-unique gapped ground state and 
is invariant under inversion , then the following 
index is well-defined.  the index is invariant when  is 
varied, provided that  satisfies the above conditions.

ω(s)

j → − j
s

ω(s)
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 the ground state of ω(s) Ĥ(s)

the (sign of) the ground state expectation value of Û(α)

Tasaki 2018

Nakamura, Todo 2002
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trivial model
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proof that  Ind[ω(1)] = − 1<latexit sha1_base64="rwlikVRJV+4LhOjt/KprtM58Jcw="></latexit>
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j )|�GS

L i = |�GS
L i

when , we have α = 0 θ(0)
j = π

from lemma

we have proved

the assumption on the gap allows 
us to exchange the limits!

illustration by Chisato Naruse
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definition of the index
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lemma: for  and sufficiently large α ∈ [0,γ/18] L
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two conjectures about the  antiferromagnetic 
Heisenberg chain

S = 1

(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase
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Ĥ
(1) =

P
j Ŝj · Ŝj+1

summary

we proved (2), assuming (1)
the proof makes use of the elementary index 

theory based on the twist operator

it is desirable to prove also (1) 
    it seems we need a new idea


