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a new exactly solvable model of 

interacting bosons that exhibits 

Mott insluator-like (quasi) BEC!

we have rigorous theorems, convincing 

heuristic arguments, and conclusive 
numerical simulations!!



background 
models with a flat band



tight-binding models with a flat-band 
single-particle Schrödinger equation on a lattice

example: kagomé lattice with

essentially different from the trivial model with 

hopping amplitude
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tr,s =

(
t > 0 r and s are neighbors

0 otherwise
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tr,s = 0

eigenstates in a flat band have nonzero overlaps

with a careful design of    and/or      , it may happen that 
there is an energy eigenvalue with macroscopic degeneracy
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flat band



interacting models with a flat-band 
for any nonzero interaction

kinetic energy interaction

0 0

⌧
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the effect of interaction may be magnified

Mott insulator-like Bose-Einsteint condensation

Lieb1989ferrimagnetism
Hubbard model (fermions)

ferromagnetism Mielke 1991, Tasaki 1992

bosonic models
Winger crystal + beyond Huber, Altman 2010 

Takayoshi Katsura, Watanabe Aoki 2013 
Tovmasyan, von Nieuwenburg, Huber 2013 
Mielke 2018, Fronk, Mielke 2020

theoretical playground for investigating nontrivial 
collective phenomena in interacting many-body systems



the new exactly solvable model 
and  

main results



definition of the model
lattice and the boson system
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decorated d-dim. hyper cubic lattice

special boson operators
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d̂x

<latexit sha1_base64="InfvbyQwbPfkiT8AVxynLScW8Co=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWekiuvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXler9ebl2k8dRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/OEY19</latexit>

p = 1



definition of the model
lattice and the boson system

<latexit sha1_base64="wpGPZXIJzZXaquf6KJEfAtq7ql4="></latexit>

d̂x = ⇣ âx +
P

u âu

<latexit sha1_base64="iRiqdQrY0MgCOWqfzCKvqwdDTO4="></latexit>

b̂u =
1p

2 + ⇣2
(⇣âu � âx � ây)

<latexit sha1_base64="v38onUfmDiv+PlfgYCeVSOCztVU="></latexit>

[âr, â†s] = �r,s

<latexit sha1_base64="y3udjMfT10uR5WVjDkItsCjtFzI=">AAAB9XicbVDLSgNBEOyNrxhfUY+KLAbBU9j1oJ4k6MVjAuYBSQizk95kyOzsMjOrxCVH/8GLB0W9es13ePMb/Aknj4MmFjQUVd10d3kRZ0o7zpeVWlhcWl5Jr2bW1jc2t7LbOxUVxpJimYY8lDWPKORMYFkzzbEWSSSBx7Hq9a5GfvUWpWKhuNH9CJsB6QjmM0q0kTrwBveAoIHABTitbM7JO2PY88Sdklxhf1j6fjgYFlvZz0Y7pHGAQlNOlKq7TqSbCZGaUY6DTCNWGBHaIx2sGypIgKqZjK8e2EdGadt+KE0JbY/V3xMJCZTqB57pDIjuqllvJP7n1WPtnzcTJqJYo6CTRX7MbR3aowjsNpNINe8bQqhk5labdokkVJugMiYEd/bleVI5ybuneafk5gqXMEEa9uAQjsGFMyjANRShDBQkPMIzvFh31pP1ar1PWlPWdGYX/sD6+AFX9pOD</latexit>

⇣ > 0

<latexit sha1_base64="d2Ue/T3l/rXOOe6yskcaZ7B8HkI=">AAACC3icbVC7TsMwFL3hWcorhZElaoXUqUoYKGMFC2OR6ENqQ+U4bmvVsSPbQaqi7ix8ATMrCwMIsTKwsiH4GNzHAC3HsnV8zr2y7wliRpV23U9raXlldW09s5Hd3Nre2bVze3UlEolJDQsmZDNAijDKSU1TzUgzlgRFASONYHA29hvXRCoq+KUexsSPUI/TLsVIG0nYObiHPiDQkJpzBB2QcGW00Nx6ZhGQHbvgltwJnEXizUihki9+f5Xf76od+6MdCpxEhGvMkFItz421nyKpKWZklG0nisQID1CPtAzlKCLKTyezjJxDo4ROV0izuXYm6u+OFEVKDaPAVEZI99W8Nxb/81qJ7p74KeVxognH04e6CXO0cMbBOCGVBGs2NARhSc1fHdxHEmFt4suaELz5kRdJ/ajkHZfcC69QOYUpMnAAeSiCB2WowDlUoQYYbuABnuDZurUerRfrdVq6ZM169uEPrLcfbZmZVQ==</latexit>

â†r creation operator at site r
<latexit sha1_base64="FGmYemdReh0P7jSIs0Lt785SXAQ=">AAAB+XicbVC7SgNBFL0bXzG+ooKNzWAQrMKuhVqG2FgmYB6QLGF2MkmGzM4uM3cDYcmf2FgoIlj5C36BnY3f4uRRaOKBezmccy9z5wSxFAZd98vJrK1vbG5lt3M7u3v7B/nDo7qJEs14jUUy0s2AGi6F4jUUKHkz1pyGgeSNYHg79Rsjro2I1D2OY+6HtK9ETzCKVhLwBAOggJDaPoEO6E6+4BbdGcgq8RakUDqpfou38kelk/9sdyOWhFwhk9SYlufG6KdUo2CST3LtxPCYsiHt85aliobc+Ons8gk5t0qX9CJtSyGZqb83UhoaMw4DOxlSHJhlbyr+57US7N34qVBxglyx+UO9RBKMyDQG0hWaM5RjSyjTwt5K2IBqytCGlbMheMtfXiX1y6J3VXSrXqFUhjmycApncAEeXEMJ7qACNWAwggcb9LOTOo/Oi/M6H804i51j+APn/QfU0ZTk</latexit>

âr annihilation operator at site r
<latexit sha1_base64="LOrf/OxbOUaj8X6YzB66r63YPVI=">AAAB83icbVDJSgNBEK2JWxy3qEcvjUHwFGY8qBcxKILHCGaBZAg9nZ6kSU9P090jhCG/4cWD4nL0O7x7Ef/GznLQxAcFj/eqqKoXSs608bxvJ7ewuLS8kl9119Y3NrcK2zs1naSK0CpJeKIaIdaUM0GrhhlOG1JRHIec1sP+5civ31GlWSJuzUDSIMZdwSJGsLFSBG9AAAMHBFftQtEreWOgeeJPSfH8wz2TL19upV34bHUSksZUGMKx1k3fkybIsDKMcDp0W6mmEpM+7tKmpQLHVAfZ+OYhOrBKB0WJsiUMGqu/JzIcaz2IQ9sZY9PTs95I/M9rpiY6DTImZGqoIJNFUcqRSdAoANRhihLDB5Zgopi9FZEeVpgYG5NrQ/BnX54ntaOSf1zybvxi+QImyMMe7MMh+HACZbiGClRttBLu4RGenNR5cJ6d10lrzpnO7MIfOO8/paOSeQ==</latexit>

E set of black sites <latexit sha1_base64="tftYtwIrLZRXT6+hxmoVMJOe+TE=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYM2mgXwTwgWcLsZDYZMjs7zMwKYclv2FgoPkq/w95G/Bsnj0ITD1w4nHMv994TSs608bxvJ7ewuLS8kl9119Y3NrcK2zs1naSK0CpJeKIaIdaUM0GrhhlOG1JRHIec1sP+5civ31GlWSJuzUDSIMZdwSJGsLFSBG9AAAMHBNftQtEreWOgeeJPSfH8wz2TL19upV34bHUSksZUGMKx1k3fkybIsDKMcDp0W6mmEpM+7tKmpQLHVAfZ+OYhOrBKB0WJsiUMGqu/JzIcaz2IQ9sZY9PTs95I/M9rpiY6DTImZGqoIJNFUcqRSdAoANRhihLDB5Zgopi9FZEeVpgYG5NrQ/BnX54ntaOSf1zybvxi+QImyMMe7MMh+HACZbiCClRttBLu4RGenNR5cJ6d10lrzpnO7MIfOO8/q7OSfQ==</latexit>

I set of white sites

<latexit sha1_base64="Ag9eIK1hVUGw8Vw3MFUfXYjwQJI=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4s1M6gjXYRzAckR9jb7CVr9vaO3TkxhPwVGxFFbP0jdv4UOzcXC018MMPjvRl29gWJFAZd99PJLSwuLa/kVwtr6xubW8XtnbqJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHAx8Rt3XBsRqxscJtyPaE+JUDCKVrqFFJ5AgLKdAQUJBK46xZJbdjOQeeL9kNLZV5ih2il+tLsxSyOukElqTMtzE/RHVKNgko8L7dTwhLIB7fGWpYpG3Pij7PYxObBKl4SxtqWQZOrvjRGNjBlGgZ2MKPbNrDcR//NaKYan/kioJEWu2PShMJUEYzIJgnSF5gzl0BLKtLC3EtanmjK0cRVsCN7sl+dJ/ajsHZfda69UOYcp8rAH+3AIHpxABS6hCjUb7T08wDO8OGPn0Xl13qajOednZxf+wHn/Blh0lRU=</latexit>

u 2 I

<latexit sha1_base64="rZsxlXT95GVN7gJOPApwvLY6/Hw=">AAAB+3icbVDLSgMxFL1TX7W+qi7dBIvgqsy4UHcWRXBZwT6gHUomzbSxSWZIMtIy9FfciCji1h9x56e4M512oa0H7uVwzr3k5gQxZ9q47peTW1peWV3Lrxc2Nre2d4q7e3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsHVxG88UKVZJO/MKKa+wD3JQkawsdI9DOEZGEjbCWDggOC6Uyy5ZTcDWiTejJQuvsMM1U7xs92NSCKoNIRjrVueGxs/xcowwum40E40jTEZ4B5tWSqxoNpPs9vH6MgqXRRGypY0KFN/b6RYaD0SgZ0U2PT1vDcR//NaiQnP/ZTJODFUkulDYcKRidAkCNRlihLDR5Zgopi9FZE+VpgYG1fBhuDNf3mR1E/K3mnZvfVKlUuYIg8HcAjH4MEZVOAGqlCz0Q7hEV7g1Rk7T86b8z4dzTmznX34A+fjB1cmlRQ=</latexit>

x 2 E

neighboring sites in <latexit sha1_base64="tftYtwIrLZRXT6+hxmoVMJOe+TE=">AAAB83icbVC7SgNBFL0bX3F9RS1tBoNgFXYt1EYM2mgXwTwgWcLsZDYZMjs7zMwKYclv2FgoPkq/w95G/Bsnj0ITD1w4nHMv994TSs608bxvJ7ewuLS8kl9119Y3NrcK2zs1naSK0CpJeKIaIdaUM0GrhhlOG1JRHIec1sP+5civ31GlWSJuzUDSIMZdwSJGsLFSBG9AAAMHBNftQtEreWOgeeJPSfH8wz2TL19upV34bHUSksZUGMKx1k3fkybIsDKMcDp0W6mmEpM+7tKmpQLHVAfZ+OYhOrBKB0WJsiUMGqu/JzIcaz2IQ9sZY9PTs95I/M9rpiY6DTImZGqoIJNFUcqRSdAoANRhihLDB5Zgopi9FZEeVpgYG5NrQ/BnX54ntaOSf1zybvxi+QImyMMe7MMh+HACZbiCClRttBLu4RGenNR5cJ6d10lrzpnO7MIfOO8/q7OSfQ==</latexit>

I

neighboring sites in <latexit sha1_base64="LOrf/OxbOUaj8X6YzB66r63YPVI=">AAAB83icbVDJSgNBEK2JWxy3qEcvjUHwFGY8qBcxKILHCGaBZAg9nZ6kSU9P090jhCG/4cWD4nL0O7x7Ef/GznLQxAcFj/eqqKoXSs608bxvJ7ewuLS8kl9119Y3NrcK2zs1naSK0CpJeKIaIdaUM0GrhhlOG1JRHIec1sP+5civ31GlWSJuzUDSIMZdwSJGsLFSBG9AAAMHBFftQtEreWOgeeJPSfH8wz2TL19upV34bHUSksZUGMKx1k3fkybIsDKMcDp0W6mmEpM+7tKmpQLHVAfZ+OYhOrBKB0WJsiUMGqu/JzIcaz2IQ9sZY9PTs95I/M9rpiY6DTImZGqoIJNFUcqRSdAoANRhihLDB5Zgopi9FZEeVpgYG5NrQ/BnX54ntaOSf1zybvxi+QImyMMe7MMh+HACZbiGClRttBLu4RGenNR5cJ6d10lrzpnO7MIfOO8/paOSeQ==</latexit>

E

decorated d-dim. hyper cubic lattice

special boson operators

<latexit sha1_base64="F6d7q6jfJfnWTkGYhFpupszSlvg=">AAACJ3icbVDLSgMxFL3js9bXqEsXBovgQsqMiLoRim5cVrAPmI4lk8m0oZkHSUYsQ/9GF/6KG0FFdOmfmLazqK0nBM4991ySe7yEM6ks69uYm19YXFourBRX19Y3Ns2t7bqMU0FojcQ8Fk0PS8pZRGuKKU6biaA49DhteL2rYb9xT4VkcXSr+gl1Q9yJWMAIVlqKzT1w4Am6gEFBBj4MoA0PcDSheVq707Wv644+FIT2pODCBVhts2SVrRHQLLFzUoIc1bb51vJjkoY0UoRjKR3bSpSbYaEY4XRQbKWSJpj0cIc6mkY4pNLNRnsO0IFWfBTEQt9IoZE6OZHhUMp+6GlniFVXTveG4n89J1XBuZuxKEkVjcj4oSDlSMVoGBrymaBE8b4mmAim/4pIFwtMlI62qEOwp1eeJfXjsn1atm5OSpXLPI4C7MI+HIINZ1CBa6hCDQg8wgu8w4fxbLwan8bX2Dpn5DM78AfGzy+MC5vw</latexit>

[d̂x, b̂
†
u] = 0

<latexit sha1_base64="nlOYUdOcLB+k6EYW3cewfF0yWss=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Koko9ljw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NWHVz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LivedcVtXJVr1TyOApzCGVyABzdQgzuoQxMYIDzDK7w5D86L8+58LFrXnHzmBP7A+fwB5ImM9g==</latexit>x

<latexit sha1_base64="qiEmdIuPzn2jg4nfQFM3kHPFs7U=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Ae0oWw223bpZhN2J8US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6xGnC/YgOlRgIRtFKAl5hBBQQMghhBn146pcrbtVdgKwTLycVyNHol796YczSiCtkkhrT9dwE/YxqFEzyWamXGp5QNqZD3rVU0YgbP1tcPiMXVgnJINa2FJKF+nsio5Ex0yiwnRHFkVn15uJ/XjfFQc3PhEpS5IotFw1SSTAm8xhIKDRnKKeWUKaFvZWwEdWUoQ2rZEPwVl9eJ62rqndTdR+uK/VaHkcRzuAcLsGDW6jDPTSgCQwm8GyDfnMy58V5dz6WrQUnnzmFP3A+fwAASJFE</latexit>

d̂x <latexit sha1_base64="Rqb/fatM7jQxTv0vCX2SkZEb0T8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTdVtXlfqtTyOIpzBOVyCB7dQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A3/2M8w==</latexit>u

<latexit sha1_base64="UjJ+8I7qCp5jc6+UQdBF1HIHr/A=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEYo8FLx4r2A9oQ9lsN+3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpb2zu7e8X90sHh0fFJ+fSsbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3C/8zpRrI2L1hLOE+xEdKREKRtFKAl5hDBQQMghgDgNIB+WKW3WXIJvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5vNRPDU8om9AR71mqaMSNny0vn5MrqwxJGGtbCslS/T2R0ciYWRTYzoji2Kx7C/E/r5diWPczoZIUuWKrRWEqCcZkEQMZCs0ZypkllGlhbyVsTDVlaMMq2RC89Zc3Sfum6tWq7uNtpVHP4yjCBVzCNXhwBw14gCa0gMEUnm3Qb07mvDjvzseqteDkM+fwB87nD/iZkT8=</latexit>

b̂u

<latexit sha1_base64="wO4jNtegQbCfZ+o0lvEUxqFx/Y0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD8l1tVcquxV3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0mzWvEuKtX783LtJo+jAMdwAmfgwSXU4A7q0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8Az5WNfg==</latexit>

p = 2



Hamiltonian and the unique ground state

Hamiltonian

<latexit sha1_base64="wpGPZXIJzZXaquf6KJEfAtq7ql4="></latexit>

d̂x = ⇣ âx +
P

u âu

<latexit sha1_base64="Ag9eIK1hVUGw8Vw3MFUfXYjwQJI=">AAAB+3icbVA9SwNBEJ2LXzF+RS1tFoNgFe4s1M6gjXYRzAckR9jb7CVr9vaO3TkxhPwVGxFFbP0jdv4UOzcXC018MMPjvRl29gWJFAZd99PJLSwuLa/kVwtr6xubW8XtnbqJU814jcUy1s2AGi6F4jUUKHkz0ZxGgeSNYHAx8Rt3XBsRqxscJtyPaE+JUDCKVrqFFJ5AgLKdAQUJBK46xZJbdjOQeeL9kNLZV5ih2il+tLsxSyOukElqTMtzE/RHVKNgko8L7dTwhLIB7fGWpYpG3Pij7PYxObBKl4SxtqWQZOrvjRGNjBlGgZ2MKPbNrDcR//NaKYan/kioJEWu2PShMJUEYzIJgnSF5gzl0BLKtLC3EtanmjK0cRVsCN7sl+dJ/ajsHZfda69UOYcp8rAH+3AIHpxABS6hCjUb7T08wDO8OGPn0Xl13qajOednZxf+wHn/Blh0lRU=</latexit>

u 2 I<latexit sha1_base64="rZsxlXT95GVN7gJOPApwvLY6/Hw=">AAAB+3icbVDLSgMxFL1TX7W+qi7dBIvgqsy4UHcWRXBZwT6gHUomzbSxSWZIMtIy9FfciCji1h9x56e4M512oa0H7uVwzr3k5gQxZ9q47peTW1peWV3Lrxc2Nre2d4q7e3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsHVxG88UKVZJO/MKKa+wD3JQkawsdI9DOEZGEjbCWDggOC6Uyy5ZTcDWiTejJQuvsMM1U7xs92NSCKoNIRjrVueGxs/xcowwum40E40jTEZ4B5tWSqxoNpPs9vH6MgqXRRGypY0KFN/b6RYaD0SgZ0U2PT1vDcR//NaiQnP/ZTJODFUkulDYcKRidAkCNRlihLDR5Zgopi9FZE+VpgYG1fBhuDNf3mR1E/K3mnZvfVKlUuYIg8HcAjH4MEZVOAGqlCz0Q7hEV7g1Rk7T86b8z4dzTmznX34A+fjB1cmlRQ=</latexit>

x 2 E

<latexit sha1_base64="Bw9fh6RVSQX1rztqNbkw7U5eRyo="></latexit>

Ĥ = t
P

x2E d̂
†
xd̂x + U

2

P
u2I n̂u(n̂u � 1)

<latexit sha1_base64="dxEFI3KzHNF/xs5qBEM39HBROkc="></latexit>

b̂u =
⇣âu � âx � âyp

2 + ⇣2

fine-tuned hopping 
between nearest and some 
next-nearest neighbors

repulsive interaction 
only at white sites

THEOREM: Let the particle number be 
For any                         , the ground state is unique 
and is given by

<latexit sha1_base64="dDERPIzwbY6YbO3T36EteDBPvIU=">AAACC3icbZC7SgNBFIbPxluMt42WigwGwULCroVaSdDGMgFzgWQJs5PZZMjshZlZIS4pBRsfw9bGwiC2voCdz+BLOJsE0eiBgY//P4cz53cjzqSyrA8jMze/sLiUXc6trK6tb5j5zZoMY0FolYQ8FA0XS8pZQKuKKU4bkaDYdzmtu/2L1K9fUyFZGFypQUQdH3cD5jGClZZCMw8KzsCCQ0BQ/aYHuAGqHZwqbbNgFa1xob9gT6FQ2hlVPm93R+W2+d7qhCT2aaAIx1I2bStSToKFYoTTYa4VSxph0sdd2tQYYJ9KJxnfMkT7WukgLxT6BQqN1Z8TCfalHPiu7vSx6slZLxX/85qx8k6dhAVRrGhAJou8mCMVojQY1GGCEsUHGjARTP8VkR4WmCgdX06HYM+e/BdqR0X7uGhV7ELpHCaVhW3YgwOw4QRKcAllHTOBO3iEZxgZ98aT8WK8TlozxnRmC36V8fYFQwOWrw==</latexit>

t > 0, U > 0, ⇣ > 0
<latexit sha1_base64="/+VvFc2Fdv3h6XHyj6ywRdLcQqQ="></latexit>

|GSi = (
Q

u2I b̂†u)|vaci

special boson operators
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basic features of the ground state

there is a b-state on every bond
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2 + ⇣2

exactly one particle for each bond
but the property of the model is nontrivial  
and rich

apparent resemblance to a Mott insulator
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b̂†u   creates a coherent superposition of states in 
which a boson is at u, x, and y
coherence may “propagate” to generate BEC

possible Bose-Einstein condensation (BEC)

Kimchi, Parameswaran, Turner, Wang, Vishwanath 2013
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universality class of  
O(2) symmetric classical ferromagnetic spin systems 
in the same dimension d at finite temperatures
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FIG. 1. (a) The lattice Λ in the case (E ,B) is the square lattice
(d = 2, p = 1). The black and white dots denote the sites in
E and I, respectively. The states corresponding to the b̂ and
d̂ operators are also shown. (b) The lattice Λ obtained from
the square lattice in which neighboring sites are connected by
two bonds (d = 2, p = 2).

x ∈ E , we define d̂x = ζâx +
∑

u∈N (x) âu, where ζ > 0 is
a model parameter, and N (x) is the set of sites in I that
are on the bonds connected to x.

We consider the Hamiltonian Ĥ = Ĥhop + Ĥint with

Ĥhop = t
∑

x∈E
d̂†xd̂x, Ĥint =

U

2

∑

u∈I
n̂u(n̂u − 1), (1)

where t > 0 and U > 0. Our model is character-
ized by the three parameters ζ, t, and U . Note that
Ĥhop is rewritten in the standard form as Ĥhop =∑

r,s∈Λ tr,sâ†râs, where the amplitude tr,s describes hop-
ping between the nearest and some of the next nearest
neighbor sites, and on-site potentials. Note also that Ĥint

describes on-site repulsive interaction only on sites in I.
The hopping Hamiltonian Ĥhop describes a tight-

binding model with a flat band. To see this we define
b̂u = (ζâu − âx − ây)/

√
2 + ζ2 for u ∈ I where x, y ∈ E

are the sites connected by the bond corresponding to u.
One can easily verify the orthogonality [d̂x, b̂†u] = 0 for
any x ∈ E and u ∈ I. This means that Ĥhopb̂†u|Φvac〉 = 0

for any u ∈ I. Since Ĥhop ≥ 0 and the states b̂†u|Φvac〉
with u ∈ I are linearly independent, we see that Ĥhop

has |I| independent single-particle ground states (with
zero energy).

We first characterize the ground state of the model.
Theorem 1 .— Consider the above model with particle

number N = |I|. For any ζ > 0, t > 0, and U > 0, the
ground state of Ĥ is unique, has vanishing energy, and is
written as

|ΦGS〉 = (
∏

u∈I
b̂†u)|Φvac〉. (2)

Note that, in the ground state (2), exactly one particle
is associated with adjacent three sites including u ∈ I.
This suggests that the particles are distributed almost
uniformly over the lattice, and the state resembles the
ground state of a “solid” or, more precisely, a Mott insu-
lator. But the property of the ground state turns out to
be much richer than a simple Mott insulator.

The proof of Theorem 1 is an easy application of the
technique developed in [4, 5, 13] for the (fermionic) Hub-
bard model.
Proof of Theorem 1 .— It follows from the definitions

that Ĥ|ΦGS〉 = 0. Since Ĥ ≥ 0, this proves that |ΦGS〉
is a ground state. We only need to prove that it is the
unique ground state.
We first note that any single-particle state can be ex-

pressed by a linear combination of the operators b̂†u with
u ∈ I and d̂†x with x ∈ E . This follows by observing that
b̂†u and d̂†x are all linearly independent, and there are ex-
actly |I| + |E| = |Λ| operators. We thus see that any N
particle state is written as a linear combination of the
basis states |Φn〉 = {

∏
u∈I(b̂

†
u)

nu}{
∏

x∈E(d̂
†
x)

nx}|Φvac〉,
where the “occupation number” n = (nr)r∈Λ satisfies∑

r∈Λ nr = N .
Our proof is based on the standard argument for frus-

tration free Hamiltonians. Let |Ψ〉 be an arbitrary state
with N = |I| particles such that Ĥ|Ψ〉 = 0, and ex-
pand it as |Ψ〉 =

∑
n αn|Φn〉. Noting that d̂†xd̂x ≥ 0 and

n̂u(n̂u − 1) = (â†u)
2(âu)2 ≥ 0, we see that d̂†xd̂x|Ψ〉 = 0

and (â†u)
2(âu)2|Ψ〉 = 0 for all x ∈ E and u ∈ I. These

relations further imply that d̂x|Ψ〉 = 0 for all x ∈ E and
(âu)2|Ψ〉 = 0 for all u ∈ I. The first condition implies
that αn = 0 whenever nx %= 0 for some x ∈ E . Thus the
ground state contains only the b̂-states. Then the second
condition implies that αn = 0 whenever nu ≥ 2 for some
u ∈ I. This means that |Ψ〉 is a constant multiplication
of |ΦGS〉.
Ground state phase transition. —We first derive an ex-

act loop-gas model representation of the ground state.
Note that in this quantum-classical correspondence,
unlike in the correspondence via path-integral, a d-
dimensional quantum state is mapped to a d-dimensional
classical system. This is analogous to the loop-gas rep-
resentations of the Affleck-Kennedy-Lieb-Tasaki (AKLT)
model [20] and the Kitaev model [21].
The b̂-operators satisfy the commutation relations

[b̂u, b̂
†
v] =






1 u = v

2β u ≈ v

β u ∼ v

0 otherwise,

(3)

where β = (2 + ζ2)−1. Here u ≈ v indicates that the
bonds corresponding to u and v connect the same pair of
sites, and u ∼ v indicates that the bonds for u and v share
a single common site. By repeatedly using (3), one finds
that the normalization factor 〈ΦGS|ΦGS〉 is represented
as [15, 22]

〈ΦGS|ΦGS〉 =
∑

L
β|L|, (4)

where the sum is over all possible sets L = {$1, . . . , $n}
with n = 0, 1, 2, . . . of oriented loops. See Fig. 2. By



behavior of off-diagonal correlation
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FIG. 2. A typical configuration of loops on I corresponding
to the lattice in Fig. 1 (a). By an arrow from site u to v we
indicate the commutator [b̂u, b̂

†
v].

an oriented loop of length m, we mean a sequence ! =
(u1, . . . , um) of m distinct sites in I such that uj ≈ uj+1

or uj ∼ uj+1 for j = 1, . . . ,m, where we set um+1 = u1.
Here we identify the new sequence obtained by the shift
uj → uj+1 for j = 1, . . . ,m with the original sequence.
This means that, for u1, u2 ∈ I such that u1 ∼ u2, there
is a unique loop, ! = (u1, u2), of length two, while for
u1, u2, u3 ∈ I such that u1 ∼ u2, u2 ∼ u3, and u3 ∼ u1,
there are two loops, ! = (u1, u2, u3) and !̄ = (u3, u2, u1),
of length three. We also assume that, in any set L =
{!1, . . . , !n}, no loops share a common site. To take into
account the factor 2 in (3), we interpret u, v ∈ I with
u ≈ v as being connected via two distinct paths [22].
Finally we wrote |L| =

∑n
j=1 |!j |, where |!| denotes the

length of a loop !.
We can derive a similar representation for correlation

functions. Noting that âu|ΦGS〉 = ζ
√
β(

∏
w !=u b̂

†
w)|Φvac〉

for u ∈ I, we find that

〈ΦGS|â†vâu|ΦGS〉 = ζ2β
∑′

L,ω:u→v

β|L|+|ω|, (5)

where L is again summed over sets of oriented loops, and
ω is summed over all self-avoiding walks connecting u to
v, i.e., a sequence ω = (u0, . . . , um) of m + 1 distinct
sites in I such that u0 = u, um = v, and uj ≈ uj+1 or
uj ∼ uj+1 for j = 0, . . . ,m−1. The length of the walk is
defined as |ω| = m. The prime in the sum indicates that
ω and loops in L do not share common sites. By combin-
ing (4) and (5), we see that the off-diagonal correlation
is represented as

〈â†vâu〉GS =
〈ΦGS|â†vâu|ΦGS〉

〈ΦGS|ΦGS〉
=

ζ2β
∑′

L,ω:u→v β
|L|+|ω|

∑
L β|L| .

(6)
The above summations over loops and walks are in

general nontrivial and hardly evaluated explicitly. When
(E ,B) is a chain with bonds connecting nearest neighbor
sites, one can evaluate the summations by using, e.g., the
transfer matrix method to show for a long enough chain
that

〈â†vâu〉GS = C
( 2β

1 +
√
1 + 4β2

)|u−v|
≤ C 2−|u−v|, (7)

where C = ζ2β/
√

1 + 4β2. The correlation always de-
cays exponentially, and the ground state is disordered.
Let us turn to the models in higher dimensions.

When β is small, we can easily prove that the cor-
responding loop-gas model is in the disordered phase,
where configurations with only small loops are domi-
nant. This corresponds to a disordered ground state.
To see this, we relax the constraint L ∩ ω = ∅ in
(5) to get 〈ΦGS|â†vâu|ΦGS〉 ≤ ζ2β

∑
L,ω:u→v β

|L|+|ω| =

ζ2β〈ΦGS|ΦGS〉
∑

ω:u→v β
|ω|. This implies

〈â†vâu〉GS ≤ ζ2β
∑

ω:u→v

β|ω| = ζ2β
∞∑

n=dist(u,v)

Ωu,v(n)β
n, (8)

where Ωu,v(n) is the total number of self-avoiding walks
of length n that connect u and v, and dist(u, v) is the
minimum length of such walks. For u ∈ I, let su and
du be the numbers of v such that u ∼ v and u ≈ v,
respectively. We let ν be a constant such that su+2du ≤
ν+1 for any u ∈ I. Then we have Ωu,v(n) ≤ (ν+1)νn−2.
(Proof: There are at most (ν+1) choices for the first step,
and at most ν choices for each of the following n−2 steps.
There is no choice in the final step because the walk ends
at v.) This bound, with (8), implies that the correlation
decays exponentially.
Theorem 2 .— Let ζ be such that νβ = ν/(2+ζ2) < 1.

Then we have for any u, v ∈ I that

〈â†vâu〉GS ≤ ζ2β(ν + 1)

ν2 (1− νβ)
(νβ)dist(u,v). (9)

When the dimension is larger than one and β is suffi-
ciently large, on the other hand, it is expected that the
loop-gas model is in the percolating phase where a macro-
scopically large loop (or a walk) appears. The transi-
tion can be characterized by the divergence of the “static
structure factor”

S := (ζ2β)−1
∑

v∈I
〈â†vâu〉GS. (10)

If the critical value of β for the transition is less than
1/2, which is the upper bound for β, the ground state
undergoes a phase transition.
Let us first examine the standard large-d (or mean-

field) approximation, in which one fixes β̃ = νβ and lets
d ↑ ∞ (and hence ν ↑ ∞). It is well-known that, for
β̃ < 1, one can neglect contributions from loops in this
limit [22]. Then S is evaluated for any β̃ < 1 as

S .
∑

ω:u→·
β|ω| =

∞∑

n=0

νnβn =
1

1− β̃
, (11)

where ω is summed over all walks (with an arbitrary
length) that starts from u. The structure factor S di-
verges as β approaches the critical value ν−1.
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The existence of a phase transition is also suggested by
a more careful examination of the loop-gas model. Recall
that, in (4) or (5), every loop of length three or more is
summed exactly twice with different orientations. This
is equivalent to considering unoriented loops, but with
an extra factor 2 for each loop. We thus see that our
loop-gas model resembles that obtained from the high-
temperature expansion of an O(2) symmetric classical
ferromagnetic spin system at a finite temperature. The
O(2) symmetry corresponds to the U(1) phase symmetry
in the original quantum system. From this analogy we
conjecture that in dimensions three or higher the ground
state |ΦGS〉 may exhibit BEC (where 〈â†vâu〉GS has long-
range order) while in two dimensions it may exhibit a
quasi BEC (where 〈â†vâu〉GS shows power law decay),
both at sufficiently large β.

To prove the existence of BEC is extremely difficult, if
not impossible, since we need to show the breakdown of a
continuous symmetry. See [23] and references therein for
rare cases where the existence of BEC can be established
rigorously by using the method of reflection positivity [6].
In the present model, we have a rigorous result only for
the system defined on a tree [22], where one can apply
standard techniques (see, e.g., [24, 25]).

Numerical evidence of a KT transition. —To see
whether the ground state exhibits a phase transition, we
carried out a Monte Carlo simulation of the correspond-
ing loop-gas model by using the worm algorithm [26]. We
focus on the two-dimensional models constructed from
the L× L square lattice with bond number p = 1 and 2
and with periodic boundary conditions. See Fig. 1.

When the correlation 〈â†vâu〉GS becomes long-ranged,
the structure factor (10) should diverge as a function of L.
Specifically, S = O(Ld) if the system possesses ODLRO,
and S = O(Ld−η) if it has quasi-ODLRO characterized
by the correlation-decay exponent η, while S = O(1) in
the disordered phase. In particular, η = 1/4 for the KT
transition with the multiplicative logarithmic correction
of (logL)1/8 [27]. For p = 1, we did not find any sin-
gular point in the region β ≤ 1/2 in which the classical-
quantum correspondence is valid, though it seems to have
a singularity at β ∼ 1 as a classical statistical model.[22]
Therefore, in what follows, we focus on the case of p = 2.

The upper panel of Fig. 3 shows the β dependence of
the static structure factor S for varying system sizes up to
L = 64. We see the diverging behavior for large but not
too large values of β. To capture more specific features
of the KT transition, we measured the helicity modulus,
which is proportional to the super-fluid density. It can
be computed as the Monte Carlo average of the squared
total winding number of all loops [15, 28],

Υ :=

〈(∑

"∈L
w"

)2
〉

MC

=

〈∑

"∈L
w2

"

〉

MC

, (12)

where the summation is over all loops in the loop-gas con-

FIG. 3. The static structure factor S (top) and the helicity
modulus (bottom) as functions of β for p = 2. The horizontal
line in the lower panel indicates the universal jump 2/π, the
thermodynamic value expected for the KT transition point.

figuration L and wl is the winding number of the loop
l around the horizontal direction of the lattice. As we
pass the KT transition point entering the quasi-ODLRO
phase, this quantity is expected to show a discontinu-
ous jump from zero to the universal value 2/π, and keep
increasing afterwards. The lower panel of Fig. 3 shows
the β dependence of the helicity modulus Υ. The figure
clearly shows that Υ goes from zero to some finite value
greater than the expected jump, consistent with the KT
transition, in contrast to the case studied in [15].
Further evidence can be obtained from the size-

dependence of the structure factor, shown in Fig. 4. As
we increase β, before the slope of the curve reaches 7/4,
it is actually not a straight line but bends and starts
converging to a finite value as seen for β = 0.15. As
we increase β further, the curve becomes a straight line
with slope greater than 7/4 (β = 0.20 or 0.22 in the
figure). We analyzed the data with or without the ex-
pected logarithmic correction, i.e., fit the form L2−η or
(logL)1/8L2−η to the data regarding the exponent η as a
fitting parameter, although according to [29] it is not
clear whether including such a logarithmic correction
would improve the estimates or not. The inset shows
the result of the fitting with or without the logarithmic
factor. From this result, we may conclude that the KT
transition takes place at β = 0.20(1), which is consistent
with the universal jump in the lower panel of Fig. 3 con-
sidering the expected slow (∼ (logL)−1) convergence of
Υ at the transition point. See [22] for further numerical
results that support our conclusions.

Other particle numbers. —When the number of par-
ticles, N , is less than |I|, we see that the space of the
ground states is spanned by |ΦS〉 = (

∏
u∈S b̂†u)|Φvac〉

<latexit sha1_base64="hFY5PvdNziWeg+hL6lWTAKHvhJw=">AAAB93icbZDLSsNAFIZPvNZ6q7p0EyyCq5qUom6EohuXFewF2lAm00k7dDIJMydCCH0RNy684NZXcefbOG2z0NYfBn7+cw7nzOfHgmt0nG9rZXVtfWOzsFXc3tnd2y8dHLZ0lCjKmjQSker4RDPBJWsiR8E6sWIk9AVr++Pbab39yJTmkXzANGZeSIaSB5wSNNEI3oABAoFrcOEcav1S2ak4M9nLxs1NGXI1+qWv3iCiScgkUkG07rpOjF5GFHIq2KTYSzSLCR2TIesaK0nItJfN7p7YpyYZ2EGkzJNoz9LfExkJtU5D33SGBEd6sTYN/6t1EwyuvIzLOEEm6XxRkAgbI3sKwR5wxSiK1BhCFTe32nREFKFoUBUNBHfxy8umVa24F5Xqfa1cv8lxFOAYTuDMoLyEOtxBA5pADd4neIFXK7WerXfrY966YuUzR/BH1ucPlG2P2Q==</latexit>

⌘ = 1/4
<latexit sha1_base64="wCB4+aWU+EYgTQT/PAGLCVMsoJw=">AAACD3icbZDLSgMxFIbP1Futt9Eu3QSL4KrMFFE3QtGNywr2Au1QMmnahiaTIckIZegbuPEhfAE3LhRx69adb2PazkJbfwh8+c85JOcPY8608bxvJ7eyura+kd8sbG3v7O65+wcNLRNFaJ1ILlUrxJpyFtG6YYbTVqwoFiGnzXB0Pa0376nSTEZ3ZhzTQOBBxPqMYGMt6RbhCUKgYADD5S/uQmpvCgQgIDDpuiWv7M2ElsHPoASZal33q9OTJBE0MoRjrdu+F5sgxcowwumk0Ek0jTEZ4QFtW4ywoDpIZ/tM0LF1eqgvlT2RQTP390SKhdZjEdpOgc1QL9am5n+1dmL6F0HKojgxNCLzh/oJR0aiaTioxxQlho8tYKKY/SsiQ6wwMTbCgg3BX1x5GRqVsn9WrtyelqpXWRx5OIQjOAEfzqEKN1CDug31AZ7hFd6cR+fFeXc+5q05J5spwh85nz/ld5ZI</latexit>

� = �cat

static structure factor

helicity modulus (   superfluid density)

expected to show  
a discontinuous jump

<latexit sha1_base64="OaN/M+k6pLY1fIOwRcy8LkjKuYo=">AAAB+3icbZBNSwMxEIZn/az1q+rRS7AInupuEfVY9OKxgv2AtpRsmm1js9klmRXL0r/iRUQRr/4Rb/4b03YP2vpC4OGdGWby+rEUBl3321laXlldW89t5De3tnd2C3v7dRMlmvEai2Skmz41XArFayhQ8masOQ19yRv+8HpSbzxwbUSk7nAU805I+0oEglG01j248AIIERAow6nlGES3UHRL7lRkEbwMipCp2i18tXsRS0KukElqTMtzY+ykVKNgko/z7cTwmLIh7fOWRUVDbjrp9PYxObZOjwSRtk8hmbq/J1IaGjMKfdsZUhyY+drE/K/WSjC47KRCxQlyxWaLgkQSjMgkCNITmjOUIwuUaWFvJWxANWVo48rbELz5Ly9CvVzyzkvl27Ni5SqLIweHcAQn4MEFVOAGqlADBo/wBK/w5oydZ+fd+Zi1LjnZzAH8kfP5A7zjkQY=</latexit>

0 ! 2/⇡
<latexit sha1_base64="zy8RMymPF/FFpohPUhKfEi5Xbpg=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxjKC+YDkCHubSbJk9+7Y3RPCERv/ihYWitj6L+z8N26SKzTxwcDb92bYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlHwEOuGG4GtWCGVgcBmMLqe+s17VJpH4Z0Zx+hLOgh5nzNqrCThGQJAMEChC6l9KZBAgMGkWyy5ZXcGsky8jJQgQ61b/Or0IpZIDA0TVOu258bGT6kynAmcFDqJxpiyER1g29KQStR+OrtgQk6s0iP9SNkKDZmpvydSKrUey8B2SmqGetGbiv957cT0L/2Uh3FiMGTzj/qJICYi0zhIjytkRowtoUxxuythQ6ooMza0gg3BWzx5mTQqZe+8XLk9K1WvsjjycATHcAoeXEAVbqAGdRvqAzzBK7w5j86L8+58zFtzTjZzCH/gfP4AoJWTJw==</latexit>

�cat

<latexit sha1_base64="e6k7J2SOVW9BCs4vjDTk8VpESN4=">AAAB/XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh6LXjxWsB/QLiWbzrah2eySZIVain/FSw+KePV/ePPfmLZ70NYHAy/vzZCZFySCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJ35zUdUmsfywYwS9CPalzzkjBorDWEKMUSA0AcKXftCECC6xZJbducgq8TLSAky1LrFr04vZmmE0jBBtW57bmL8MVWGM4GTQifVmFA2pH1sWypphNofz7efkDOr9EgYK1vSkLn6e2JMI61HUWA7I2oGetmbif957dSE1/6YyyQ1KNniozAVxMRkFgXpcYXMiJEllCludyVsQBVlxgZWsCF4yyevkkal7F2WK/cXpepNFkceTuAUzsGDK6jCHdSgDgye4AVe4c15dqbOu/OxaM052cwx/IHz+QPwt5JR</latexit>!` winding number

worm algorithm Prokof'ev, Svistunov, Tupitsyn 1998

<latexit sha1_base64="OJseWfGxaDDNlV3Y2cawjGm/40o=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KrtF1GPRi8cK9gPapWTTbBua3SzJrFKW/g8vHhT16n/x5r8xbfegrQ9meLw3QyYvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqxhtMSaXbATVcipg3UKDk7URzGgWSt4LRzdRvPXBthIrvcZxwP6KDWISCUbTSAN4hAQ3KdgTVK5XdijsDWSZeTsqQo94rfXX7iqURj5FJakzHcxP0M6pRMMknxW5qeELZiA54x9KYRtz42ezqCTm1Sp+EStuKkczU3xsZjYwZR4GdjCgOzaI3Ff/zOimGV34m4iRFHrP5Q2EqCSoyjYD0heYM5dgSyrSwtxI2pJoytEEVbQje4peXSbNa8S4q1bvzcu06j6MAx3ACZ+DBJdTgFurQAGbDfYIXeHUenWfnzfmYj644+c4R/IHz+QMw8JBf</latexit>/



the model based on the         square lattice<latexit sha1_base64="fVt5GuM8Mc3tBb9Krzv4lwHo2iU=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxiJFBPMByRH2NpNkye7dsbsXCEf+iY2FIrb+Ezv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgUPsWG4EdiOFVIZCGwF4/u535qg0jwKn8w0Rl/SYcgHnFFjJQ41eAUDHCQgaCBQ6xVLbtldgKwTLyMlyFDvFb+6/YglEkPDBNW647mx8VOqDGcCZ4VuojGmbEyH2LE0pBK1ny4un5ELq/TJIFK2QkMW6u+JlEqtpzKwnZKakV715uJ/Xicxg1s/5WGcGAzZctEgEcREZB4D6XOFzIipJZQpbm8lbEQVZcaGVbAheKsvr5NmpexdlyuPV6XqXRZHHs7gHC7BgxuowgPUoQEMJvBsY35zUufFeXc+lq05J5s5hT9wPn8AHgeQuw==</latexit>

L⇥ L

<latexit sha1_base64="EqKGMIs1lob2sjyMgCWy5rVqfCk="></latexit>

S =

(
O(1) � < �c

O(L2�⌘) � � �c

<latexit sha1_base64="InfvbyQwbPfkiT8AVxynLScW8Co=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWekiuvV6p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXgXler9ebl2k8dRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/OEY19</latexit>

p = 1

<latexit sha1_base64="OaN/M+k6pLY1fIOwRcy8LkjKuYo=">AAAB+3icbZBNSwMxEIZn/az1q+rRS7AInupuEfVY9OKxgv2AtpRsmm1js9klmRXL0r/iRUQRr/4Rb/4b03YP2vpC4OGdGWby+rEUBl3321laXlldW89t5De3tnd2C3v7dRMlmvEai2Skmz41XArFayhQ8masOQ19yRv+8HpSbzxwbUSk7nAU805I+0oEglG01j248AIIERAow6nlGES3UHRL7lRkEbwMipCp2i18tXsRS0KukElqTMtzY+ykVKNgko/z7cTwmLIh7fOWRUVDbjrp9PYxObZOjwSRtk8hmbq/J1IaGjMKfdsZUhyY+drE/K/WSjC47KRCxQlyxWaLgkQSjMgkCNITmjOUIwuUaWFvJWxANWVo48rbELz5Ly9CvVzyzkvl27Ni5SqLIweHcAQn4MEFVOAGqlADBo/wBK/w5oydZ+fd+Zi1LjnZzAH8kfP5A7zjkQY=</latexit>

0 ! 2/⇡
<latexit sha1_base64="zy8RMymPF/FFpohPUhKfEi5Xbpg=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxjKC+YDkCHubSbJk9+7Y3RPCERv/ihYWitj6L+z8N26SKzTxwcDb92bYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlHwEOuGG4GtWCGVgcBmMLqe+s17VJpH4Z0Zx+hLOgh5nzNqrCThGQJAMEChC6l9KZBAgMGkWyy5ZXcGsky8jJQgQ61b/Or0IpZIDA0TVOu258bGT6kynAmcFDqJxpiyER1g29KQStR+OrtgQk6s0iP9SNkKDZmpvydSKrUey8B2SmqGetGbiv957cT0L/2Uh3FiMGTzj/qJICYi0zhIjytkRowtoUxxuythQ6ooMza0gg3BWzx5mTQqZe+8XLk9K1WvsjjycATHcAoeXEAVbqAGdRvqAzzBK7w5j86L8+58zFtzTjZzCH/gfP4AoJWTJw==</latexit>

�c

discontinuous jump
at

<latexit sha1_base64="DfGQqbdBNxCIqsPjMIfmrR/0Was=">AAAB93icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY9BLx4jmAckS5idzCZDZmeWmV4hLPkRLx584NVf8ebfOEn2oIkFDUVVN91dYSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmTacCUfcJKwICZDySNOCVppBG/QhAQMcBCgQPbLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCb3z11z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5CcAdcM4piYgmhmttbXToimlC0UZVsCP7yy6ukVav6l9Xa/UWlfpPHUYQTOIVz8OEK6nAHDRsuBYQneIFXZ+I8O+/Ox6K14OQzx/AHzucP6JSQuA==</latexit>

⌥

<latexit sha1_base64="hi4k9vRtumwHGLxDF1TfaeTjTsg=">AAACFXicbZDLSgMxFIbP1Futt6rgxk2wCK7KTBF1WXTjsoK9QDuUTHqmDc1cTDJCGfoSbnwC38GNC0XcCu58G9N2Ftr6Q+DLf84hOb8XC660bX9buaXlldW1/HphY3Nre6e4u9dQUSIZ1lkkItnyqELBQ6xrrgW2Yok08AQ2veHVpN68R6l4FN7qUYxuQPsh9zmj2lhR8QCewAMEDRRSwxICIMBgbFgBNzeEO+M4UAa7WyzZZXsqsghOBiXIVOsWvzq9iCUBhpoJqlTbsWPtplRqzgSOC51EYUzZkPaxbTCkASo3nW41JsfG6RE/kuaEmkzd3xMpDZQaBZ7pDKgeqPnaxPyv1k60f+GmPIwTjSGbPeQnguiITCIiPS6RaTEyQJnk5q+EDaikTJsgCyYEZ37lRWhUys5ZuXJzWqpeZnHk4RCO4MREeQ5VuIYa1E3QD/AMr/BmPVov1rv1MWvNWdnMPvyR9fkD2sOXFw==</latexit>

�c ' 1.0the loop-gas model undergoes KT transition at
<latexit sha1_base64="LR2tpc5ylfqqq50cdUsEw3D8mzY=">AAAB+XicbZA9SwNBEIbn4leMX1FLm8UgWMW7IGphEbSxjGA+IDnC3maTLNnbO3bnAuHIP7GxUMTWf2Lnv3GTXKGJLyy8vDPDzD5BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokQzXmeRjHQroIZLoXgdBUreijWnYSB5Mxjdz+rNMddGROoJJzH3QzpQoi8YRRsJeIUAOCBQuAUPLqDSLZbcsjsXWTVeZkqQqdYtfnV6EUtCrpBJakzbc2P0U6pRMMmnhU5ieEzZiA5421pFQ278dH75lJzZpEf6kbZPIZmnvydSGhozCQPbGVIcmuXaLPyv1k6wf+OnQsUJcsUWi/qJJBiRGQbSE5ozlBNrKNPC3krYkGrK0MIqWAje8pdXTaNS9q7KlcfLUvUuw5GHEziFc4vyGqrwADWoA4MxPFvQb07qvDjvzseiNedkM8fwR87nD3OYkEs=</latexit>

� < 1/2the loop-gas corresponds to a g.s. only when
the ground state is always in the disordered phase



the model based on the         square lattice<latexit sha1_base64="fVt5GuM8Mc3tBb9Krzv4lwHo2iU=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxiJFBPMByRH2NpNkye7dsbsXCEf+iY2FIrb+Ezv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgUPsWG4EdiOFVIZCGwF4/u535qg0jwKn8w0Rl/SYcgHnFFjJQ41eAUDHCQgaCBQ6xVLbtldgKwTLyMlyFDvFb+6/YglEkPDBNW647mx8VOqDGcCZ4VuojGmbEyH2LE0pBK1ny4un5ELq/TJIFK2QkMW6u+JlEqtpzKwnZKakV715uJ/Xicxg1s/5WGcGAzZctEgEcREZB4D6XOFzIipJZQpbm8lbEQVZcaGVbAheKsvr5NmpexdlyuPV6XqXRZHHs7gHC7BgxuowgPUoQEMJvBsY35zUufFeXc+lq05J5s5hT9wPn8AHgeQuw==</latexit>

L⇥ L
<latexit sha1_base64="wO4jNtegQbCfZ+o0lvEUxqFx/Y0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD8l1tVcquxV3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0mzWvEuKtX783LtJo+jAMdwAmfgwSXU4A7q0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8Az5WNfg==</latexit>

p = 2

<latexit sha1_base64="EqKGMIs1lob2sjyMgCWy5rVqfCk="></latexit>

S =

(
O(1) � < �c

O(L2�⌘) � � �c

<latexit sha1_base64="OaN/M+k6pLY1fIOwRcy8LkjKuYo=">AAAB+3icbZBNSwMxEIZn/az1q+rRS7AInupuEfVY9OKxgv2AtpRsmm1js9klmRXL0r/iRUQRr/4Rb/4b03YP2vpC4OGdGWby+rEUBl3321laXlldW89t5De3tnd2C3v7dRMlmvEai2Skmz41XArFayhQ8masOQ19yRv+8HpSbzxwbUSk7nAU805I+0oEglG01j248AIIERAow6nlGES3UHRL7lRkEbwMipCp2i18tXsRS0KukElqTMtzY+ykVKNgko/z7cTwmLIh7fOWRUVDbjrp9PYxObZOjwSRtk8hmbq/J1IaGjMKfdsZUhyY+drE/K/WSjC47KRCxQlyxWaLgkQSjMgkCNITmjOUIwuUaWFvJWxANWVo48rbELz5Ly9CvVzyzkvl27Ni5SqLIweHcAQn4MEFVOAGqlADBo/wBK/w5oydZ+fd+Zi1LjnZzAH8kfP5A7zjkQY=</latexit>

0 ! 2/⇡
<latexit sha1_base64="zy8RMymPF/FFpohPUhKfEi5Xbpg=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxjKC+YDkCHubSbJk9+7Y3RPCERv/ihYWitj6L+z8N26SKzTxwcDb92bYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlHwEOuGG4GtWCGVgcBmMLqe+s17VJpH4Z0Zx+hLOgh5nzNqrCThGQJAMEChC6l9KZBAgMGkWyy5ZXcGsky8jJQgQ61b/Or0IpZIDA0TVOu258bGT6kynAmcFDqJxpiyER1g29KQStR+OrtgQk6s0iP9SNkKDZmpvydSKrUey8B2SmqGetGbiv957cT0L/2Uh3FiMGTzj/qJICYi0zhIjytkRowtoUxxuythQ6ooMza0gg3BWzx5mTQqZe+8XLk9K1WvsjjycATHcAoeXEAVbqAGdRvqAzzBK7w5j86L8+58zFtzTjZzCH/gfP4AoJWTJw==</latexit>

�c

discontinuous jump
at

<latexit sha1_base64="DfGQqbdBNxCIqsPjMIfmrR/0Was=">AAAB93icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY9BLx4jmAckS5idzCZDZmeWmV4hLPkRLx584NVf8ebfOEn2oIkFDUVVN91dYSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmTacCUfcJKwICZDySNOCVppBG/QhAQMcBCgQPbLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCb3z11z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5CcAdcM4piYgmhmttbXToimlC0UZVsCP7yy6ukVav6l9Xa/UWlfpPHUYQTOIVz8OEK6nAHDRsuBYQneIFXZ+I8O+/Ox6K14OQzx/AHzucP6JSQuA==</latexit>

⌥

the loop-gas model and also the exact ground state 
undergoes a KT transition at            , and exhibits 
quasi-BEC for             !!

<latexit sha1_base64="pbKCtlynV++nXduH2IGsPj3s8Mk=">AAACE3icbZC7SgNBFIbPxluMt1WxshkMglXYDaKWQRvLCOYCSQizk7PJkNmLM7NCWPIONj6Cr2BjoYitjZ1v4yTZQhN/GPjmP+cwc34vFlxpx/m2ckvLK6tr+fXCxubW9o69u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vOHVpN64R6l4FN7qUYydgPZD7nNGtbEi+wCewAMEDRRSwxICIMBgbFgBNzeEO3CgBOWuXXRKzlRkEdwMipCp2rW/2r2IJQGGmgmqVMt1Yt1JqdScCRwX2onCmLIh7WPLYEgDVJ10utOYHBunR/xImhNqMnV/T6Q0UGoUeKYzoHqg5msT879aK9H+RSflYZxoDNnsIT8RREdkEhDpcYlMi5EByiQ3fyVsQCVl2sRYMCG48ysvQr1ccs9K5ZvTYuUyiyMPh3AEJ+DCOVTgGqpQMzE/wDO8wpv1aL1Y79bHrDVnZTP78EfW5w9SCZbl</latexit>

�c ' 0.2
<latexit sha1_base64="D4H/TZ7mpryTt9t7DAWx1N2jBHc=">AAACFXicbZDLSgMxFIbP1Futt1HBjZtgEVwNM0XUZdGNywr2AnUomTRtQ5PJkGSEMvQl3PgEvoMbF4q4Fdz5NqbtLLT1h8DHf87h5PxRwpk2vv/tFJaWV1bXiuuljc2t7R13d6+hZaoIrRPJpWpFWFPOYlo3zHDaShTFIuK0GQ2vJvXmPVWayfjWjBIaCtyPWY8RbKwl3QN4gggoGMCQWVYgAAGBseW+dRVoYNbzwYNKxy37nj8VWoQghzLkqnXcr7uuJKmgsSEca90O/MSEGVaGEU7HpbtU0wSTIe7TtsUYC6rDbHrVGB1bp4t6UtkXGzR1f09kWGg9EpHtFNgM9HxtYv5Xa6emdxFmLE5SQ2MyW9RLOTISTSJCXaYoMXxkARPF7F8RGWCFibFBlmwIwfzJi9CoeMGZV7k5LVcv8ziKcAhHcAIBnEMVrqEGdRv0AzzDK7w5j86L8+58zFoLTj6zD3/kfP4AYl6Xbw==</latexit>

�c & 0.2



the model based on the         square lattice<latexit sha1_base64="fVt5GuM8Mc3tBb9Krzv4lwHo2iU=">AAAB+XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqGXQxiJFBPMByRH2NpNkye7dsbsXCEf+iY2FIrb+Ezv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDo+LxSVNHiWLYYJGIVDugGgUPsWG4EdiOFVIZCGwF4/u535qg0jwKn8w0Rl/SYcgHnFFjJQ41eAUDHCQgaCBQ6xVLbtldgKwTLyMlyFDvFb+6/YglEkPDBNW647mx8VOqDGcCZ4VuojGmbEyH2LE0pBK1ny4un5ELq/TJIFK2QkMW6u+JlEqtpzKwnZKakV715uJ/Xicxg1s/5WGcGAzZctEgEcREZB4D6XOFzIipJZQpbm8lbEQVZcaGVbAheKsvr5NmpexdlyuPV6XqXRZHHs7gHC7BgxuowgPUoQEMJvBsY35zUufFeXc+lq05J5s5hT9wPn8AHgeQuw==</latexit>

L⇥ L
<latexit sha1_base64="wO4jNtegQbCfZ+o0lvEUxqFx/Y0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD8l1tVcquxV3BrJMvJyUIUe9V/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMdSSSPUfjY7dUJOrdInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/8jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdoQvMWXl0mzWvEuKtX783LtJo+jAMdwAmfgwSXU4A7q0AAGA3iGV3hzhPPivDsf89YVJ585gj9wPn8Az5WNfg==</latexit>

p = 2

the loop-gas model and also the exact ground state 
undergoes a KT transition at            , and exhibits 
quasi-BEC for             !!

<latexit sha1_base64="pbKCtlynV++nXduH2IGsPj3s8Mk=">AAACE3icbZC7SgNBFIbPxluMt1WxshkMglXYDaKWQRvLCOYCSQizk7PJkNmLM7NCWPIONj6Cr2BjoYitjZ1v4yTZQhN/GPjmP+cwc34vFlxpx/m2ckvLK6tr+fXCxubW9o69u1dXUSIZ1lgkItn0qELBQ6xprgU2Y4k08AQ2vOHVpN64R6l4FN7qUYydgPZD7nNGtbEi+wCewAMEDRRSwxICIMBgbFgBNzeEO3CgBOWuXXRKzlRkEdwMipCp2rW/2r2IJQGGmgmqVMt1Yt1JqdScCRwX2onCmLIh7WPLYEgDVJ10utOYHBunR/xImhNqMnV/T6Q0UGoUeKYzoHqg5msT879aK9H+RSflYZxoDNnsIT8RREdkEhDpcYlMi5EByiQ3fyVsQCVl2sRYMCG48ysvQr1ccs9K5ZvTYuUyiyMPh3AEJ+DCOVTgGqpQMzE/wDO8wpv1aL1Y79bHrDVnZTP78EfW5w9SCZbl</latexit>

�c ' 0.2
<latexit sha1_base64="D4H/TZ7mpryTt9t7DAWx1N2jBHc=">AAACFXicbZDLSgMxFIbP1Futt1HBjZtgEVwNM0XUZdGNywr2AnUomTRtQ5PJkGSEMvQl3PgEvoMbF4q4Fdz5NqbtLLT1h8DHf87h5PxRwpk2vv/tFJaWV1bXiuuljc2t7R13d6+hZaoIrRPJpWpFWFPOYlo3zHDaShTFIuK0GQ2vJvXmPVWayfjWjBIaCtyPWY8RbKwl3QN4gggoGMCQWVYgAAGBseW+dRVoYNbzwYNKxy37nj8VWoQghzLkqnXcr7uuJKmgsSEca90O/MSEGVaGEU7HpbtU0wSTIe7TtsUYC6rDbHrVGB1bp4t6UtkXGzR1f09kWGg9EpHtFNgM9HxtYv5Xa6emdxFmLE5SQ2MyW9RLOTISTSJCXaYoMXxkARPF7F8RGWCFibFBlmwIwfzJi9CoeMGZV7k5LVcv8ziKcAhHcAIBnEMVrqEGdRv0AzzDK7w5j86L8+58zFoLTj6zD3/kfP4AYl6Xbw==</latexit>

�c & 0.2

the size dependence of   and <latexit sha1_base64="VVyfaEIjAXudVX12U2EqlztCAhc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hyiOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALBvjN4=</latexit>

S
<latexit sha1_base64="DfGQqbdBNxCIqsPjMIfmrR/0Was=">AAAB93icbVDLSgNBEOyNrxhfUY9eFoPgKewGUY9BLx4jmAckS5idzCZDZmeWmV4hLPkRLx584NVf8ebfOEn2oIkFDUVVN91dYSK4Qc/7dgpr6xubW8Xt0s7u3v5B+fCoZVSqKWtSJZTuhMQwwSVrIkfBOolmJA4Fa4fj25nffmTacCUfcJKwICZDySNOCVppBG/QhAQMcBCgQPbLFa/qzeGuEj8nFcjR6Je/egNF05hJpIIY0/W9BIOMaORUsGmplxqWEDomQ9a1VJKYmSCb3z11z6wycCOlbUl05+rviYzExkzi0HbGBEdm2ZuJ/3ndFKPrIOMySZFJulgUpcJF5c5CcAdcM4piYgmhmttbXToimlC0UZVsCP7yy6ukVav6l9Xa/UWlfpPHUYQTOIVz8OEK6nAHDRsuBYQneIFXZ+I8O+/Ox6K14OQzx/AHzucP6JSQuA==</latexit>

⌥



is the ground state a Mott insulator?
yes and no, it depends on the phase

cannot be a Mott insulator!!

charge gap <latexit sha1_base64="zG+A89ph4qxhlVPNdXvA6VvT2tM="></latexit>

�E = EGS
N+1 + EGS

N�1 � 2EGS
N

a simple criterion for Mott insulator <latexit sha1_base64="XZu6dgBz5bsZW6i2HeM8oiIY6YA=">AAACKXicbVDLSgMxFL3j2/oadekmWARXZUZEXUnxAS4VbBXaUjJp2gYzyZBkhDLM5+jGX3GjoKhbf8Tbdha+LiSce865JPdEiRTWBcG7NzE5NT0zOzdfWlhcWl7xV9fqVqeG8RrTUpvriFouheI1J5zk14nhNI4kv4pujof61S03Vmh16QYJb8W0p0RXMOqQ0j6BO4iBgoM+CLwz7E+Ag0RMIYdT7HvYD3mDTgIMNCiwqOdwCEHbLweVYFTkLwgLUIaiztv+c7OjWRpz5Zik1jbCIHGtjBonmOR5qZlanlB2Q3u8gVDRmNtWNto0J1vIdEhXGzzKkRH7fSKjsbWDOEJnTF3f/taG5H9aI3Xdg1YmVJI6rtj4oW4qidNkGBvpCMOZkwMElBmBfyWsTw1lDsMtYQjh75X/gvpOJdyrBBe75epREcccbMAmbEMI+1CFMziHGgZ8D4/wAq/eg/fkvXkfY+uEV8ysw4/yPr8AD62cug==</latexit>

�E � const > 0

Tasaki, Watanabe (in preparation)

the ground state is a Mott insulator 
          the ground state is a Mott insulator-like 
(quasi) Bose-Einstein condensate, not a true Mott 
insulator

<latexit sha1_base64="+QTWztVOt8WnDXzbGbTY9pUmBNA=">AAACD3icbZDLSgMxFIbP1Futt9Eu3QSL4KrMiKgLF0U3LivYC7RDyaRpG5pkhiQjlKFv4MaH8AXcuFDErVt3vo1pO4va+kPgy3/OITl/GHOmjef9OLmV1bX1jfxmYWt7Z3fP3T+o6yhRhNZIxCPVDLGmnElaM8xw2owVxSLktBEObyb1xgNVmkXy3oxiGgjcl6zHCDbWitwiPEMIFAxguJrjDqT2pkAAAgLjjlvyyt5UaBn8DEqQqdpxv9vdiCSCSkM41rrle7EJUqwMI5yOC+1E0xiTIe7TlkWJBdVBOt1njI6t00W9SNkjDZq68xMpFlqPRGg7BTYDvVibmP/VWonpXQYpk3FiqCSzh3oJRyZCk3BQlylKDB9ZwEQx+1dEBlhhYmyEBRuCv7jyMtRPy/552bs7K1WuszjycAhHcAI+XEAFbqEKNRvqI7zAG7w7T86r8+F8zlpzTjZThD9yvn4B4zWWRQ==</latexit>

� < �c

<latexit sha1_base64="aAoANyTga1RBjJ+IwkgkqgK0z7E=">AAACD3icbZDLSgMxFIbP1Futt9Eu3QSL4KrMiKgrKbpxWcFeoB1KJk3b0CQzJBmhDH0DNz6EL+DGhSJu3brzbUzbWdTWHwJf/nMOyfnDmDNtPO/Hya2srq1v5DcLW9s7u3vu/kFdR4kitEYiHqlmiDXlTNKaYYbTZqwoFiGnjXB4M6k3HqjSLJL3ZhTTQOC+ZD1GsLFW5BbhGUKgYADD1Rx3ILU3BQIQEBh33JJX9qZCy+BnUIJM1Y773e5GJBFUGsKx1i3fi02QYmUY4XRcaCeaxpgMcZ+2LEosqA7S6T5jdGydLupFyh5p0NSdn0ix0HokQtspsBnoxdrE/K/WSkzvMkiZjBNDJZk91Es4MhGahIO6TFFi+MgCJorZvyIywAoTYyMs2BD8xZWXoX5a9s/L3t1ZqXKdxZGHQziCE/DhAipwC1Wo2VAf4QXe4N15cl6dD+dz1ppzspki/JHz9QvmcZZH</latexit>

� > �c

Conjecture:

<latexit sha1_base64="q62dyPQm+YvkESO21HKPV3T9bqQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI5zjMY=</latexit>= <latexit sha1_base64="SJJMYqoR0xns8Q6+/ERbp9h+ybQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBer+MuQ==</latexit>

0
<latexit sha1_base64="q62dyPQm+YvkESO21HKPV3T9bqQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1lx6xfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI5zjMY=</latexit>= <latexit sha1_base64="SJJMYqoR0xns8Q6+/ERbp9h+ybQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUcPvlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBer+MuQ==</latexit>

0

<latexit sha1_base64="jXGyyWiSrldZdcrzSiooZCs3nuM=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVC9C0YtepIL9gDaUzXbTrt1swu5GLGn/ihcRRbz6R7z5b9y2OWjrg4HHezPMzPMizpS27W8rs7S8srqWXc9tbG5t7+R39+oqjCWhNRLyUDY9rChngtY005w2I0lx4HHa8AaXE7/xQKViobjTw4i6Ae4J5jOCtZHu4QbOYQQvQAADBwTXMOrkC3bRngItEiclBUhR7eS/2t2QxAEVmnCsVMuxI+0mWGpGOB3n2rGiESYD3KMtQwUOqHKT6e1jdGSULvJDaUpoNFV/TyQ4UGoYeKYzwLqv5r2J+J/XirV/5iZMRLGmgswW+TFHOkSTIFCXSUo0HxqCiWTmVkT6WGKiTVw5E4Iz//IiqZeKTrlYuj0pVC7SOLJwAIdwDA6cQgWuoAo1E+4jPMErvFlj69l6tz5mrRkrndmHP7A+fwDNwZEQ</latexit>

N = |I|

if there is (quasi) ODLRO then <latexit sha1_base64="lX8v7bP4vD2FXfdlnpv38G0oi0A=">AAACL3icbVBLSwMxEJ71Wetr1aOXYBG8WHaLqMfiAzx4qGAf0NaSTadtaPZBkhXK0p/jzYt/pRcRRbz6L0y3PWjrhAzffPMNyXxeJLjSjvNmLSwuLa+sZtay6xubW9v2zm5FhbFkWGahCGXNowoFD7CsuRZYiyRS3xNY9fqX4371EaXiYXCvBxE2fdoNeIczqg0V2jl4Ah8oaOgBNzkx9RUgCIMpDOHa1MLUKj3caAncwkOqw1RzDG0Ytuyck3fSIPPAnYIcTKPUskeNdshiHwPNBFWq7jqRbiZUas4EDrONWGFEWZ92sW5gQH1UzSTdd0gODdMmnVCaG2iSsr8nEuorNfA9o/Sp7qnZ3pj8r1ePdee8mfAgijUGbPJQJxZEh2RsHmlziUyLgQGUSW7+SliPSsq0sThrTHBnV54HlULePc0X7k5yxYupHRnYhwM4AhfOoAg3UIIyMHiGEbzDh/VivVqf1tdEumBNZ/bgT1jfPw/anio=</latexit>

�E . L⌘�d



summary / remaining issues
a new exactly solvable model of interacting bosons 

on a lattice with a unique ground state
the ground state resembles a Mott insulator
conjecture: the ground state may exhibit (quasi) BEC 

in two or higher dimensions, keeping Mott-like nature

similar model for lattice electrons which exhibits 
superconductivity?

strong numerical evidence that the 2D ground state 
undergoes a KT transition, and exhibits quasi BEC

similar model of a supersolid??
ODLRO + SSB of translation invariance


