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equilibrium state with 
temperature T and pressure p

vacuum with zero pressure

nonequilibrium 
state

equilibrium 
state

thermalization
we prove that this process 
takes place in a dilute ideal 
gas of fermions on a chain 
evolving only by quantum-
mechanical time-evolution 
(we treat the case )T = ∞

a typical process of thermalization
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BUT, there were no concrete (and “realistic”) examples in 
which the presence of thermalization was established 
without relying on any unproven assumptions

what is the origin of thermalization?
approach to thermal equilibrium

foundation of equilibrium statistical mechanics 

YES! supported by numerous theoretical arguments, 
numerical simulations, and experiments in cold atoms

question: does an isolated macroscopic quantum system 
thermalize only by means of quantum mechanical time-
evolution?
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we prove the presence of thermalization (in a restricted sense) 
for low-density non-interacting fermions on a chain
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model and initial state

Hamiltonian

 non-interacting fermions on the chain  
 large prime,  large positive integer, density 

N {1,…, L}
L N ρ = N/L

Lemma: all the energy eigenvalues of  are non 
-degenerate for most 

Ĥ
θ
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initial state
pick a normalized state  at random (with uniform 
probability) from the Hilbert space where all particles 
are in the left half-chain 

|Φ(0)⟩

{1,…, L − 1
2 }
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we choose such , e.g , θ θ = (4N)−(L−1)/2

equilibrium at  confined in the half-chainT = ∞



Theorem: the following is true with prob.  
there exist sufficiently large  and a set  
with  
for any , the measurement result of  satisfies 

 with prob.  

with  

≥ 1 − e−(ρ/3)N

T > 0 G ∈ [0,T]
|G | /T ≥ 1 − e−(ρ/4)N

t ∈ G N̂left
Nleft

N
−

1
2

≤ ϵ0(ρ) ≥ 1 − e−(ρ/4)N

ϵ0(ρ) = 3ρ/2

time-evolution and thermalization
time-evolved state
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 the number of particles  

        in the left half-chain 
N̂left

{1,…, L − 1
2 }

for the choice of |Φ(0)⟩

quantum mechanical 
probability
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Theorem: it almost certainly happens that, for sufficiently 
large and typical time , the measurement result of  
almost certainly satisfies 

t N̂left
Nleft

N
≃

1
2

time-evolution and thermalization
time-evolved state
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N
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since  at , we see thermalization!!Nleft

N
= 1 t = 0

but the precision is ϵ0(ρ) = 3ρ/2

the result is meaningful only for low enough density ρ
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does thermalization take place only in the 
special free fermion chain with a prime  ?L

of course, the physics should not change when  is not a 
prime, but this is (so far) the only example where we can 
prove thermalization without relying on any unproved 
assumptions

L

assumption 1 is very plausible in a generic quantum 
many-body systems 
we have examples of interacting model where 
assumption 2 is verified assuming assumption 1

we indeed prove a general thermalization theorem under 
two assumptions

Assumption 1: energy eigenvalues are non-degenerate
Assumption 2: any energy eigenstate  satisfies|Ψj⟩
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why isolated systems?  there can't be a 
completely isolated system!

quantum system 
 of interest

weak interaction with the surrounding  
environment (bigger system)

realistic setting

our setting
quantum system 
 of interest

perfectly isolated from the outside world



why isolated systems?  there can't be a 
completely isolated system!

quantum system 
 of interest

weak interaction with the surrounding  
environment (bigger system)

realistic setting

our setting
quantum system 
 of interest

perfectly isolated from the outside world

Landau and Lifshitz, “Statistical Mechanics” p.6



why isolated systems?  there can't be a 
completely isolated system!

unfashionable answer
we wish to learn what isolated systems can do 
(e.g., whether they can thermalize)
after that, we may study the effect played by the 
environment

fashionable answer
modern experiments in cold atoms!

quantum system 
 of interest

surrounding environment (bigger system)

realistic setting
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basic concepts and strategies
two main concepts

essential conditions that guarantee the presence of 
thermalization
1) a strong version of ETH von Neumann 1929 

Goldstein, Lebowitz, Mastrodonato, Tumulka, and Zanghi 2010

2) a version of ETH and large Deff
Tasaki 1998, Reimann 2008 
Linden, Popescu, Short, Winter 2009 

3) very large Deff Goldstein, Hara, Tasaki 2014, Tasaki 2016

effective dimension
 the effective number of energy eigenstates that 

constitute the initial state 
Deff

|Φ(0)⟩
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Tasaki 1998, Reimann 2008, Linden, Popescu, Short, Winter 2009 

ETH (energy eigenstate thermalization hypothesis)
all energy eigenstates  with  are similar|Ψj⟩ Ej ≃ E

von Neumann 1929, Deutsch 1991, Srednicki 1994
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Tasaki 1998, Reimann 2008, Linden, Popescu, Short, Winter 2009 

ETH (energy eigenstate thermalization hypothesis)
all energy eigenstates  with  are similar|Ψj⟩ Ej ≃ E

von Neumann 1929, Deutsch 1991, Srednicki 1994

 we use this strategy in 
the present work

believed to be valid in most sufficiently 
complex quantum many-body systems

believed to be very large for realistic nonequilibrium states 
in sufficiently complex quantum many-body systems



why does large  lead to thermalizationDeff
initial state <latexit sha1_base64="TrAGit+3h4gJ8dF6vWrAV/w+zS8="></latexit>
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time-evolved state
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P

j
↵j e�iEjt| ji

<latexit sha1_base64="C6ykF7V/lnvFfNpMQIO1Ag20DXk="></latexit>

limT"1
1
T

R T
0 dth�(t)|Ô|�(t)i =
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canonical
T=1

expectation value of an observable

long-time average
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|↵j |2 ⇠ D�1
totif then

and
dimension of the whole Hilbert space

(there also is  a version for finite  )T

non-degeneracy (  if  )Ej ≠ Ek j ≠ k
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structure of the proof

general theory

Assumption 1: energy eigenvalues are non-degenerate
Assumption 2: any energy eigenstate  satisfies|Ψj⟩
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analysis of the free fermion chain

 : Hilbert space in which all particles are  
           in the half-chain  

 :   projection onto 

ℋleft
{1,…, L − 1

2 }
̂Pleft ℋleft

we prove that a low-density lattice gas exhibits 
thermalization under the two (plausible) assumptions

Assumption 2 can be proved from the exact solution 
Assumption 1 can be proved by using results from the 
number theory



proof that  is largeDeff

 : dimension of Dleft ℋleft
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Assumption 2: any energy eigenstate  satisfies|Ψj⟩
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general theory

 : a random normalized state from |Φ(0)⟩ ℋleft
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proof of the absence of degeneracy
analysis of the free fermion chain
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Lemma: if  for some , then mj ≠ 0 j ∑L−1
j=1 mj ζj ≠ 0

Lemma: we have |∑L−1
j=1 mj ζj | ≥ (∑L−1

j=1 |mj | )−(L−3)/2
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nj = 0, 1,
PL

j=1 nj = Noccupation numbers

energy eigenvalues

no degeneracy for most θ

no degeneracy if  and θ ≠ 0 |θ | ≤ (4N)−(L−1)/2
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assume  is an odd prime, , L N ≤ (L − 1)/4 m1, …, mL−1 ∈ ℤ
number-theoretic facts
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must be studied in the number theory!
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Carl Friedrich Gauss

respectively. By defining

En =
(L−1)/2∑

ν=−(L−1)/2

nν ζν, (3.13)

with

ζ = ei2π/L,
(3.14)we can express the energy eigenvalue (3.12) as

En = 2![eiθEn]. (3.15)
Let us state two number theoretic Lemmas, which play essential roles in the proof ofTheorems 3.1 and 3.2. We recall L is an odd prime, and ζ is defined as (3.14).

Lemma 3.3 For any m1, . . . ,mL−1 ∈ Z such that mµ #= 0 for some µ, one has

L−1∑

µ=1

mµ ζµ #= 0. (3.16)

The lemma is a straightforward consequence of the classical result by Gauss, known as theirreducibility of the cyclotomic polynomials of prime index. See, e.g., Chapter 12, Section 2of [47] or Chapter 13, Section 2 of [48].
The following lemma5 provides an explicit lower bound for |

∑L−1
µ=1 mµ ζµ|.

Lemma 3.4 For any m1, . . . ,mL−1 ∈ Z such that
∑L−1

µ=1 |mµ| = M > 0, one has
∣∣∣∣
L−1∑

µ=1

mµ ζµ
∣∣∣∣ ≥

1
M (L−3)/2

. (3.17)

Proof : The lemma is proved by using standard facts about the field norm and algebraicintegers. See, e.g., [49]. Let α =
∑L−1

µ=1 mµ ζµ ∈ Z[ζ] ⊂ Q[ζ] and

σj(α) =
L−1∑

µ=1

mµ ei2πjµ/L, (3.18)

be its conjugate, where j = 1, . . . , L − 1. Note that σ1(α) = α, σj(α) = {σL−j(α)}∗, and|σj(α)| ≤ M . Let N : Q[ζ] → Q denote the field norm of Q[ζ]. By definition, we have

N(α) =
L−1∏

j=1

σj(α) =
(L−1)/2∏

j=1

|σj(α)|2. (3.19)

Since Lemma 3.3 guarantees σj(α) #= 0 for all j, we see that N(α) > 0. Note that α is analgebraic integer, and hence so are its conjugates σj(α) and the norm N(α). It is known thatan algebraic integer that is rational must be an integer. Since N(α) ∈ Q, we see N(α) ∈ Zand hence N(α) ≥ 1. This bound, with (3.19), implies

|α|2 ≥
((L−1)/2∏

j=2

∣∣σj(α)
∣∣2
)−1

≥ 1
ML−3

. (3.20)

We are now ready to prove our physics theorems.
5We learned the lemma and its proof from Wataru Kai and Kazuaki Miyatani.
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summary
we focused on the problem of thermalization 

(approach to thermal equilibrium) in isolated 
macroscopic quantum systems

the key observations were that a random 
nonequilibrium initial state has a large  and that 
the absence of degeneracy can be proved by using some 
number-theoretic results

Deff

it is desirable to have examples of non-integrable 
systems in which our (plausible) assumptions for the 
general theory of thermalization can be justified

without relying on any unproved assumptions,  
we proved that a free fermion chain exhibits 
thermalization (in some weak sense)


