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統計物理学とは？
統計？ 物理学？

『いらすとや』の素材を一部加工して使用

ではなく、「ミクロとマクロをつなぐ科学」
（多くの場合、単純な）規則に従う（多くの場合、
小さな）要素が無数に集まった際に生まれる新しい
ふるまい、性質、法則を探求する学問

相転移現象
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すべてのもの
は原子や分子

が

集まってでき
ている！

わたしたちの
脳は小さな 

脳細胞が集ま
ったもの！
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小さくてあまり面白くないものが 
すごくたくさん集まると勝手にびっくりする
ような面白いことをやり始めるという話



相転移とは何か？
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相転移とは何か？



水と氷の相転移
0�C

<latexit sha1_base64="xOLprrVVdhBQ5xOziOhxrpKGUjU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJfFblxWsA9ox5JJM21okhmSjFDGLvwVobhQxK2/4c6/MW1noa0Hcjmccy/35gQxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2glFt5rceqNIskndmHFNf4IFkISPYWImDC/cwBQIMlK1TWwUgqPWKJbfszoFWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46v3+CzqzSR2Gk7JMGzdXfEykWWo9FYDsFNkO97M3E/7xOYsIrP2UyTgyVZLEoTDgyEZqFgfpMUWL42BJMFLO3IjLEChNjIyvYELzlL6+S5kXZc8ve7WWpep3FkYcTOIVz8KACVbiBOjRsuI/wDK/w5jw5L86787FozTnZzDH8gfP5A+s/kik=</latexit><latexit sha1_base64="xOLprrVVdhBQ5xOziOhxrpKGUjU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJfFblxWsA9ox5JJM21okhmSjFDGLvwVobhQxK2/4c6/MW1noa0Hcjmccy/35gQxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2glFt5rceqNIskndmHFNf4IFkISPYWImDC/cwBQIMlK1TWwUgqPWKJbfszoFWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46v3+CzqzSR2Gk7JMGzdXfEykWWo9FYDsFNkO97M3E/7xOYsIrP2UyTgyVZLEoTDgyEZqFgfpMUWL42BJMFLO3IjLEChNjIyvYELzlL6+S5kXZc8ve7WWpep3FkYcTOIVz8KACVbiBOjRsuI/wDK/w5jw5L86787FozTnZzDH8gfP5A+s/kik=</latexit><latexit sha1_base64="xOLprrVVdhBQ5xOziOhxrpKGUjU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJfFblxWsA9ox5JJM21okhmSjFDGLvwVobhQxK2/4c6/MW1noa0Hcjmccy/35gQxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2glFt5rceqNIskndmHFNf4IFkISPYWImDC/cwBQIMlK1TWwUgqPWKJbfszoFWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46v3+CzqzSR2Gk7JMGzdXfEykWWo9FYDsFNkO97M3E/7xOYsIrP2UyTgyVZLEoTDgyEZqFgfpMUWL42BJMFLO3IjLEChNjIyvYELzlL6+S5kXZc8ve7WWpep3FkYcTOIVz8KACVbiBOjRsuI/wDK/w5jw5L86787FozTnZzDH8gfP5A+s/kik=</latexit><latexit sha1_base64="xOLprrVVdhBQ5xOziOhxrpKGUjU=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJfFblxWsA9ox5JJM21okhmSjFDGLvwVobhQxK2/4c6/MW1noa0Hcjmccy/35gQxZ9q47reTW1vf2NzKbxd2dvf2D4qHR00dJYrQBol4pNoB1pQzSRuGGU7bsaJYBJy2glFt5rceqNIskndmHFNf4IFkISPYWImDC/cwBQIMlK1TWwUgqPWKJbfszoFWiZeREmSo94pf3X5EEkGlIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUokF1X46v3+CzqzSR2Gk7JMGzdXfEykWWo9FYDsFNkO97M3E/7xOYsIrP2UyTgyVZLEoTDgyEZqFgfpMUWL42BJMFLO3IjLEChNjIyvYELzlL6+S5kXZc8ve7WWpep3FkYcTOIVz8KACVbiBOjRsuI/wDK/w5jw5L86787FozTnZzDH8gfP5A+s/kik=</latexit>固体（氷）
液体（水）

水は（1 気圧の環境では）ちょうど 0 度を境に固
体から液体へと、とつぜん変化する
相転移　物理系のパラメターを変化させたとき、 
ある値で系の「マクロな性質」が質的に変化

物質の三態、強磁性相転移、超伝導転移、 
宇宙初期の真空の相転移 …



相転移はなぜおきるのか？

分子の形は変わらない
0度で水分子の形が変化？

0度で水分子間の力が変化？
力は変わらない

0度になったことを知って他の分子に命令を出す
「司令塔」の分子がいる？

分子はみな同じ単純な構造 
「温度計」を内蔵しているわけではない

https://www.illustkit.com/



相転移はなぜおきるのか？

相転移は、膨大な数の分子が互いに影響しあった結
果、全体として生み出される「協力現象」

分子の個数が少ないと（1個、2個、…） 
相転移は起きない（なだらかな変化）

個々の要素（この場合は水の分子）が単純 
でも全体として非自明な性質が出現する！

本当にそんなことがおきるのか？！



パーコレーションの 
相転移



パーコレーションの定義
格子 (グラフ) = 頂点を辺で結んだ図形
連結な（すべての頂点が辺を介し
てつながっている）無限グラフ

モデルのパラメター
<latexit sha1_base64="NvC7Dt8oyqQV0Df3Si+N/6/bExc=">AAACAXicbZDLSgMxFIbP1Futt6pLN8Ei6KbMSFGXBRFcVrAXaIeSSTNtaJIZkoxQhrrxVXThQhG3voU738a0HURbfwh8/OccTs4fxJxp47pfTm5peWV1Lb9e2Njc2t4p7u41dJQoQusk4pFqBVhTziStG2Y4bcWKYhFw2gyGl5N6844qzSJ5a0Yx9QXuSxYygo21BByDC0/AgQKC+Ic8OOkWS27ZnQotgpdBCTLVusXPTi8iiaDSEI61bntubPwUK8MIp+NCJ9E0xmSI+7RtUWJBtZ9OLxijI+v0UBgp+6RBU/f3RIqF1iMR2E6BzUDP1ybmf7V2YsILP2UyTgyVZLYoTDgyEZrEgXpMUWL4yAImitm/IjLAChNjQyvYELz5kxehcVr2zsqVm0qpepXFkYcDOLThenAOVbiGGtSBwD08wgu8Og/Os/PmvM9ac042sw9/5Hx8A5Mwkds=</latexit>

(0  p  1)
<latexit sha1_base64="ILfmyH6tQ4f32iD1mjobpCHll5o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCCB5bsLXQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAjGNzP/4QmV5rG8N5ME/YgOJQ85o8ZKzaRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpvHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3e6NAA==</latexit>p

基本ルール

各々の頂点は独立に確率  でp
確率  で1 − p

辺で結ばれた2つの　は繋がっている
繋がっている　の集まり = クラスター

p を決めると　のランダムな図形 
（パーコレーションの配位）が作られる



クラスターのふるまい
繋がっている　の集まり = クラスター

正方格子
パーコレーションの配位
クラスター

一般の  でのクラスターはどうなるだろう？p

<latexit sha1_base64="foC8g4RitIJJqdicI0dzv3rBivQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQEMFjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6SG5dnvlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qJ7fn1dqt3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBzhiNgQ==</latexit>

p = 0

<latexit sha1_base64="5as/9PU+nh1LunpO0I/wI1kXnWA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQEMFjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6SG59nrlilt1ZyDLxMtJBXLUe+Wvbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QE6v0SRhrWwrJTP09kdHImHEU2M6I4tAselPxP6+TYnjlZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsvL5PmWdW7qJ7fn1dqt3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBz5yNgg==</latexit>

p = 1

クラスターなし

格子全体がクラスター

<latexit sha1_base64="MIp0VgXSca2W6m8FpKChilc77GU=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh48FETwWMF+QLuUbJptQ7PZJZlVSun/8OJBUa/+F2/+G9N2D9r6hoHHezNk8oJECoOu++3kVlbX1jfym4Wt7Z3dveL+QcPEqWa8zmIZ61ZADZdC8ToKlLyVaE6jQPJmMLye+s0Hro2I1T2OEu5HtK9EKBhFK/XBhStI4B2kLa9bLLlldwayTLyMlCBDrVv86vRilkZcIZPUmLbnJuiPqUbBJJ8UOqnhCWVD2udtSxWNuPHHs6sn5MQqPRLG2rZCMlN/b4xpZMwoCuxkRHFgFr2p+J/XTjG89MdCJSlyxeYPhakkGJNpBKQnNGcoR5ZQpoW9lbAB1ZShDapgQ/AWv7xMGmdl77xcuauUqjdZHHk4gmM4BQ8uoAq3UIM6MNDwBC/w6jw6z86b8zEfzTnZziH8gfP5AwqAj6U=</latexit>

0 < p ⌧ 1 少数の小さなクラスター



1次元格子上のパーコレーション

頂点  を含むクラスターが頂点  を含む確率1 n

 なら  が大きくなると 
 は急激にゼロに近づく

p < 1 n
Φn(p)

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="PvkqMPf0KQ2ZiRgX4QPbidqMLN8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaVqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl76pcqVdK1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AICTjMA=</latexit>

3
<latexit sha1_base64="y+WDoqttszdexELZg6EJPDYoWM8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIp6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1VnqoDypVr+YtQNaJX5AqFGgOKl/9YcKyGKVhgmrd873UBDlVhjOBM7efaUwpm9AR9iyVNEYd5ItDZ+TcKkMSJcqWNGSh/p7Iaaz1NA5tZ0zNWK96c/E/r5eZ6CbIuUwzg5ItF0WZICYh86/JkCtkRkwtoUxxeythY6ooMzYb14bgr768TtqXNf+qVq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxedi5c=</latexit>

4

クラスターは必ず有限 <latexit sha1_base64="rDVh1n7FFP08moXLhrbIEzI+iJE=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkiLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVRPdQtEtuVM5f8GbQ/Hy3b5I3j7tarfw0enFNI1QaMqJUm3PTbSfEakZ5Ti2O6nChNAh6WPboCARKj+bDjp2jozTc8JYmie0M3V/dmQkUmoUBaYyInqgFrOJ+V/WTnV47mdMJKlGQWcfhSl3dOxMtnZ6TCLVfGSAUMnMrA4dEEmoNrexzRG8xZX/QqNc8k5LJzWvWCnDTHk4gEM4Bg/OoALXUIU6UEC4h0d4sm6tB+vZepmV5qx5zz78kvX6DR9lkBk=</latexit>n
<latexit sha1_base64="qAqK0DjZLeyyCCpSfm8j/AzNa/Q=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIupGLLhxWcFeoB1KJj3TxmYyQ5IRSukTuHGhuBV8CN/Djfg2ppeFtv4Q+Pj/c8g5J0wF18bzvp3cyura+kZ+093a3tndK7j7dZ1kimGNJSJRzZBqFFxizXAjsJkqpHEosBEOrid54wGV5om8M8MUg5j2JI84o8Zat36nUPRK3lRkGfw5FK8+3Mv0/cutdgqf7W7CshilYYJq3fK91AQjqgxnAsduO9OYUjagPWxZlDRGHYymg47JsXW6JEqUfdKQqfu7Y0RjrYdxaCtjavp6MZuY/2WtzEQXwYjLNDMo2eyjKBPEJGSyNelyhcyIoQXKFLezEtanijJjb+PaI/iLKy9DvVzyz0qnxUoZZsrDIRzBCfhwDhW4gSrUgAHCIzzDi3PvPDmvs8KcM+84gD9y3n4ATMCOtQ==</latexit>

1
<latexit sha1_base64="lIo47hu37Jz1zYZM/6eEznOb5aA=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkiLoRC25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9CN/Djfg2Ti8Lrf4w8PH/5zDnnCDhTGnX/bJyS8srq2v5dXtjc2t7p7C711BxKinWacxj2QqIQs4E1jXTHFuJRBIFHJvB8GqSN+9QKhaLGz1K0I9IX7CQUaKNVSt3C0W35E7l/AVvDsXLd/siefu0q93CR6cX0zRCoSknSrU9N9F+RqRmlOPY7qQKE0KHpI9tg4JEqPxsOujYOTJOzwljaZ7QztT92ZGRSKlRFJjKiOiBWswm5n9ZO9XhuZ8xkaQaBZ19FKbc0bEz2drpMYlU85EBQiUzszp0QCSh2tzGNkfwFlf+C41yyTstndS8YqUMM+XhAA7hGDw4gwpcQxXqQAHhHh7hybq1Hqxn62VWmrPmPfvwS9brN8Rmj90=</latexit>

2
<latexit sha1_base64="Et8i709dQYaycgtI4J4DrnWF8Vg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZKOpFDHjxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6EL6HF/Ft7CwHTfyh4eP/q+iq8hPBlXacbyuztLyyupZdtzc2t7Z3crt7NRWnkmGVxSKWDZ8qFDzCquZaYCORSENfYN3vX4/z+j1KxePoVg8S9ELajXjAGdXGqpy0c3mn4ExEFsGdQf7qw75M3r/scjv32erELA0x0kxQpZquk2hvSKXmTODIbqUKE8r6tItNgxENUXnDyaAjcmScDgliaV6kycT93TGkoVKD0DeVIdU9NZ+Nzf+yZqqDC2/IoyTVGLHpR0EqiI7JeGvS4RKZFgMDlEluZiWsRyVl2tzGNkdw51dehFqx4J4VTituvlSEqbJwAIdwDC6cQwluoAxVYIDwAE/wbN1Zj9aL9TotzViznn34I+vtB8Xqj94=</latexit>

3
<latexit sha1_base64="O9+aLE3QfchSBRKtHWhsR5DY2s8=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJWkFHUjFty4bMFeoA1lMj1tx04mYWYilNAncONCEbf6EL6HG/FtnF4W2vrDwMf/n8Occ4KYM6Vd99vKrKyurW9kN+2t7Z3dvdz+QV1FiaRYoxGPZDMgCjkTWNNMc2zGEkkYcGwEw+tJ3rhHqVgkbvUoRj8kfcF6jBJtrGqpk8u7BXcqZxm8OeSvPuzL+P3LrnRyn+1uRJMQhaacKNXy3Fj7KZGaUY5ju50ojAkdkj62DAoSovLT6aBj58Q4XacXSfOEdqbu746UhEqNwsBUhkQP1GI2Mf/LWonuXfgpE3GiUdDZR72EOzpyJls7XSaRaj4yQKhkZlaHDogkVJvb2OYI3uLKy1AvFryzQqnq5ctFmCkLR3AMp+DBOZThBipQAwoID/AEz9ad9Wi9WK+z0ow17zmEP7LefgDHbo/f</latexit>

4

<latexit sha1_base64="ftF3jYjTuaC1Se2/9NzQQGxTzNo=">AAAB/XicbVDLSgMxFL1TX7W+qq7ETbAIrspMEXVZEMFlBacttEPJpJk2NJMZk4xSh8FfcdOFIm79D3f9G9PHQlsP3MvhnHvJzfFjzpS27bGVW1ldW9/Ibxa2tnd294r7B3UVJZJQl0Q8kk0fK8qZoK5mmtNmLCkOfU4b/uB64jceqVQsEvd6GFMvxD3BAkawNtIARhCABAwEUnAgM70CWadYssv2FGiZOHNSqh7ZN09j96HWKX63uxFJQio04ViplmPH2kux1IxwmhXaiaIxJgPcoy1DBQ6p8tLp9Rk6NUoXBZE0JTSaqr83UhwqNQx9Mxli3VeL3kT8z2slOrjyUibiRFNBZg8FCUc6QpMoUJdJSjQfGoKJZOZWRPpYYqJNYAUTgrP45WVSr5Sdi/L5nVOqVmCGPBzDCZyZOC+hCrdQA9fE+wyv8Abv1os1sj6sz9lozprvHMIfWF8/QTOUyQ==</latexit>

1
2

<latexit sha1_base64="/Mm51E6H3O9bbe+z62J0QQMNRBc=">AAAB/XicbVDLSgMxFL1TX7W+qq7ETbAIrspMKeqyIILLCk5bqEPJpJk2NJMZk4xSh8FfcdOFIm79D3f9G9PHQlsP3MvhnHvJzfFjzpS27bGVW1ldW9/Ibxa2tnd294r7Bw0VJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/uBq4jcfqVQsEnd6GFMvxD3BAkawNtIARhCABAwEUnAgM70KWadYssv2FGiZOHNSqh3Z109j96HeKX7fdyOShFRowrFSbceOtZdiqRnhNCvcJ4rGmAxwj7YNFTikykun12fo1ChdFETSlNBoqv7eSHGo1DD0zWSIdV8tehPxP6+d6ODSS5mIE00FmT0UJBzpCE2iQF0mKdF8aAgmkplbEeljiYk2gRVMCM7il5dJo1J2zsvVW6dUq8AMeTiGEzgzcV5ADW6gDq6J9xle4Q3erRdrZH1Yn7PRnDXfOYQ/sL5+AEQ/lMs=</latexit>

1
4

<latexit sha1_base64="YpoKD+kQe8GyMlSCftxNuk9vtbs=">AAAB/XicbVDLSgMxFL1TX7W+qq7ETbAIrspMEe2yIILLCk5bqEPJpJk2NJMZk4xSh8FfcdOFIm79D3f9G9PHQlsP3MvhnHvJzfFjzpS27bGVW1ldW9/Ibxa2tnd294r7Bw0VJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/uBq4jcfqVQsEnd6GFMvxD3BAkawNtIARhCABAwEUnAgM70KWadYssv2FGiZOHNSqh3Z109j96HeKX7fdyOShFRowrFSbceOtZdiqRnhNCvcJ4rGmAxwj7YNFTikykun12fo1ChdFETSlNBoqv7eSHGo1DD0zWSIdV8tehPxP6+d6KDqpUzEiaaCzB4KEo50hCZRoC6TlGg+NAQTycytiPSxxESbwAomBGfxy8ukUSk7F+XzW6dUq8AMeTiGEzgzcV5CDW6gDq6J9xle4Q3erRdrZH1Yn7PRnDXfOYQ/sL5+AEpXlM8=</latexit>

1
8

<latexit sha1_base64="R3MXzthl2jTCHpMJJxDM0eDzXYQ="></latexit>

�n(
1
2 ) =

1

2n

<latexit sha1_base64="139IZ1MRJp7ypVDHfQbbKQrbk2E=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZ4HYRA148JmAWSIbQ06lJ2vQsdPcIIeQJvHhQxKs+hO/hRXwbO8tBE39o+Pj/Krqq/ERwpR3n28osLa+srmXX7Y3Nre2d3O5eTcWpZFhlsYhlw6cKBY+wqrkW2Egk0tAXWPf71+O8fo9S8Ti61YMEvZB2Ix5wRrWxKqftXN4pOBORRXBnkL/6sC+T9y+73M59tjoxS0OMNBNUqabrJNobUqk5EziyW6nChLI+7WLTYERDVN5wMuiIHBmnQ4JYmhdpMnF/dwxpqNQg9E1lSHVPzWdj87+smergwhvyKEk1Rmz6UZAKomMy3pp0uESmxcAAZZKbWQnrUUmZNrexzRHc+ZUXoVYsuGeFk4qbLxVhqiwcwCEcgwvnUIIbKEMVGCA8wBM8W3fWo/VivU5LM9asZx/+yHr7Acjyj+A=</latexit>

5

<latexit sha1_base64="B8/Mlk5NJnw79ch5kqGKhvheb7w="></latexit>

= p⇥ · · ·⇥ p| {z }
n

= pn
<latexit sha1_base64="xbCgeBpzbDjXc27lbN83Tpq0cgc=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF0EvZlaIeCyJ4rGBtoV1KNs22odnskswWytJ/4sWDIl79J978N6btHrT1hcDLOzPM5AkSKQy67rdTWFvf2Nwqbpd2dvf2D8qHR08mTjXjTRbLWLcDargUijdRoOTtRHMaBZK3gtHtrN4ac21ErB5xknA/ogMlQsEo2kjAKzRgCAJ6oOAcErjolStu1Z2LrBovNxXI1eiVv7r9mKURV8gkNabjuQn6GdUomOTTUjc1PKFsRAe8Y62iETd+Nr98Ss5s0idhrO1TSObp74mMRsZMosB2RhSHZrk2C/+rdVIMb/xMqCRFrthiUZhKgjGZYSB9oTlDObGGMi3srYQNqaYMLaySheAtf3nVPF1Wvatq7aFWqd/lOIpwAqcWpAfXUId7C7cJDMbwbEG/OZnz4rw7H4vWgpPPHMMfOZ8/3euQlQ==</latexit>

�n(p)



二分木上のパーコレーション
(完全)二分木

根

レベル2
レベル3 レベル4

レベル  には  個の 
頂点がある

n 2n−1

<latexit sha1_base64="wRCKodS1Ez9ux1Vr8tq4Pj07GXo=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8FS0E2ZEVGXBRFcVrAXaIeSSTNtaCYZkkyhDEXwOVzYhSJufRDBnW9jello6w+Bn/+cwzn5gpgzbVz328msrK6tb2Q3c1vbO7t7+f2DmpaJIrRKJJeqEWBNORO0apjhtBEriqOA03rQv57U6wOqNJPi3gxj6ke4K1jICDY2YvACFdDAoA0CTiCG03a+4JbcqdCy8eamUC72Hx/Gz5+Vdv6r1ZEkiagwhGOtm54bGz/FyjDC6SjXSjSNMenjLm1aK3BEtZ9OLx+hok06KJTKPmHQNP09keJI62EU2M4Im55erE3C/2rNxIRXfspEnBgqyGxRmHBkJJpgQB2mKDF8aA0mitlbEelhhYmxsHIWgrf45WVTOyt5F6XzO69QvoGZsnAExxakB5dQhlsLtwoEBvBkQb86qTN23pz3WWvGmc8cwh85Hz8jVpR+</latexit>

 n(p)　　　根を含むクラスターが 
レベル  に達する確率n

 を決めてパーコレーション 
の配位を作る
p

レベル1



<latexit sha1_base64="LydIjIPG9QbzEr+Xv4yTIbxk84w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpQZ57vVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFe+yUr2vlms3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QOwT41r</latexit>

n+ 1

<latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="qwMtDFvkQAQ1KJCvKQ/gG+9jBxQ=">AAACH3icbZDLSsNAFIZP6q3WW7zsugkGQUFLIqIuC13osoK9QBvKZDppByeTMDMRauibuHHh1odw40IRcdelb+L0stC2Bw78fP85zJzfjxmVynEGRmZhcWl5JbuaW1vf2Nwyt3eqMkoEJhUcsUjUfSQJo5xUFFWM1GNBUOgzUvPvSkO/dk+EpBG/Vb2YeCHqcBpQjJRGkZmHGJ7hWHcZJFBoAYdDzY40ScGFk7lOv2XaTsEZlTUr3Imwiza6etl7+Cm3zO9mO8JJSLjCDEnZcJ1YeSkSimJG+rlmIkmM8B3qkIaWHIVEeunovr51oEnbCiKhmytrRP9upCiUshf6ejJEqiunvSGc5zUSFVx6KeVxogjH44eChFkqsoZhWW0qCFaspwXCguq/WriLBMJKR5rTIbjTJ8+K6mnBPS+c3bh2sQTjykIe9nWYLlxAEa51wBXA8Aiv8A4fxpPxZnwaX+PRjDHZ2YV/ZQx+Abn4nIo=</latexit>

p n(p){1� n(p)}
<latexit sha1_base64="EJZBg4ebXX867pN0jJIyABmzQ+Q=">AAACE3icbZC7SgNBFIbPxluMt/VW2SwugoKEXRG1DKTQMoK5QLKE2ckkGZydWWZmhbjkHWx8BFtLGwtFbG3sLH0TJ5dCE3848POdc5g5fxgzqrTnfVmZmdm5+YXsYm5peWV1zV7fqCiRSEzKWDAhayFShFFOyppqRmqxJCgKGamG18VBv3pDpKKCX+leTIIIdThtU4y0QcLehhge4NBUCRRQaAKHfcMOpknTdr28N5QzbfyxcQsuOn/cuv0uNe3PRkvgJCJcY4aUqvterIMUSU0xI/1cI1EkRvgadUjdWI4iooJ0eFPf2TOk5bSFNMW1M6S/N1IUKdWLQjMZId1Vk70B/K9XT3T7LEgpjxNNOB491E6Yo4UzCMhpUUmwZj1jEJbU/NXBXSQR1ibGnAnBnzx52lSO8v5J/vjSdwtFGCkLO7BrgvThFApwYcItA4Y7eIIXeLXurWfrzXofjWas8c4m/JH18QOb8Jl4</latexit>

p n(p) n(p)

<latexit sha1_base64="F81zPMHHqS5H83cAQ5tElumriOM=">AAACAXicbVDJSgNBEK2JW4xbXG5eBgdBEcKMiHoM5KDHCGaBZAg9nZ6kSXfP0N0jxCFe/BU9eDCIV//Cm0f/xM5y0MQHBY/3qqiqF8SMKu26X1ZmYXFpeSW7mltb39jcym/vVFWUSEwqOGKRrAdIEUYFqWiqGanHkiAeMFILeqWRX7sjUtFI3Op+THyOOoKGFCNtJA7PUAYFFFqQgoAT8GAARxDDcSvvuAV3DHueeFPiFB10Ndy7/y638p/NdoQTToTGDCnV8NxY+ymSmmJGBrlmokiMcA91SMNQgThRfjr+YGAfGqVth5E0JbQ9Vn9PpIgr1eeB6eRId9WsNxL/8xqJDi/9lIo40UTgyaIwYbaO7FEcdptKgjXrG4KwpOZWG3eRRFib0HImBG/25XlSPS1454WzG88plmCCLOzDgQnSgwsowrUJuQIYHuAJXmFoPVov1pv1PmnNWNOZXfgD6+MHcPqVYw==</latexit>

 n+1(p)

<latexit sha1_base64="aqOZM/cQaaRxQy+Gte1kD4UbncI=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7ImojBtJYJmIukCxhdnKSjJm9MDMrhCWllY2FIrY+hY9gbecz+BJOLoUm/jDw8f/nMOccLxJcadv+slILi0vLK+nVzNr6xuZWdnunqsJYMqywUISy7lGFggdY0VwLrEcSqe8JrHn94iiv3aFUPAxu9CBC16fdgHc4o9pY5YtWNmfn7bHIPDhTyF1+lL/v99+vS63sZ7MdstjHQDNBlWo4dqTdhErNmcBhphkrjCjr0y42DAbUR+Um40GH5NA4bdIJpXmBJmP3d0dCfaUGvmcqfap7ajYbmf9ljVh3zt2EB1GsMWCTjzqxIDoko61Jm0tkWgwMUCa5mZWwHpWUaXObjDmCM7vyPFSP885p/qTs5ApFmCgNe3AAR+DAGRTgCkpQAQYID/AEz9at9Wi9WK+T0pQ17dmFP7LefgDcQJC4</latexit>=

<latexit sha1_base64="hSVH2P8v8RYJBUo2hsIj28JoL7s=">AAAB6HicbZDLS8NAEMYn9VXjq9ajl2ARBKEkIuqx0IvHFuwD2lA220m7drMJuxuhhJ48eulBEa/+Sd70r3H7OGj1g4Uf3zfDzkyQcKa0635aubX1jc2t/La9s7u3f1A4LDZVnEqKDRrzWLYDopAzgQ3NNMd2IpFEAcdWMKrO8tYDSsVicafHCfoRGQgWMkq0sernvULJLbtzOX/BW0KpYn+FxcdptdYrfHT7MU0jFJpyolTHcxPtZ0RqRjlO7G6qMCF0RAbYMShIhMrP5oNOnFPj9J0wluYJ7czdnx0ZiZQaR4GpjIgeqtVsZv6XdVId3vgZE0mqUdDFR2HKHR07s62dPpNINR8bIFQyM6tDh0QSqs1tbHMEb3Xlv9C8KHtX5cu6V6pUYaE8HMMJnIEH11CBW6hBAyggPMEzvFj31tR6td4WpTlr2XMEv2S9fwNqCI+o</latexit>

+
<latexit sha1_base64="hSVH2P8v8RYJBUo2hsIj28JoL7s=">AAAB6HicbZDLS8NAEMYn9VXjq9ajl2ARBKEkIuqx0IvHFuwD2lA220m7drMJuxuhhJ48eulBEa/+Sd70r3H7OGj1g4Uf3zfDzkyQcKa0635aubX1jc2t/La9s7u3f1A4LDZVnEqKDRrzWLYDopAzgQ3NNMd2IpFEAcdWMKrO8tYDSsVicafHCfoRGQgWMkq0sernvULJLbtzOX/BW0KpYn+FxcdptdYrfHT7MU0jFJpyolTHcxPtZ0RqRjlO7G6qMCF0RAbYMShIhMrP5oNOnFPj9J0wluYJ7czdnx0ZiZQaR4GpjIgeqtVsZv6XdVId3vgZE0mqUdDFR2HKHR07s62dPpNINR8bIFQyM6tDh0QSqs1tbHMEb3Xlv9C8KHtX5cu6V6pUYaE8HMMJnIEH11CBW6hBAyggPMEzvFj31tR6td4WpTlr2XMEv2S9fwNqCI+o</latexit>

+

<latexit sha1_base64="RO0yaAbD5KdgH+qhZfTMRTe7Cs0=">AAACH3icbVDLSsNAFL2pr1pf8bHrJhgEBS2JiLosdKHLCvYBbSiT6aQdOpmEmYlQQ//EjQu3foQbF4qIuy79E6ePhbYeuMzhnHu5c48fMyqV4wyNzMLi0vJKdjW3tr6xuWVu71RllAhMKjhikaj7SBJGOakoqhipx4Kg0Gek5vdKI792R4SkEb9V/Zh4IepwGlCMlJYiMw8xPMGxrhRcONFvGSRQaAGHQ+0daWUwr7ZM2yk4Y1jzxJ0Su2ijq+e9++9yy/xqtiOchIQrzJCUDdeJlZcioShmZJBrJpLECPdQhzQ05Sgk0kvH9w2sA620rSASuriyxurviRSFUvZDX3eGSHXlrDcS//MaiQouvZTyOFGE48miIGGWiqxRWFabCoIV62uCsKD6rxbuIoGw0pHmdAju7MnzpHpacM8LZzeuXSzBBFnIw74O0oULKMK1DrcCGB7gBd7g3Xg0Xo0P43PSmjGmM7vwB8bwB8DEnIo=</latexit>

p {1� n(p)} n(p)

確率  の漸化式Ψn(p)
<latexit sha1_base64="wRCKodS1Ez9ux1Vr8tq4Pj07GXo=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8FS0E2ZEVGXBRFcVrAXaIeSSTNtaCYZkkyhDEXwOVzYhSJufRDBnW9jello6w+Bn/+cwzn5gpgzbVz328msrK6tb2Q3c1vbO7t7+f2DmpaJIrRKJJeqEWBNORO0apjhtBEriqOA03rQv57U6wOqNJPi3gxj6ke4K1jICDY2YvACFdDAoA0CTiCG03a+4JbcqdCy8eamUC72Hx/Gz5+Vdv6r1ZEkiagwhGOtm54bGz/FyjDC6SjXSjSNMenjLm1aK3BEtZ9OLx+hok06KJTKPmHQNP09keJI62EU2M4Im55erE3C/2rNxIRXfspEnBgqyGxRmHBkJJpgQB2mKDF8aA0mitlbEelhhYmxsHIWgrf45WVTOyt5F6XzO69QvoGZsnAExxakB5dQhlsLtwoEBvBkQb86qTN23pz3WWvGmc8cwh85Hz8jVpR+</latexit>

 n(p) 根を含むクラスターがレベル  に達する確率n



確率  の漸化式Ψn(p)

<latexit sha1_base64="qwMtDFvkQAQ1KJCvKQ/gG+9jBxQ=">AAACH3icbZDLSsNAFIZP6q3WW7zsugkGQUFLIqIuC13osoK9QBvKZDppByeTMDMRauibuHHh1odw40IRcdelb+L0stC2Bw78fP85zJzfjxmVynEGRmZhcWl5JbuaW1vf2Nwyt3eqMkoEJhUcsUjUfSQJo5xUFFWM1GNBUOgzUvPvSkO/dk+EpBG/Vb2YeCHqcBpQjJRGkZmHGJ7hWHcZJFBoAYdDzY40ScGFk7lOv2XaTsEZlTUr3Imwiza6etl7+Cm3zO9mO8JJSLjCDEnZcJ1YeSkSimJG+rlmIkmM8B3qkIaWHIVEeunovr51oEnbCiKhmytrRP9upCiUshf6ejJEqiunvSGc5zUSFVx6KeVxogjH44eChFkqsoZhWW0qCFaspwXCguq/WriLBMJKR5rTIbjTJ8+K6mnBPS+c3bh2sQTjykIe9nWYLlxAEa51wBXA8Aiv8A4fxpPxZnwaX+PRjDHZ2YV/ZQx+Abn4nIo=</latexit>

p n(p){1� n(p)}
<latexit sha1_base64="EJZBg4ebXX867pN0jJIyABmzQ+Q=">AAACE3icbZC7SgNBFIbPxluMt/VW2SwugoKEXRG1DKTQMoK5QLKE2ckkGZydWWZmhbjkHWx8BFtLGwtFbG3sLH0TJ5dCE3848POdc5g5fxgzqrTnfVmZmdm5+YXsYm5peWV1zV7fqCiRSEzKWDAhayFShFFOyppqRmqxJCgKGamG18VBv3pDpKKCX+leTIIIdThtU4y0QcLehhge4NBUCRRQaAKHfcMOpknTdr28N5QzbfyxcQsuOn/cuv0uNe3PRkvgJCJcY4aUqvterIMUSU0xI/1cI1EkRvgadUjdWI4iooJ0eFPf2TOk5bSFNMW1M6S/N1IUKdWLQjMZId1Vk70B/K9XT3T7LEgpjxNNOB491E6Yo4UzCMhpUUmwZj1jEJbU/NXBXSQR1ibGnAnBnzx52lSO8v5J/vjSdwtFGCkLO7BrgvThFApwYcItA4Y7eIIXeLXurWfrzXofjWas8c4m/JH18QOb8Jl4</latexit>

p n(p) n(p)

<latexit sha1_base64="F81zPMHHqS5H83cAQ5tElumriOM=">AAACAXicbVDJSgNBEK2JW4xbXG5eBgdBEcKMiHoM5KDHCGaBZAg9nZ6kSXfP0N0jxCFe/BU9eDCIV//Cm0f/xM5y0MQHBY/3qqiqF8SMKu26X1ZmYXFpeSW7mltb39jcym/vVFWUSEwqOGKRrAdIEUYFqWiqGanHkiAeMFILeqWRX7sjUtFI3Op+THyOOoKGFCNtJA7PUAYFFFqQgoAT8GAARxDDcSvvuAV3DHueeFPiFB10Ndy7/y638p/NdoQTToTGDCnV8NxY+ymSmmJGBrlmokiMcA91SMNQgThRfjr+YGAfGqVth5E0JbQ9Vn9PpIgr1eeB6eRId9WsNxL/8xqJDi/9lIo40UTgyaIwYbaO7FEcdptKgjXrG4KwpOZWG3eRRFib0HImBG/25XlSPS1454WzG88plmCCLOzDgQnSgwsowrUJuQIYHuAJXmFoPVov1pv1PmnNWNOZXfgD6+MHcPqVYw==</latexit>

 n+1(p)
<latexit sha1_base64="aqOZM/cQaaRxQy+Gte1kD4UbncI=">AAAB6HicbZC7SgNBFIbPxluMt6ilIINBsAq7ImojBtJYJmIukCxhdnKSjJm9MDMrhCWllY2FIrY+hY9gbecz+BJOLoUm/jDw8f/nMOccLxJcadv+slILi0vLK+nVzNr6xuZWdnunqsJYMqywUISy7lGFggdY0VwLrEcSqe8JrHn94iiv3aFUPAxu9CBC16fdgHc4o9pY5YtWNmfn7bHIPDhTyF1+lL/v99+vS63sZ7MdstjHQDNBlWo4dqTdhErNmcBhphkrjCjr0y42DAbUR+Um40GH5NA4bdIJpXmBJmP3d0dCfaUGvmcqfap7ajYbmf9ljVh3zt2EB1GsMWCTjzqxIDoko61Jm0tkWgwMUCa5mZWwHpWUaXObjDmCM7vyPFSP885p/qTs5ApFmCgNe3AAR+DAGRTgCkpQAQYID/AEz9at9Wi9WK+T0pQ17dmFP7LefgDcQJC4</latexit>=

<latexit sha1_base64="hSVH2P8v8RYJBUo2hsIj28JoL7s=">AAAB6HicbZDLS8NAEMYn9VXjq9ajl2ARBKEkIuqx0IvHFuwD2lA220m7drMJuxuhhJ48eulBEa/+Sd70r3H7OGj1g4Uf3zfDzkyQcKa0635aubX1jc2t/La9s7u3f1A4LDZVnEqKDRrzWLYDopAzgQ3NNMd2IpFEAcdWMKrO8tYDSsVicafHCfoRGQgWMkq0sernvULJLbtzOX/BW0KpYn+FxcdptdYrfHT7MU0jFJpyolTHcxPtZ0RqRjlO7G6qMCF0RAbYMShIhMrP5oNOnFPj9J0wluYJ7czdnx0ZiZQaR4GpjIgeqtVsZv6XdVId3vgZE0mqUdDFR2HKHR07s62dPpNINR8bIFQyM6tDh0QSqs1tbHMEb3Xlv9C8KHtX5cu6V6pUYaE8HMMJnIEH11CBW6hBAyggPMEzvFj31tR6td4WpTlr2XMEv2S9fwNqCI+o</latexit>

+
<latexit sha1_base64="hSVH2P8v8RYJBUo2hsIj28JoL7s=">AAAB6HicbZDLS8NAEMYn9VXjq9ajl2ARBKEkIuqx0IvHFuwD2lA220m7drMJuxuhhJ48eulBEa/+Sd70r3H7OGj1g4Uf3zfDzkyQcKa0635aubX1jc2t/La9s7u3f1A4LDZVnEqKDRrzWLYDopAzgQ3NNMd2IpFEAcdWMKrO8tYDSsVicafHCfoRGQgWMkq0sernvULJLbtzOX/BW0KpYn+FxcdptdYrfHT7MU0jFJpyolTHcxPtZ0RqRjlO7G6qMCF0RAbYMShIhMrP5oNOnFPj9J0wluYJ7czdnx0ZiZQaR4GpjIgeqtVsZv6XdVId3vgZE0mqUdDFR2HKHR07s62dPpNINR8bIFQyM6tDh0QSqs1tbHMEb3Xlv9C8KHtX5cu6V6pUYaE8HMMJnIEH11CBW6hBAyggPMEzvFj31tR6td4WpTlr2XMEv2S9fwNqCI+o</latexit>

+
<latexit sha1_base64="RO0yaAbD5KdgH+qhZfTMRTe7Cs0=">AAACH3icbVDLSsNAFL2pr1pf8bHrJhgEBS2JiLosdKHLCvYBbSiT6aQdOpmEmYlQQ//EjQu3foQbF4qIuy79E6ePhbYeuMzhnHu5c48fMyqV4wyNzMLi0vJKdjW3tr6xuWVu71RllAhMKjhikaj7SBJGOakoqhipx4Kg0Gek5vdKI792R4SkEb9V/Zh4IepwGlCMlJYiMw8xPMGxrhRcONFvGSRQaAGHQ+0daWUwr7ZM2yk4Y1jzxJ0Su2ijq+e9++9yy/xqtiOchIQrzJCUDdeJlZcioShmZJBrJpLECPdQhzQ05Sgk0kvH9w2sA620rSASuriyxurviRSFUvZDX3eGSHXlrDcS//MaiQouvZTyOFGE48miIGGWiqxRWFabCoIV62uCsKD6rxbuIoGw0pHmdAju7MnzpHpacM8LZzeuXSzBBFnIw74O0oULKMK1DrcCGB7gBd7g3Xg0Xo0P43PSmjGmM7vwB8bwB8DEnIo=</latexit>

p {1� n(p)} n(p)

<latexit sha1_base64="mnKgjtIYfTCZnw/Q+O1LxOPPtAM="></latexit>(
 1(p) = p

 n+1(p) = p (2 n(p)� { n(p)}2)

<latexit sha1_base64="VmTxvJHXa5aSnejb7xxDilxKy6M="></latexit>

 3(p) = p {2(2p2 � p3)� (2p2 � p3)2} = · · ·

<latexit sha1_base64="qHBRWgoG/N3wX7hHRmT1yv479sA="></latexit>

 2(p) = p (2p� p2) = 2p2 � p3

<latexit sha1_base64="qQO/gG4HVNBtJAO8xPgD/liU41g=">AAACKXicbVDLSgMxFL1TX7W+6mPnJlgEC1pmiqgbodCFLivYB7S1ZNK0hmYyQ5IR6tDPqRvBL3GjoKg78UdMHwtteyDk5Nx7uLnHDThT2rY/rdjc/MLiUnw5sbK6tr6R3NwqKT+UhBaJz31ZcbGinAla1ExzWgkkxZ7Ladnt5Af18h2VivniWncDWvdwW7AWI1gbyU8iOIcA+nAIB5A1dwEUMGiAMO8A0nBktGiG3oce3BhHupFM2Rl7CDRNnDFJ5VL44mnn/rvQSL7Wmj4JPSo04VipqmMHuh5hqRnhtJeohYoGmHRwm1YNFdijqh4NN+2hfaM0UcuX5giNhupfR4Q9pbqeazo9rG/VZG0gzqpVQ906q0dMBKGmgowGtUKOtI8GsaEmk5Ro3jUEE8nMXxG5xRITbcJNmBCcyZWnSSmbcU4yx1dOKpeHEeKwC3smUgdOIQeXJuYiEHiAZ3iDd+vRerE+rK9Ra8wae7bhH6yfXy+4ngg=</latexit>

= p (2 n(p)� { n(p)}2)

を解けばよい

一般の  は求めようがないが、グラフから基
本的な性質は（厳密に）わかる

Ψn(p)

<latexit sha1_base64="wRCKodS1Ez9ux1Vr8tq4Pj07GXo=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8FS0E2ZEVGXBRFcVrAXaIeSSTNtaCYZkkyhDEXwOVzYhSJufRDBnW9jello6w+Bn/+cwzn5gpgzbVz328msrK6tb2Q3c1vbO7t7+f2DmpaJIrRKJJeqEWBNORO0apjhtBEriqOA03rQv57U6wOqNJPi3gxj6ke4K1jICDY2YvACFdDAoA0CTiCG03a+4JbcqdCy8eamUC72Hx/Gz5+Vdv6r1ZEkiagwhGOtm54bGz/FyjDC6SjXSjSNMenjLm1aK3BEtZ9OLx+hok06KJTKPmHQNP09keJI62EU2M4Im55erE3C/2rNxIRXfspEnBgqyGxRmHBkJJpgQB2mKDF8aA0mitlbEelhhYmxsHIWgrf45WVTOyt5F6XzO69QvoGZsnAExxakB5dQhlsLtwoEBvBkQb86qTN23pz3WWvGmc8cwh85Hz8jVpR+</latexit>

 n(p) 根を含むクラスターがレベル  に達する確率n



グラフによる  の解析Ψn(p)

<latexit sha1_base64="pACu7L0FERLb/q62Qd3DAYPidio=">AAACD3icbZDLSgMxFIbP1Ftbb6PdCG4Gi6CgZaaIdiMU3bisYC/QjiWTpm1o5kKSEcah4AO48SF8gW5cKOLWrTvBhzG9INp6IOTj/88hOb8TMCqkaX5qibn5hcWlZCq9vLK6tq5vbFaEH3JMythnPq85SBBGPVKWVDJSCzhBrsNI1emdD/3qDeGC+t6VjAJiu6jj0TbFSCrJ1zMQwSkE8AgHsAd5dZdAAIXDH7pW6n5Tz5o5c1TGLFgTyBa3br9Sd4OzUlP/aLR8HLrEk5ghIeqWGUg7RlxSzEg/3QgFCRDuoQ6pK/SQS4Qdj/bpG7tKaRltn6vjSWOk/p6IkStE5Dqq00WyK6a9ofifVw9lu2DH1AtCSTw8fqgdMkP6xjAco0U5wZJFChDmVP3VwF3EEZYqwrQKwZpeeRYq+Zx1nDu6tLLFAowrCduwo+K14ASKcKGCLQOGexjAM7xoD9qT9qq9jVsT2mQmA39Ke/8GI8aYJA==</latexit>

y = p (2 � 2)

<latexit sha1_base64="RZrjq8lfxnSP6MwcG9YMVa2fpfg=">AAAB83icbVBLSgNBEK2Jvxh/0SzdNIaAqzAjErMRAm5cRjAfSIbQ0+lJmvT0DN09wjBk5xncuFBEl17DA7jTA3gCD2Dns9DEBwWP96qoqudFnClt2x9WZmV1bX0ju5nb2t7Z3cvvHzRVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y0uJn7rhkrFQnGtk4i6AR4I5jOCtZF8SOAcXqAOClgvX7TL9hRomThzUqwVSrffb1+f9V7+vdsPSRxQoQnHSnUcO9JuiqVmhNNxrhsrGmEywgPaMVTggCo3nd48RiWj9JEfSlNCo6n6eyLFgVJJ4JnOAOuhWvQm4n9eJ9Z+1U2ZiGJNBZkt8mOOdIgmAaA+k5RonhiCiWTmVkSGWGKiTUw5E4Kz+PIyaZ6UnUr59Mop1qowQxYO4QiOwYEzqMGlibQBBCK4gwd4tGLr3nqynmetGWs+U4A/sF5/ALKNk/U=</latexit>

y =  
<latexit sha1_base64="XmDFAxdvEpwwkR6o/rJVn2ADsb4=">AAAB6HicbZC7SgNBFIbPeo3xFk1pMxgCVmFXRFMGbCwTMBdIljA7OUnGzF6YmRWWJZ2djYUitj6MD2CnD+AT+ABOLoUm/jDw8f/nMOccLxJcadv+sFZW19Y3NjNb2e2d3b393MFhQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGl5O8eYtS8TC41kmErk8HAe9zRrWxakk3V7BL9lRkGZw5FCr54t3329dntZt77/RCFvsYaCaoUm3HjrSbUqk5EzjOdmKFEWUjOsC2wYD6qNx0OuiYFI3TI/1QmhdoMnV/d6TUVyrxPVPpUz1Ui9nE/C9rx7pfdlMeRLHGgM0+6seC6JBMtiY9LpFpkRigTHIzK2FDKinT5jZZcwRnceVlaJyWnPPSWc0pVMowUwaO4BhOwIELqMAVVKEODBDu4RGerBvrwXq2XmalK9a8Jw9/ZL3+AOKKkW8=</latexit>y

<latexit sha1_base64="lbqxpfYMmGCPz0Qhg3ZUe32+Rbk=">AAAB73icbVC7SgNBFL0bXzG+opaCDAbBKuyKaDoDNpYJmAckS5idnU2GzM6uM7NCWFL6AzYWithY+Aep/Ag7v8GfcPIoNPHAhcM593LvPV7MmdK2/WVllpZXVtey67mNza3tnfzuXl1FiSS0RiIeyaaHFeVM0JpmmtNmLCkOPU4bXv9q7DfuqFQsEjd6EFM3xF3BAkawNpIPb1ABBayTL9hFewK0SJwZKVx+jKrf94ejSif/2fYjkoRUaMKxUi3HjrWbYqkZ4XSYayeKxpj0cZe2DBU4pMpNJ/cO0bFRfBRE0pTQaKL+nkhxqNQg9ExniHVPzXtj8T+vleig5KZMxImmgkwXBQlHOkLj55HPJCWaDwzBRDJzKyI9LDHRJqKcCcGZf3mR1E+LznnxrOoUyiWYIgsHcAQn4MAFlOHaRFoDAhwe4AmerVvr0XqxXqetGWs2sw9/YL3/ANPIku8=</latexit>

 

<latexit sha1_base64="myPJEnhKhqmcplPe07+euR5Zk+Q=">AAACB3icbVDLSsNAFL2pr1ofTXXpJlgEcVGSIuqy0I3LCvYBbSiT6aQdOpmEmYlQQhaCG3/AP3DTjQtF3PoL4sZ/8COcPhbaemAuh3Pu5c49XsSoVLb9ZWRWVtfWN7Kbua3tnd28WdhryDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbVid+84YISUN+rUYRcQPU59SnGCkthWYeIngEBkRXHwQgwJCAA6muZUi7ZtEu2VNYy8SZk2Ll5OH2+3NcqHXNj04vxHFAuMIMSdl27Ei5CRKKYkbSXCeWJEJ4iPqkrSlHAZFuMr0jtY600rP8UOjHlTVVf08kKJByFHi6M0BqIBe9ifif146Vf+EmlEexIhzPFvkxs1RoTUKxelQQrNhIE4QF1X+18AAJhJWOLqdDcBZPXiaNcsk5K51eOcVKFWbIwgEcwrGO8xwqcAk1qOt472AMz/Bi3BtPxqvxNmvNGPOZffgD4/0HbPaYVQ==</latexit>

p  1
2

<latexit sha1_base64="mnKgjtIYfTCZnw/Q+O1LxOPPtAM="></latexit>(
 1(p) = p

 n+1(p) = p (2 n(p)� { n(p)}2)



グラフによる  の解析Ψn(p)

<latexit sha1_base64="pACu7L0FERLb/q62Qd3DAYPidio=">AAACD3icbZDLSgMxFIbP1Ftbb6PdCG4Gi6CgZaaIdiMU3bisYC/QjiWTpm1o5kKSEcah4AO48SF8gW5cKOLWrTvBhzG9INp6IOTj/88hOb8TMCqkaX5qibn5hcWlZCq9vLK6tq5vbFaEH3JMythnPq85SBBGPVKWVDJSCzhBrsNI1emdD/3qDeGC+t6VjAJiu6jj0TbFSCrJ1zMQwSkE8AgHsAd5dZdAAIXDH7pW6n5Tz5o5c1TGLFgTyBa3br9Sd4OzUlP/aLR8HLrEk5ghIeqWGUg7RlxSzEg/3QgFCRDuoQ6pK/SQS4Qdj/bpG7tKaRltn6vjSWOk/p6IkStE5Dqq00WyK6a9ofifVw9lu2DH1AtCSTw8fqgdMkP6xjAco0U5wZJFChDmVP3VwF3EEZYqwrQKwZpeeRYq+Zx1nDu6tLLFAowrCduwo+K14ASKcKGCLQOGexjAM7xoD9qT9qq9jVsT2mQmA39Ke/8GI8aYJA==</latexit>

y = p (2 � 2)

<latexit sha1_base64="RZrjq8lfxnSP6MwcG9YMVa2fpfg=">AAAB83icbVBLSgNBEK2Jvxh/0SzdNIaAqzAjErMRAm5cRjAfSIbQ0+lJmvT0DN09wjBk5xncuFBEl17DA7jTA3gCD2Dns9DEBwWP96qoqudFnClt2x9WZmV1bX0ju5nb2t7Z3cvvHzRVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y0uJn7rhkrFQnGtk4i6AR4I5jOCtZF8SOAcXqAOClgvX7TL9hRomThzUqwVSrffb1+f9V7+vdsPSRxQoQnHSnUcO9JuiqVmhNNxrhsrGmEywgPaMVTggCo3nd48RiWj9JEfSlNCo6n6eyLFgVJJ4JnOAOuhWvQm4n9eJ9Z+1U2ZiGJNBZkt8mOOdIgmAaA+k5RonhiCiWTmVkSGWGKiTUw5E4Kz+PIyaZ6UnUr59Mop1qowQxYO4QiOwYEzqMGlibQBBCK4gwd4tGLr3nqynmetGWs+U4A/sF5/ALKNk/U=</latexit>

y =  
<latexit sha1_base64="XmDFAxdvEpwwkR6o/rJVn2ADsb4=">AAAB6HicbZC7SgNBFIbPeo3xFk1pMxgCVmFXRFMGbCwTMBdIljA7OUnGzF6YmRWWJZ2djYUitj6MD2CnD+AT+ABOLoUm/jDw8f/nMOccLxJcadv+sFZW19Y3NjNb2e2d3b393MFhQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGl5O8eYtS8TC41kmErk8HAe9zRrWxakk3V7BL9lRkGZw5FCr54t3329dntZt77/RCFvsYaCaoUm3HjrSbUqk5EzjOdmKFEWUjOsC2wYD6qNx0OuiYFI3TI/1QmhdoMnV/d6TUVyrxPVPpUz1Ui9nE/C9rx7pfdlMeRLHGgM0+6seC6JBMtiY9LpFpkRigTHIzK2FDKinT5jZZcwRnceVlaJyWnPPSWc0pVMowUwaO4BhOwIELqMAVVKEODBDu4RGerBvrwXq2XmalK9a8Jw9/ZL3+AOKKkW8=</latexit>y

<latexit sha1_base64="lbqxpfYMmGCPz0Qhg3ZUe32+Rbk=">AAAB73icbVC7SgNBFL0bXzG+opaCDAbBKuyKaDoDNpYJmAckS5idnU2GzM6uM7NCWFL6AzYWithY+Aep/Ag7v8GfcPIoNPHAhcM593LvPV7MmdK2/WVllpZXVtey67mNza3tnfzuXl1FiSS0RiIeyaaHFeVM0JpmmtNmLCkOPU4bXv9q7DfuqFQsEjd6EFM3xF3BAkawNpIPb1ABBayTL9hFewK0SJwZKVx+jKrf94ejSif/2fYjkoRUaMKxUi3HjrWbYqkZ4XSYayeKxpj0cZe2DBU4pMpNJ/cO0bFRfBRE0pTQaKL+nkhxqNQg9ExniHVPzXtj8T+vleig5KZMxImmgkwXBQlHOkLj55HPJCWaDwzBRDJzKyI9LDHRJqKcCcGZf3mR1E+LznnxrOoUyiWYIgsHcAQn4MAFlOHaRFoDAhwe4AmerVvr0XqxXqetGWs2sw9/YL3/ANPIku8=</latexit>

 

<latexit sha1_base64="myPJEnhKhqmcplPe07+euR5Zk+Q=">AAACB3icbVDLSsNAFL2pr1ofTXXpJlgEcVGSIuqy0I3LCvYBbSiT6aQdOpmEmYlQQhaCG3/AP3DTjQtF3PoL4sZ/8COcPhbaemAuh3Pu5c49XsSoVLb9ZWRWVtfWN7Kbua3tnd28WdhryDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbVid+84YISUN+rUYRcQPU59SnGCkthWYeIngEBkRXHwQgwJCAA6muZUi7ZtEu2VNYy8SZk2Ll5OH2+3NcqHXNj04vxHFAuMIMSdl27Ei5CRKKYkbSXCeWJEJ4iPqkrSlHAZFuMr0jtY600rP8UOjHlTVVf08kKJByFHi6M0BqIBe9ifif146Vf+EmlEexIhzPFvkxs1RoTUKxelQQrNhIE4QF1X+18AAJhJWOLqdDcBZPXiaNcsk5K51eOcVKFWbIwgEcwrGO8xwqcAk1qOt472AMz/Bi3BtPxqvxNmvNGPOZffgD4/0HbPaYVQ==</latexit>

p  1
2

 は  で 
  に収束
Ψn(p) n → ∞
0

<latexit sha1_base64="mnKgjtIYfTCZnw/Q+O1LxOPPtAM="></latexit>(
 1(p) = p

 n+1(p) = p (2 n(p)� { n(p)}2)



グラフによる  の解析Ψn(p)
<latexit sha1_base64="mnKgjtIYfTCZnw/Q+O1LxOPPtAM="></latexit>(
 1(p) = p

 n+1(p) = p (2 n(p)� { n(p)}2)

<latexit sha1_base64="pACu7L0FERLb/q62Qd3DAYPidio=">AAACD3icbZDLSgMxFIbP1Ftbb6PdCG4Gi6CgZaaIdiMU3bisYC/QjiWTpm1o5kKSEcah4AO48SF8gW5cKOLWrTvBhzG9INp6IOTj/88hOb8TMCqkaX5qibn5hcWlZCq9vLK6tq5vbFaEH3JMythnPq85SBBGPVKWVDJSCzhBrsNI1emdD/3qDeGC+t6VjAJiu6jj0TbFSCrJ1zMQwSkE8AgHsAd5dZdAAIXDH7pW6n5Tz5o5c1TGLFgTyBa3br9Sd4OzUlP/aLR8HLrEk5ghIeqWGUg7RlxSzEg/3QgFCRDuoQ6pK/SQS4Qdj/bpG7tKaRltn6vjSWOk/p6IkStE5Dqq00WyK6a9ofifVw9lu2DH1AtCSTw8fqgdMkP6xjAco0U5wZJFChDmVP3VwF3EEZYqwrQKwZpeeRYq+Zx1nDu6tLLFAowrCduwo+K14ASKcKGCLQOGexjAM7xoD9qT9qq9jVsT2mQmA39Ke/8GI8aYJA==</latexit>

y = p (2 � 2)

<latexit sha1_base64="RZrjq8lfxnSP6MwcG9YMVa2fpfg=">AAAB83icbVBLSgNBEK2Jvxh/0SzdNIaAqzAjErMRAm5cRjAfSIbQ0+lJmvT0DN09wjBk5xncuFBEl17DA7jTA3gCD2Dns9DEBwWP96qoqudFnClt2x9WZmV1bX0ju5nb2t7Z3cvvHzRVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y0uJn7rhkrFQnGtk4i6AR4I5jOCtZF8SOAcXqAOClgvX7TL9hRomThzUqwVSrffb1+f9V7+vdsPSRxQoQnHSnUcO9JuiqVmhNNxrhsrGmEywgPaMVTggCo3nd48RiWj9JEfSlNCo6n6eyLFgVJJ4JnOAOuhWvQm4n9eJ9Z+1U2ZiGJNBZkt8mOOdIgmAaA+k5RonhiCiWTmVkSGWGKiTUw5E4Kz+PIyaZ6UnUr59Mop1qowQxYO4QiOwYEzqMGlibQBBCK4gwd4tGLr3nqynmetGWs+U4A/sF5/ALKNk/U=</latexit>

y =  
<latexit sha1_base64="XmDFAxdvEpwwkR6o/rJVn2ADsb4=">AAAB6HicbZC7SgNBFIbPeo3xFk1pMxgCVmFXRFMGbCwTMBdIljA7OUnGzF6YmRWWJZ2djYUitj6MD2CnD+AT+ABOLoUm/jDw8f/nMOccLxJcadv+sFZW19Y3NjNb2e2d3b393MFhQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGl5O8eYtS8TC41kmErk8HAe9zRrWxakk3V7BL9lRkGZw5FCr54t3329dntZt77/RCFvsYaCaoUm3HjrSbUqk5EzjOdmKFEWUjOsC2wYD6qNx0OuiYFI3TI/1QmhdoMnV/d6TUVyrxPVPpUz1Ui9nE/C9rx7pfdlMeRLHGgM0+6seC6JBMtiY9LpFpkRigTHIzK2FDKinT5jZZcwRnceVlaJyWnPPSWc0pVMowUwaO4BhOwIELqMAVVKEODBDu4RGerBvrwXq2XmalK9a8Jw9/ZL3+AOKKkW8=</latexit>y

<latexit sha1_base64="lbqxpfYMmGCPz0Qhg3ZUe32+Rbk=">AAAB73icbVC7SgNBFL0bXzG+opaCDAbBKuyKaDoDNpYJmAckS5idnU2GzM6uM7NCWFL6AzYWithY+Aep/Ag7v8GfcPIoNPHAhcM593LvPV7MmdK2/WVllpZXVtey67mNza3tnfzuXl1FiSS0RiIeyaaHFeVM0JpmmtNmLCkOPU4bXv9q7DfuqFQsEjd6EFM3xF3BAkawNpIPb1ABBayTL9hFewK0SJwZKVx+jKrf94ejSif/2fYjkoRUaMKxUi3HjrWbYqkZ4XSYayeKxpj0cZe2DBU4pMpNJ/cO0bFRfBRE0pTQaKL+nkhxqNQg9ExniHVPzXtj8T+vleig5KZMxImmgkwXBQlHOkLj55HPJCWaDwzBRDJzKyI9LDHRJqKcCcGZf3mR1E+LznnxrOoUyiWYIgsHcAQn4MAFlOHaRFoDAhwe4AmerVvr0XqxXqetGWs2sw9/YL3/ANPIku8=</latexit>

 

<latexit sha1_base64="QHA133ViTxvxNiuSYFkSlR/qpXo=">AAACAXicbVDLSgMxFL1TX7W+Wl26CRZBXJSZIupKCt24rGAf0A4lk2ba0ExmSDJCGSqI/+AX6EJBEbf+hbjxH/wI08dCWw/cy+Gce0nu8SLOlLbtLyu1sLi0vJJezaytb2xuZXPbNRXGktAqCXkoGx5WlDNBq5ppThuRpDjwOK17/fLIr19RqVgoLvUgom6Au4L5jGBtpAAiOIMH8EECBgIJODA0vQjDdjZvF+wx0DxxpiRfOry7+f58ylXa2Y9WJyRxQIUmHCvVdOxIuwmWmhFOh5lWrGiESR93adNQgQOq3GR8wRDtG6WD/FCaEhqN1d8bCQ6UGgSemQyw7qlZbyT+5zVj7Z+6CRNRrKkgk4f8mCMdolEcqMMkJZoPDMFEMvNXRHpYYqJNaBkTgjN78jypFQvOceHowsmXyjBBGnZhDw5MnCdQgnOoQNXEew338Awv1q31aL1ab5PRlDXd2YE/sN5/AGkblsY=</latexit>

p > 1
2

<latexit sha1_base64="QhbOa2U42kMWV3Xh849knlnfNWI=">AAAB83icbVC7SgNBFL0bXzG+opaCDAZBLMJuEE1nwMYyAfOAZA2zk9lkyOzsMjMrhCWlv2BjoYiW9qn8CDu/wZ9w8ig08cCFwzn3cu89XsSZ0rb9ZaWWlldW19LrmY3Nre2d7O5eTYWxJLRKQh7KhocV5UzQqmaa00YkKQ48Tute/2rs1++oVCwUN3oQUTfAXcF8RrA2kg9vUAYFDG7htJ3N2Xl7ArRInBnJXX6MKt/3h6NyO/vZ6oQkDqjQhGOlmo4daTfBUjPC6TDTihWNMOnjLm0aKnBAlZtMbh6iY6N0kB9KU0Kjifp7IsGBUoPAM50B1j01743F/7xmrP2imzARxZoKMl3kxxzpEI0DQB0mKdF8YAgmkplbEelhiYk2MWVMCM78y4ukVsg75/mzip0rFWGKNBzAEZyAAxdQgmsTaxUIRPAAT/Bsxdaj9WK9TltT1mxmH/7Aev8BOpqTnA==</latexit>

 ⇤



グラフによる  の解析Ψn(p)
<latexit sha1_base64="mnKgjtIYfTCZnw/Q+O1LxOPPtAM="></latexit>(
 1(p) = p

 n+1(p) = p (2 n(p)� { n(p)}2)

<latexit sha1_base64="pACu7L0FERLb/q62Qd3DAYPidio=">AAACD3icbZDLSgMxFIbP1Ftbb6PdCG4Gi6CgZaaIdiMU3bisYC/QjiWTpm1o5kKSEcah4AO48SF8gW5cKOLWrTvBhzG9INp6IOTj/88hOb8TMCqkaX5qibn5hcWlZCq9vLK6tq5vbFaEH3JMythnPq85SBBGPVKWVDJSCzhBrsNI1emdD/3qDeGC+t6VjAJiu6jj0TbFSCrJ1zMQwSkE8AgHsAd5dZdAAIXDH7pW6n5Tz5o5c1TGLFgTyBa3br9Sd4OzUlP/aLR8HLrEk5ghIeqWGUg7RlxSzEg/3QgFCRDuoQ6pK/SQS4Qdj/bpG7tKaRltn6vjSWOk/p6IkStE5Dqq00WyK6a9ofifVw9lu2DH1AtCSTw8fqgdMkP6xjAco0U5wZJFChDmVP3VwF3EEZYqwrQKwZpeeRYq+Zx1nDu6tLLFAowrCduwo+K14ASKcKGCLQOGexjAM7xoD9qT9qq9jVsT2mQmA39Ke/8GI8aYJA==</latexit>

y = p (2 � 2)

<latexit sha1_base64="RZrjq8lfxnSP6MwcG9YMVa2fpfg=">AAAB83icbVBLSgNBEK2Jvxh/0SzdNIaAqzAjErMRAm5cRjAfSIbQ0+lJmvT0DN09wjBk5xncuFBEl17DA7jTA3gCD2Dns9DEBwWP96qoqudFnClt2x9WZmV1bX0ju5nb2t7Z3cvvHzRVGEtCGyTkoWx7WFHOBG1opjltR5LiwOO05Y0uJn7rhkrFQnGtk4i6AR4I5jOCtZF8SOAcXqAOClgvX7TL9hRomThzUqwVSrffb1+f9V7+vdsPSRxQoQnHSnUcO9JuiqVmhNNxrhsrGmEywgPaMVTggCo3nd48RiWj9JEfSlNCo6n6eyLFgVJJ4JnOAOuhWvQm4n9eJ9Z+1U2ZiGJNBZkt8mOOdIgmAaA+k5RonhiCiWTmVkSGWGKiTUw5E4Kz+PIyaZ6UnUr59Mop1qowQxYO4QiOwYEzqMGlibQBBCK4gwd4tGLr3nqynmetGWs+U4A/sF5/ALKNk/U=</latexit>

y =  
<latexit sha1_base64="XmDFAxdvEpwwkR6o/rJVn2ADsb4=">AAAB6HicbZC7SgNBFIbPeo3xFk1pMxgCVmFXRFMGbCwTMBdIljA7OUnGzF6YmRWWJZ2djYUitj6MD2CnD+AT+ABOLoUm/jDw8f/nMOccLxJcadv+sFZW19Y3NjNb2e2d3b393MFhQ4WxZFhnoQhly6MKBQ+wrrkW2IokUt8T2PRGl5O8eYtS8TC41kmErk8HAe9zRrWxakk3V7BL9lRkGZw5FCr54t3329dntZt77/RCFvsYaCaoUm3HjrSbUqk5EzjOdmKFEWUjOsC2wYD6qNx0OuiYFI3TI/1QmhdoMnV/d6TUVyrxPVPpUz1Ui9nE/C9rx7pfdlMeRLHGgM0+6seC6JBMtiY9LpFpkRigTHIzK2FDKinT5jZZcwRnceVlaJyWnPPSWc0pVMowUwaO4BhOwIELqMAVVKEODBDu4RGerBvrwXq2XmalK9a8Jw9/ZL3+AOKKkW8=</latexit>y

<latexit sha1_base64="lbqxpfYMmGCPz0Qhg3ZUe32+Rbk=">AAAB73icbVC7SgNBFL0bXzG+opaCDAbBKuyKaDoDNpYJmAckS5idnU2GzM6uM7NCWFL6AzYWithY+Aep/Ag7v8GfcPIoNPHAhcM593LvPV7MmdK2/WVllpZXVtey67mNza3tnfzuXl1FiSS0RiIeyaaHFeVM0JpmmtNmLCkOPU4bXv9q7DfuqFQsEjd6EFM3xF3BAkawNpIPb1ABBayTL9hFewK0SJwZKVx+jKrf94ejSif/2fYjkoRUaMKxUi3HjrWbYqkZ4XSYayeKxpj0cZe2DBU4pMpNJ/cO0bFRfBRE0pTQaKL+nkhxqNQg9ExniHVPzXtj8T+vleig5KZMxImmgkwXBQlHOkLj55HPJCWaDwzBRDJzKyI9LDHRJqKcCcGZf3mR1E+LznnxrOoUyiWYIgsHcAQn4MAFlOHaRFoDAhwe4AmerVvr0XqxXqetGWs2sw9/YL3/ANPIku8=</latexit>

 

<latexit sha1_base64="QHA133ViTxvxNiuSYFkSlR/qpXo=">AAACAXicbVDLSgMxFL1TX7W+Wl26CRZBXJSZIupKCt24rGAf0A4lk2ba0ExmSDJCGSqI/+AX6EJBEbf+hbjxH/wI08dCWw/cy+Gce0nu8SLOlLbtLyu1sLi0vJJezaytb2xuZXPbNRXGktAqCXkoGx5WlDNBq5ppThuRpDjwOK17/fLIr19RqVgoLvUgom6Au4L5jGBtpAAiOIMH8EECBgIJODA0vQjDdjZvF+wx0DxxpiRfOry7+f58ylXa2Y9WJyRxQIUmHCvVdOxIuwmWmhFOh5lWrGiESR93adNQgQOq3GR8wRDtG6WD/FCaEhqN1d8bCQ6UGgSemQyw7qlZbyT+5zVj7Z+6CRNRrKkgk4f8mCMdolEcqMMkJZoPDMFEMvNXRHpYYqJNaBkTgjN78jypFQvOceHowsmXyjBBGnZhDw5MnCdQgnOoQNXEew338Awv1q31aL1ab5PRlDXd2YE/sN5/AGkblsY=</latexit>

p > 1
2  は  で 

グラフの交点に収束
Ψn(p) n → ∞

<latexit sha1_base64="pOySrJBUjNv74GZgx8r1USGSwDE=">AAACFXicbZC7SgNBFIbPxluMt/WCjc3iIiho2A2iNkIghZYRzAWSNcxOZpMhsxdmZoW45CVsfAJbaxsLRWwFO0vfxMmFoMYfBj7+cw5nzu9GjAppWZ9aamp6ZnYuPZ9ZWFxaXtFX18oijDkmJRyykFddJAijASlJKhmpRpwg32Wk4nYK/XrlmnBBw+BSdiPi+KgVUI9iJJUV6ptwD0UQQOEUIsX7sAu5sXcwpivl7jV008paAxmTYI/AzJvo7GHj5qvY0D/qzRDHPgkkZkiImm1F0kkQlxQz0svUY0EihDuoRWoKA+QT4SSDq3rGjnKahhdy9QJpDNyfEwnyhej6rur0kWyLv7W++V+tFkvvxEloEMWSBHi4yIuZIUOjH5HRpJxgyboKEOZU/dXAbcQRlirIjArB/nvyJJRzWfsoe3hhm/kCDJWGLdhW8dpwDHk4V8GWAMMtPMIzvGh32pP2qr0NW1PaaGYdfkl7/wY8IZm9</latexit>

 = p (2 � 2)

<latexit sha1_base64="aTYcxvOluAc0Re1p/xpcOgyqu28="></latexit>

 ⇤ = 2� 1

p
> 0

<latexit sha1_base64="QhbOa2U42kMWV3Xh849knlnfNWI=">AAAB83icbVC7SgNBFL0bXzG+opaCDAZBLMJuEE1nwMYyAfOAZA2zk9lkyOzsMjMrhCWlv2BjoYiW9qn8CDu/wZ9w8ig08cCFwzn3cu89XsSZ0rb9ZaWWlldW19LrmY3Nre2d7O5eTYWxJLRKQh7KhocV5UzQqmaa00YkKQ48Tute/2rs1++oVCwUN3oQUTfAXcF8RrA2kg9vUAYFDG7htJ3N2Xl7ArRInBnJXX6MKt/3h6NyO/vZ6oQkDqjQhGOlmo4daTfBUjPC6TDTihWNMOnjLm0aKnBAlZtMbh6iY6N0kB9KU0Kjifp7IsGBUoPAM50B1j01743F/7xmrP2imzARxZoKMl3kxxzpEI0DQB0mKdF8YAgmkplbEelhiYk2MWVMCM78y4ukVsg75/mzip0rFWGKNBzAEZyAAxdQgmsTaxUIRPAAT/Bsxdaj9WK9TltT1mxmH/7Aev8BOpqTnA==</latexit>

 ⇤

を  についての 
方程式として見て解く

Ψ



 ではクラスターは有限p ≤ 1
2

二分木上のパーコレーションの相転移

<latexit sha1_base64="Y9OFYs5FBekg1gAiki98fd68GbQ="></latexit>

lim
n!1

 n(p) =

(
0 0  p  1

2

2� 1
p

1
2 < p  1

 を境にふるまいが本質的に変わるp = 1
2

 ではクラスターは無限p > 1
2

<latexit sha1_base64="aZT9O2oA9wBk8qcaPp5KWbPYEgY=">AAACHXicbZA9SwNBEIbn4leMX1E7bQ5FME24C6J2BmzEKoLRQAzH3mZPl+ztHrt7wnHkj9hY+SPsbCwUsbAR/42TxEITB3Z55p0ZducNE8GN9bwvpzA1PTM7V5wvLSwuLa+UV9cujEo1ZU2qhNKtkBgmuGRNy61grUQzEoeCXYa940H98pZpw5U8t1nCOjG5ljzilFiUVHkDHkAAhxgCyEFiZkHhzZEj5Az6mDXAoBKgtgsJVILytlf1huFOgv8D2/UKOZWPm0eNoPxx1VU0jZm0VBBj2r6X2E5OtOVUsH7pKjUsIbRHrlkbUZKYmU4+3K7v7qDSdSOl8UjrDtXfEzmJjcniEDtjYm/MeG0g/ldrpzY67ORcJqllko4eilLhWuUOrHK7XDNqRYZAqOb4V5feEE2oRUNLaII/vvIkXNSq/n517wzdqMEoirAJW2ikDwdQhxM0twkU7uAJXuDVuXeenTfnfdRacH5m1uFPOJ/f57eclQ==</latexit>

lim
n!1

 n(p)

<latexit sha1_base64="z6EzCe80sWWF8k+EW+NrzEtOxe4=">AAAB5HicbZDLSgMxFIbP1Fsdb9Wtm2ARXJWZIupGLLhxWcFeoB1KJj3TxmYyQ5IRSukTuHGhuBV8CN/Djfg2ppeFtv4Q+Pj/c8g5J0wF18bzvp3cyura+kZ+093a3tndK7j7dZ1kimGNJSJRzZBqFFxizXAjsJkqpHEosBEOrid54wGV5om8M8MUg5j2JI84o8Zat16nUPRK3lRkGfw5FK8+3Mv0/cutdgqf7W7CshilYYJq3fK91AQjqgxnAsduO9OYUjagPWxZlDRGHYymg47JsXW6JEqUfdKQqfu7Y0RjrYdxaCtjavp6MZuY/2WtzEQXwYjLNDMo2eyjKBPEJGSyNelyhcyIoQXKFLezEtanijJjb+PaI/iLKy9DvVzyz0qnxUoZZsrDIRzBCfhwDhW4gSrUgAHCIzzDi3PvPDmvs8KcM+84gD9y3n4AS0COtA==</latexit>

0
<latexit sha1_base64="TSdFwf2nls+ETE0TbLQlt1wT4Qo=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZIOpFDHjxmIBZIBlCT6cmadOz0N0jhCFP4MWDIl71IXwPL+Lb2FkOGv2h4eP/q+iq8hPBlXacLyu3tLyyupZftzc2t7Z3Crt7DRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfXk3y5h1KxePoRo8S9ELaj3jAGdXGqrndQtEpOVORv+DOoXj5bl8kb592tVv46PRiloYYaSaoUm3XSbSXUak5Ezi2O6nChLIh7WPbYERDVF42HXRMjozTI0EszYs0mbo/OzIaKjUKfVMZUj1Qi9nE/C9rpzo49zIeJanGiM0+ClJBdEwmW5Mel8i0GBmgTHIzK2EDKinT5ja2OYK7uPJfaJRL7mnppOYUK2WYKQ8HcAjH4MIZVOAaqlAHBgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AcKSj9s=</latexit>

1

<latexit sha1_base64="TSdFwf2nls+ETE0TbLQlt1wT4Qo=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIWZIOpFDHjxmIBZIBlCT6cmadOz0N0jhCFP4MWDIl71IXwPL+Lb2FkOGv2h4eP/q+iq8hPBlXacLyu3tLyyupZftzc2t7Z3Crt7DRWnkmGdxSKWLZ8qFDzCuuZaYCuRSENfYNMfXk3y5h1KxePoRo8S9ELaj3jAGdXGqrndQtEpOVORv+DOoXj5bl8kb592tVv46PRiloYYaSaoUm3XSbSXUak5Ezi2O6nChLIh7WPbYERDVF42HXRMjozTI0EszYs0mbo/OzIaKjUKfVMZUj1Qi9nE/C9rpzo49zIeJanGiM0+ClJBdEwmW5Mel8i0GBmgTHIzK2EDKinT5ja2OYK7uPJfaJRL7mnppOYUK2WYKQ8HcAjH4MIZVOAaqlAHBgj38AhP1q31YD1bL7PSnDXv2Ydfsl6/AcKSj9s=</latexit>

1

<latexit sha1_base64="7QETGF2SBB3ok359e0wioOxRWmI=">AAAB/3icbVDLSgMxFL1TX3V8VV26CRbBVZkpom7EghuXFewD2qFk0kwbmskMSUYo4yz8FUVcKOJO/A034t+YPhbaeuBeDufcS26OH3OmtON8W7mFxaXllfyqvba+sblV2N6pqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacMfXIz8xg2VikXiWg9j6oW4J1jACNZG4vAIGgKQgIFACi5kppch6xSKTskZA80Td0qK5+/2WfzwZVc7hc92NyJJSIUmHCvVcp1YeymWmhFOM7udKBpjMsA92jJU4JAqLx3fn6EDo3RREElTQqOx+nsjxaFSw9A3kyHWfTXrjcT/vFaig1MvZSJONBVk8lCQcKQjNAoDdZmkRPOhIZhIZm5FpI8lJtpEZpsQ3Nkvz5N6ueQel46unGKlDBPkYQ/24dDEeQIVuIQq1Ey8t3APz/Bi3VlP1qv1NhnNWdOdXfgD6+MHrQmVnA==</latexit>

1
2

<latexit sha1_base64="6GvPnVdXHVSpx6BvhCJF8YmsCPw=">AAAB6HicbVDLSgNBEOyNrxijRj0KshgET2E3iHoMePGYgHlAsoTZSW8yZnZ2mZkVwpKjJy8eFPHqV+Q7vPkN/oSTx0ETCxqKqm66u/yYM6Ud58vKrK1vbG5lt3M7+d29/cLBYUNFiaRYpxGPZMsnCjkTWNdMc2zFEknoc2z6w5up33xAqVgk7vQoRi8kfcECRok2Ui3uFopOyZnBXiXughQr+Unt+/FkUu0WPju9iCYhCk05UartOrH2UiI1oxzHuU6iMCZ0SPrYNlSQEJWXzg4d22dG6dlBJE0Jbc/U3xMpCZUahb7pDIkeqGVvKv7ntRMdXHspE3GiUdD5oiDhto7s6dd2j0mkmo8MIVQyc6tNB0QSqk02OROCu/zyKmmUS+5l6aJm0ijDHFk4hlM4BxeuoAK3UIU6UEB4ghd4te6tZ+vNep+3ZqzFzBH8gfXxA6+GkIQ=</latexit>p

簡単なモデルが相転移を示す！

<latexit sha1_base64="wRCKodS1Ez9ux1Vr8tq4Pj07GXo=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8FS0E2ZEVGXBRFcVrAXaIeSSTNtaCYZkkyhDEXwOVzYhSJufRDBnW9jello6w+Bn/+cwzn5gpgzbVz328msrK6tb2Q3c1vbO7t7+f2DmpaJIrRKJJeqEWBNORO0apjhtBEriqOA03rQv57U6wOqNJPi3gxj6ke4K1jICDY2YvACFdDAoA0CTiCG03a+4JbcqdCy8eamUC72Hx/Gz5+Vdv6r1ZEkiagwhGOtm54bGz/FyjDC6SjXSjSNMenjLm1aK3BEtZ9OLx+hok06KJTKPmHQNP09keJI62EU2M4Im55erE3C/2rNxIRXfspEnBgqyGxRmHBkJJpgQB2mKDF8aA0mitlbEelhhYmxsHIWgrf45WVTOyt5F6XzO69QvoGZsnAExxakB5dQhlsLtwoEBvBkQb86qTN23pz3WWvGmc8cwh85Hz8jVpR+</latexit>

 n(p) 根を含むクラスターがレベル  に達する確率n



パーコレーションの相転移
二次元以上の格子上のパーコレーションは、
ある臨界確率  で相転移をおこす pc

<latexit sha1_base64="a6XOrc1i5wK4K7sfHWacVHD72ns=">AAAB/XicbVC7SgNBFL0bXzG+opaCDAbBKuyKqIVFIIWWEcwDkhBmJ7PJkJnZZWZWiEuw9ytsUihi6y9Y2/kP/oNOHoUmHrhwOOde7r3HjzjTxnU/ndTC4tLySno1s7a+sbmV3d6p6DBWhJZJyENV87GmnElaNsxwWosUxcLntOr3iiO/ekuVZqG8Mf2INgXuSBYwgo2VehDBha0WJDAEBQIQEBi0sjk3746B5ok3JbnCfun94fLru9TKfjTaIYkFlYZwrHXdcyPTTLAyjHA6yDRiTSNMerhD65ZKLKhuJuPrB+jQKm0UhMqWNGis/p5IsNC6L3zbKbDp6llvJP7n1WMTnDcTJqPYUEkmi4KYIxOiURSozRQlhvctwUQxeysiXawwMTawjA3Bm315nlSO895p/uTayxWKMEEa9uAAjsCDMyjAFZSgbEO9g0d4gmfn3hk6L87rpDXlTGd24Q+ctx/aYZYO</latexit>

p < pc
<latexit sha1_base64="TnPjH151TZlYw/oPFr7clc3h8+I=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAbBU9gVUU8SyEGPEcwDkhBmJ7PJkJnZZWZWiEvw7ld4yUERr/6CZ2/+g/+gk8dBEwsaiqpuurv8iDNtXPfTSS0sLi2vpFcza+sbm1vZ7Z2KDmNFaJmEPFQ1H2vKmaRlwwyntUhRLHxOq36vOPKrt1RpFsob049oU+COZAEj2FipBxFc2GpBAkNQIAABgUErm3Pz7hhonnhTkivsl94fLr++S63sR6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMr5+gA6t0kZBqGxJg8bq74kEC637wredApuunvVG4n9ePTbBeTNhMooNlWSyKIg5MiEaRYHaTFFieN8STBSztyLSxQoTYwPL2BC82ZfnSeU4753mT669XKEIE6RhDw7gCDw4gwJcQQnKNtQ7eIQneHbunaHz4rxOWlPOdGYX/sB5+wHdjZYQ</latexit>

p > pc

<latexit sha1_base64="tswVK/s1OBNbn6jND93Fci1OvFU="></latexit>

pc ' 0.5927<latexit sha1_base64="eK7NMdwq6QIZ7rzxDeNeTWoiViA=">AAAB7HicbZDLSsNAFIZP6q3WW9WlIINFcBWSIupGKHShywqmLbShTKaTduhkEmYmQgl9ATduXCji1mdx7c538B10ello6w8DH/9/DnPOCRLOlHacTyu3tLyyupZfL2xsbm3vFHf36ipOJaEeiXksmwFWlDNBPc00p81EUhwFnDaCQXWcN+6oVCwWt3qYUD/CPcFCRrA2lpdcOna5Uyw5tjMRWgR3BqXKYe39/urru9YpfrS7MUkjKjThWKmW6yTaz7DUjHA6KrRTRRNMBrhHWwYFjqjys8mwI3RsnC4KY2me0Gji/u7IcKTUMApMZYR1X81nY/O/rJXq8MLPmEhSTQWZfhSmHOkYjTdHXSYp0XxoABPJzKyI9LHERJv7FMwR3PmVF6Fett0z+/TGLVWqMFUeDuAITsCFc6jANdTAAwIMHuAJni1hPVov1uu0NGfNevbhj6y3H0sHkiI=</latexit>p = 0.2
<latexit sha1_base64="dI0uOekY83jT5RWcXZ0fxVOMeik=">AAAB7HicbZDLSsNAFIZP6q3WW9WlIINFcBUSEe1GKHShywqmLbShTKaTduhkEmYmQgl9ATduXCji1mdx7c538B10ello6w8DH/9/DnPOCRLOlHacTyu3tLyyupZfL2xsbm3vFHf36ipOJaEeiXksmwFWlDNBPc00p81EUhwFnDaCQXWcN+6oVCwWt3qYUD/CPcFCRrA2lpdcOna5Uyw5tjMRWgR3BqXKYe39/urru9YpfrS7MUkjKjThWKmW6yTaz7DUjHA6KrRTRRNMBrhHWwYFjqjys8mwI3RsnC4KY2me0Gji/u7IcKTUMApMZYR1X81nY/O/rJXqsOxnTCSppoJMPwpTjnSMxpujLpOUaD40gIlkZlZE+lhios19CuYI7vzKi1A/td1z++zGLVWqMFUeDuAITsCFC6jANdTAAwIMHuAJni1hPVov1uu0NGfNevbhj6y3H1Qfkig=</latexit>

p = 0.8

Figures from A. Bunde et al., Diffusion Fundamentals 6 (2007) 9.1 - 9.17 

クラスター
の大きさは

有限

無限のク
ラスター

が出現

簡単なモデルが相転移を示す！



パーコレーション相転移の応用 1

液体の浸透 (percolation) の問題
<latexit sha1_base64="a6XOrc1i5wK4K7sfHWacVHD72ns=">AAAB/XicbVC7SgNBFL0bXzG+opaCDAbBKuyKqIVFIIWWEcwDkhBmJ7PJkJnZZWZWiEuw9ytsUihi6y9Y2/kP/oNOHoUmHrhwOOde7r3HjzjTxnU/ndTC4tLySno1s7a+sbmV3d6p6DBWhJZJyENV87GmnElaNsxwWosUxcLntOr3iiO/ekuVZqG8Mf2INgXuSBYwgo2VehDBha0WJDAEBQIQEBi0sjk3746B5ok3JbnCfun94fLru9TKfjTaIYkFlYZwrHXdcyPTTLAyjHA6yDRiTSNMerhD65ZKLKhuJuPrB+jQKm0UhMqWNGis/p5IsNC6L3zbKbDp6llvJP7n1WMTnDcTJqPYUEkmi4KYIxOiURSozRQlhvctwUQxeysiXawwMTawjA3Bm315nlSO895p/uTayxWKMEEa9uAAjsCDMyjAFZSgbEO9g0d4gmfn3hk6L87rpDXlTGd24Q+ctx/aYZYO</latexit>

p < pc
<latexit sha1_base64="TnPjH151TZlYw/oPFr7clc3h8+I=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAbBU9gVUU8SyEGPEcwDkhBmJ7PJkJnZZWZWiEvw7ld4yUERr/6CZ2/+g/+gk8dBEwsaiqpuurv8iDNtXPfTSS0sLi2vpFcza+sbm1vZ7Z2KDmNFaJmEPFQ1H2vKmaRlwwyntUhRLHxOq36vOPKrt1RpFsob049oU+COZAEj2FipBxFc2GpBAkNQIAABgUErm3Pz7hhonnhTkivsl94fLr++S63sR6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMr5+gA6t0kZBqGxJg8bq74kEC637wredApuunvVG4n9ePTbBeTNhMooNlWSyKIg5MiEaRYHaTFFieN8STBSztyLSxQoTYwPL2BC82ZfnSeU4753mT669XKEIE6RhDw7gCDw4gwJcQQnKNtQ7eIQneHbunaHz4rxOWlPOdGYX/sB5+wHdjZYQ</latexit>

p > pc

液体は部分
的にしか浸

透しない

液体は全
体に浸透

各々の頂点は独立に確率  でp 確率  で1 − p
辺で結ばれた2つの　は繋がっている

液体をとおす液体をとおさない

岩石への水の浸透、地中の石油の分布、…



パーコレーション相転移の応用 2

電気伝導のネットワークの問題
<latexit sha1_base64="a6XOrc1i5wK4K7sfHWacVHD72ns=">AAAB/XicbVC7SgNBFL0bXzG+opaCDAbBKuyKqIVFIIWWEcwDkhBmJ7PJkJnZZWZWiEuw9ytsUihi6y9Y2/kP/oNOHoUmHrhwOOde7r3HjzjTxnU/ndTC4tLySno1s7a+sbmV3d6p6DBWhJZJyENV87GmnElaNsxwWosUxcLntOr3iiO/ekuVZqG8Mf2INgXuSBYwgo2VehDBha0WJDAEBQIQEBi0sjk3746B5ok3JbnCfun94fLru9TKfjTaIYkFlYZwrHXdcyPTTLAyjHA6yDRiTSNMerhD65ZKLKhuJuPrB+jQKm0UhMqWNGis/p5IsNC6L3zbKbDp6llvJP7n1WMTnDcTJqPYUEkmi4KYIxOiURSozRQlhvctwUQxeysiXawwMTawjA3Bm315nlSO895p/uTayxWKMEEa9uAAjsCDMyjAFZSgbEO9g0d4gmfn3hk6L87rpDXlTGd24Q+ctx/aYZYO</latexit>

p < pc
<latexit sha1_base64="TnPjH151TZlYw/oPFr7clc3h8+I=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAbBU9gVUU8SyEGPEcwDkhBmJ7PJkJnZZWZWiEvw7ld4yUERr/6CZ2/+g/+gk8dBEwsaiqpuurv8iDNtXPfTSS0sLi2vpFcza+sbm1vZ7Z2KDmNFaJmEPFQ1H2vKmaRlwwyntUhRLHxOq36vOPKrt1RpFsob049oU+COZAEj2FipBxFc2GpBAkNQIAABgUErm3Pz7hhonnhTkivsl94fLr++S63sR6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMr5+gA6t0kZBqGxJg8bq74kEC637wredApuunvVG4n9ePTbBeTNhMooNlWSyKIg5MiEaRYHaTFFieN8STBSztyLSxQoTYwPL2BC82ZfnSeU4753mT669XKEIE6RhDw7gCDw4gwJcQQnKNtQ7eIQneHbunaHz4rxOWlPOdGYX/sB5+wHdjZYQ</latexit>

p > pc

系全体は絶
縁体

系全体が
電気伝導

体

電流をとおす電流をとおさない

ランダムな合金、破損したネットワーク、…

各々の頂点は独立に確率  でp 確率  で1 − p
辺で結ばれた2つの　は繋がっている



パーコレーション相転移の応用 3
感染症の伝搬

一人(一つの頂点)が感染
感染者と接している人(頂点)は、確率  で感染、 
確率  で不感染（その後も感染しない）

p
1 − p

最終的に得られる感染者のクラスターは、 
元の点を含むパーコレーションのクラスター

これをくり返す



パーコレーション相転移の応用 3
<latexit sha1_base64="a6XOrc1i5wK4K7sfHWacVHD72ns=">AAAB/XicbVC7SgNBFL0bXzG+opaCDAbBKuyKqIVFIIWWEcwDkhBmJ7PJkJnZZWZWiEuw9ytsUihi6y9Y2/kP/oNOHoUmHrhwOOde7r3HjzjTxnU/ndTC4tLySno1s7a+sbmV3d6p6DBWhJZJyENV87GmnElaNsxwWosUxcLntOr3iiO/ekuVZqG8Mf2INgXuSBYwgo2VehDBha0WJDAEBQIQEBi0sjk3746B5ok3JbnCfun94fLru9TKfjTaIYkFlYZwrHXdcyPTTLAyjHA6yDRiTSNMerhD65ZKLKhuJuPrB+jQKm0UhMqWNGis/p5IsNC6L3zbKbDp6llvJP7n1WMTnDcTJqPYUEkmi4KYIxOiURSozRQlhvctwUQxeysiXawwMTawjA3Bm315nlSO895p/uTayxWKMEEa9uAAjsCDMyjAFZSgbEO9g0d4gmfn3hk6L87rpDXlTGd24Q+ctx/aYZYO</latexit>

p < pc
<latexit sha1_base64="TnPjH151TZlYw/oPFr7clc3h8+I=">AAAB/XicbVDLSgNBEOyNrxhfUY+CDAbBU9gVUU8SyEGPEcwDkhBmJ7PJkJnZZWZWiEvw7ld4yUERr/6CZ2/+g/+gk8dBEwsaiqpuurv8iDNtXPfTSS0sLi2vpFcza+sbm1vZ7Z2KDmNFaJmEPFQ1H2vKmaRlwwyntUhRLHxOq36vOPKrt1RpFsob049oU+COZAEj2FipBxFc2GpBAkNQIAABgUErm3Pz7hhonnhTkivsl94fLr++S63sR6MdklhQaQjHWtc9NzLNBCvDCKeDTCPWNMKkhzu0bqnEgupmMr5+gA6t0kZBqGxJg8bq74kEC637wredApuunvVG4n9ePTbBeTNhMooNlWSyKIg5MiEaRYHaTFFieN8STBSztyLSxQoTYwPL2BC82ZfnSeU4753mT669XKEIE6RhDw7gCDw4gwJcQQnKNtQ7eIQneHbunaHz4rxOWlPOdGYX/sB5+wHdjZYQ</latexit>

p > pc

感染はど
んどん広

がる感染は収束

感染症の伝搬

この場合にグラフは人の繋がりのネットワーク
実際は感染する確率  は一定ではないp

SIR モデルなど感染症の標準的なモデルでは社
会的ネットワークの構造は考慮しない



パーコレーションの臨界現象 
臨界確率の近辺で何が起きるか？



二分木上のパーコレーションの臨界現象 1
 の場合　  とすると p < 1

2 n → ∞ Ψn(p) → 0
 ならΨn(p) ≪ 1

クラスターはおおよそレベル  まで到達するξ(p)

<latexit sha1_base64="s3jZwtFqjP21++ULl7b4G+7XNxc="></latexit>

 n(p) ' Cp (2p)n = Cp e�n/⇠(p)

<latexit sha1_base64="cLJSdFrgFErYl3C8eKSqufxlvuM="></latexit>

 n+1(p) = p (2 n(p)� { n(p)}2) ' 2p n(p)

 が  に近づくと、特徴的な 
長さ  は無限大に発散！
p 1

2
ξ(p) <latexit sha1_base64="5mUjXrCrWG1KEWongG9sK2qEHQ8=">AAAB6HicbZDLSgMxFIbP1Futt6orcWGwCK7KjIi6HHDjsgV7gXYomTTTxmaSIckIZejahRsXirj1kbrzOXwB08tCW38IfPz/OeScEyacaeO6X05uZXVtfSO/Wdja3tndK+4f1LVMFaE1IrlUzRBrypmgNcMMp81EURyHnDbCwe0kbzxSpZkU92aY0CDGPcEiRrCxVjXpFEtu2Z0KLYM3h5J/9NSR45PvSqc4bnclSWMqDOFY65bnJibIsDKMcDoqtFNNE0wGuEdbFgWOqQ6y6aAjdGadLoqksk8YNHV/d2Q41noYh7YyxqavF7OJ+V/WSk10E2RMJKmhgsw+ilKOjESTrVGXKUoMH1rARDE7KyJ9rDAx9jYFewRvceVlqF+UvavyZdUr+T7MlIdjOIVz8OAafLiDCtSAAIVneIU358F5cd6dj1lpzpn3HMIfOZ8/pseQig==</latexit>p

<latexit sha1_base64="/qnPrdx5sKltftzB3+GmtIC3B6k=">AAAB83icbVDJSgNBEK1xS4xb1KOXxiDoJcyI23HAi8cEzALJEHo6PUmTnp6hFzEM+Q0vHhTRoz/jzR8QP8POctDEBwWP96qoqhemnCntup/O0vLK6louv17Y2Nza3inu7tVVYiShNZLwRDZDrChngtY005w2U0lxHHLaCAfXY79xR6ViibjVw5QGMe4JFjGCtZUieIN7YHAMKZx0iiW37E6AFok3IyUfVb+/8rnzSqf40e4mxMRUaMKxUi3PTXWQYakZ4XRUaBtFU0wGuEdblgocUxVkk5tH6MgqXRQl0pbQaKL+nshwrNQwDm1njHVfzXtj8T+vZXR0FWRMpEZTQaaLIsORTtA4ANRlkhLNh5ZgIpm9FZE+lphoG1PBhuDNv7xI6qdl76J8VvVKvg9T5OEADm2QHlyCDzdQgRoQG+sDPMGzY5xH58V5nbYuObOZffgD5/0HEh+SCg==</latexit>

⇠(p)

<latexit sha1_base64="4YfWD67IZoxnH2p/S+BrvXR8+fk=">AAAB/3icbVC7SgNBFL0bXzG+4qOzGQyCVdgNonYGLLSMYB6QLGF2MpsMmZ1dZmaFuG7hrwhioQRbe7/AztI/cfIoNPHAvRzOuZe5c7yIM6Vt+8vKLCwuLa9kV3Nr6xubW/ntnZoKY0lolYQ8lA0PK8qZoFXNNKeNSFIceJzWvf7FyK/fUqlYKG70IKJugLuC+YxgbSQOT6DBBwkYCCTgQGp6CdJ2vmAX7THQPHGmpHD+cfd9OdxLKu38Z6sTkjigQhOOlWo6dqTdBEvNCKdprhUrGmHSx13aNFTggCo3Gd+fokOjdJAfSlNCo7H6eyPBgVKDwDOTAdY9NeuNxP+8Zqz9MzdhIoo1FWTykB9zpEM0CgN1mKRE84EhmEhmbkWkhyUm2kSWMyE4s1+eJ7VS0TkpHl87hXIZJsjCPhzAkYnzFMpwBRWomnjv4RFe4NV6sJ6tofU2Gc1Y051d+APr/QehSZZc</latexit>

1
2

<latexit sha1_base64="ZZaRozbaUUM6/FRGhP1/7m7LxLw="></latexit>

⇠(p) = � 1
log 2p = � 1

log(1+(2p�1))
<latexit sha1_base64="xidSIHumOqWKPOkn6gO40iE9wHU=">AAACOXicbVDLSsNAFL1pfdT6irp0EyxCQSxJERXcFERxWcE+oA1lMp20Q2eSODMRS+jn+Atu/At3QjcuFHHrDzh9LLTthbkczjmXO/d4EaNS2fabkUovLa+sZtay6xubW9vmzm5VhrHApIJDFoq6hyRhNCAVRRUj9UgQxD1Gal7vcqTXHoiQNAzuVD8iLkedgPoUI6Wp0MzDE0igwIHAvcY+CECAIQEHBroXdZ9nF/uOIYJBy8zZBXtc1jxwpiBXujh6TF8P3XLLfG22QxxzEijMkJQNx46UmyChKGZkkG3GkkQI91CHNDQMECfSTcaXD6xDzbQtPxT6Bcoas38nEsSl7HNPOzlSXTmrjchFWiNW/rmb0CCKFQnwZJEfM0uF1ihGq00FwYr1NUBYUP1XC3eRQFjpsLM6BGf25HlQLRac08LJrZMrXcGkMrAPB5DXoZ5BCW6gDBUd8jMM4QM+jRfj3fgyvifWlDGd2YN/Zfz8AtiDo0c=</latexit>

' 1
2

1
1
2�p



二分木上のパーコレーションの臨界現象 2
 の場合の漸化式p = 1

2

 での振る舞いは微分方程式で近似できるn ≫ 1

 のような特徴的な長さのない 
スケール不変な振る舞い！
ξ(p)

<latexit sha1_base64="dkT8/MDdZfSv5kYHj+E3tSnBINc="></latexit>

 n+1(
1
2 ) =

1
2 (2 n(

1
2 )� { n(

1
2 )}

2)
<latexit sha1_base64="bUlWeCof7PhPPqjCZmLsC3/95iQ="></latexit>

 n+1 � n = � 1
2 ( n)2

<latexit sha1_base64="986iE1ZS+3TbVeXRwhDTRtkASUE="></latexit>

d
dn n ' � 1

2 ( n)2
<latexit sha1_base64="qeJNkT/EqwjtyzNwSuLlZuydefc=">AAACF3icbZDNSgMxFIXvVKu19WfUhYibwSK4KjNF1I1QEMFlBfsD7VAyaaYNzWTGJCOUoW8hgu59CTcuFHGrO9/GTNuFtl5I+DjnXpJ7vIhRqWz728gsLGaXlnMr+cLq2vqGublVl2EsMKnhkIWi6SFJGOWkpqhipBkJggKPkYY3OE/9xi0Rkob8Wg0j4gaox6lPMVJaCs0deIIqSKDQAa45pQAI3Gj2QQACDAmUYaRvDqOOWbRL9riseXCmUKycZXeb94+Fasf8andDHAeEK8yQlC3HjpSbIKEoZmSUb8eSRAgPUI+0NHIUEOkm471G1oFWupYfCn24ssbq74kEBVIOA093Bkj15ayXiv95rVj5p25CeRQrwvHkIT9mlgqtNCSrSwXBig01ICyo/quF+0ggrHSUeR2CM7vyPNTLJee4dHSl07iASeVgD/bhEBw4gQpc6uBrOt47eIZXeDMejBfj3fiYtGaM6cw2/Cnj8wdvFZrZ</latexit>

 n ' 2

n
<latexit sha1_base64="P+BCCMl446L3W3dWRLxBpI6U+ro="></latexit>

 n(p) ' Cp e�n/⇠(p)ではp < 1
2



By Alexis Thierry Dugnolle (From Wikipedia “Percolation Theory”)

2次元格子上のパーコレーションの臨界現象

 での無限クラスターはスケール不変な図形p = pc

次元  
のフラクタル

D = 91
48 ≃ 1.8958



2次元パーコレーションの共形不変性

AB

C D

<latexit sha1_base64="vAf/YllJMwwfhVn2BpCp39xNqn4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2A9oQ9lsJ+3S3STsboQS+je8eFBEj/4Zb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGN1O/9YhK8zh6MOMEfUkHEQ85o8ZKIXzAHUhAGADtlStu1Z2BLBMvJxXIUe+Vv7r9mKUSI8ME1brjuYnxM6oMZwInpW6qMaFsRAfYsTSiErWfzW6ekBOr9EkYK1uRITP190RGpdZjGdhOSc1QL3pT8T+vk5rwys94lKQGIzZfFKaCmJhMAyB9rpAZMbaEMsXtrYQNqaLM2JhKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYJPMELvDqp8+y8Oe/z1oKTzxzCHzifP8Z+j5M=</latexit>

⌦

AB

C D

<latexit sha1_base64="ODH6gTpoHgY03hUNmk/FYChcN9U=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB4jmAckS5iddJIhs7PLzGwgLsFf8ZKDIl79D2/+jZNkD5pY0FBUddPdFcSCa+O6305ubX1jcyu/XdjZ3ds/KB4e1XWUKIY1FolINQOqUXCJNcONwGaskIaBwEYwvJ35jREqzSP5aMYx+iHtS97jjBorDWEKI6CgACEGDRwERCA7xZJbducgq8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2n8+sn5MwqXdKLlC1pyFz9PZHSUOtxGNjOkJqBXvZm4n9eKzG9Gz/lMk4MSrZY1EsEMRGZRUG6XCEzYmwJZYrbWwkbUEWZsYEVbAje8surpH5R9q7Klw+XpcpdFkceTuAUzsGDa6jAPVShBgye4AVe4c15dqbOu/OxaM052cwx/IHz+QPn8pJP</latexit>"

 複素平面  上の任意の有界で単連結な開集合 Ω ℂ
 領域  の境界上の点A, B, C, D Ω

 を格子間隔  の三角格子 
で近似
Ω ε



2次元パーコレーションの共形不変性

AB

C D

三角格子上の  のパーコレーション p = 1/2
 弧  と弧  が繋がっている確率Φε(Ω; A, B, C, D) AB CD

<latexit sha1_base64="Lz1e9qVXeNy5EVoW1lDfL5im3TQ="></latexit>

�(⌦; A,B,C,D) = lim
"#0

�"(⌦; A,B,C,D)

AB

C D

<latexit sha1_base64="vAf/YllJMwwfhVn2BpCp39xNqn4=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2A9oQ9lsJ+3S3STsboQS+je8eFBEj/4Zb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGN1O/9YhK8zh6MOMEfUkHEQ85o8ZKIXzAHUhAGADtlStu1Z2BLBMvJxXIUe+Vv7r9mKUSI8ME1brjuYnxM6oMZwInpW6qMaFsRAfYsTSiErWfzW6ekBOr9EkYK1uRITP190RGpdZjGdhOSc1QL3pT8T+vk5rwys94lKQGIzZfFKaCmJhMAyB9rpAZMbaEMsXtrYQNqaLM2JhKNgRv8eVl0jyrehfV8/vzSu06j6MIR3AMp+DBJdTgFurQAAYJPMELvDqp8+y8Oe/z1oKTzxzCHzifP8Z+j5M=</latexit>
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2次元パーコレーションの共形不変性
 複素平面  上の任意の有界で単連結な開集合 Ω′ ℂ

 となる任意の共形変換（正則写像）f(Ω) = Ω′ f
<latexit sha1_base64="inAvQFHLYBswGmZUEACJuFU8wfQ="></latexit>

A0 = f(A), B0 = f(B), C0 = f(C), D0 = f(D)

<latexit sha1_base64="07fsBrvdNwGzaZPvIzwyjRaBP/A="></latexit>

�(⌦; A,B,C,D) = �(⌦0; A0,B0,C0,D0)
定理 (Smirnov, 2001)
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三角格子上のパー
コレーション

は臨界点で自然に
共形不変性を

獲得する 

（数学的奇跡？！
）
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相転移と長距離秩序 
相転移の本質？



相転移と長距離秩序
相転移は長距離の秩序の有無の移り変わり

パーコレーション 
 クラスター有限　全体としてバラバラp < pc
 格子全体が繋がっている（長距離秩序）p > pc

水と氷の相転移
水　分子たちはバラバラに運動
氷　分子たちは整然とした結晶を構成（長距離秩序）

水の結晶（六方晶）

https://www.oist.jp/ja/news-center/photos/24297



相転移と長距離秩序
相転移は長距離の秩序が生まれるときに生じる

強磁性体（磁石）の相転移

高温　スピンの向きはバラバラ

低温　スピンの向きがそろう（長距離秩序）

数多くのスピン（=小さな磁石）の集まり

全体としては磁石ではない

全体として磁石！



長距離秩序は相転移の本質か？
二十世紀終盤までに理解されていた相転移はすべ
てなんらかの長距離秩序と関連していた
対称性とその自発的破れによる相転移と相の分類

今世紀になって長距離秩序や対称性の破れとは無
関係な相転移現象が認識される
トポロジカル相の間のトポロジカルな相転移

TOPOLOGY OF HALL CONDUCTANCE 349 

tity remains invariant under this transformation. From Eq. (3.8) the corresponding 
transformation of ji(k,, k2) is given by 

A’@, , kd = &k,, kz) + zV,f(k,, k,). (3.11) 

It is easy to see from Eqs. (3.9) and (3.11) that og is invariant under the transfor- 
mation (3.10). 

The non-trivial topology arises when the phase of the wavefunction cannot be 
determined uniquely and smoothly in the entire magnetic Brillouin zone. The 
transformation (3.10) implies that the overall phase factor for each state vector 
1 uklk2) can be chosen arbitrary. This phase can be determined, for example, by 
demanding that a component of the state vector u~,,Jx(~), y”‘) = (x(O), ~“‘1 uklk2) is 
real. However, this convention is not enough to fix the phase on the entire magnetic 
Brillouin zone, since z.Q&x’~), y(O)) vanishes for some (k,, k2). The existence of 
zeros of z+,,Jx, y) has been shown in Section II. For the sake of simplicity, consider 
the case where u,,,,(x(~), y(O)) vanishes only at one point (k\“, kh”) in the magnetic 
Brillouin zone. See Fig. 1. Divide T2 into two pieces HI and H,, such that H, con- 
tains (k!O), k$O)). We adopt a different convention in H, so that another component 
of the state vector z.++(x’~), y”)) = (x’~‘, y”‘] u~,~,) is real, where (x(l), y(l)) and H, 
are chosen such that LQ,,~~(x(‘), y’“) does not vanish in H,. Thus the overall phase 
is uniquely determined on the entrie T*. In Fig. 1, a phase of one component of the 
state vector u~,~~(x”‘, y(O)) = (.~~O’y(‘)l uklk2) is schematically drawn. 

IT rtt T 
0 

kl 
27T - 
qa 

FIG. 1. Schematic diagram of a phase of a wavefunction in the magnetic Brillouin zone. The 
Brillouin zone is actually a torus, so the edges (k,, kZ) = (0, k2) and (2z/qa, k,); and also the edges 
(k, . 0) and (k, , 2x/b) must be identified. 



量子スピン系の奇妙なふるまい 
トポロジカルな相転移



1 次元の反強磁性体
磁性体 = 磁石
数多くのスピン(=小さな磁石)の集まり

スピンが一列に並んだ磁性体
隣り合うスピンはなるべく逆を向きたい
基底状態（絶対零度で実現する状態）

1 次元の反強磁性体
<latexit sha1_base64="Ta7UDgsLPBi/TQVLJJ2xRJCK3Ws="></latexit>

E =
PL

j=1 Sj · Sj+1 古典ハイゼンベルク模型



1 次元の量子反強磁性体

スピンは量子力学の法則に従う

量子効果によってスピンは乱れる

1 次元の量子反強磁性体

スピンが一列に並んだ磁性体
隣り合うスピンはなるべく逆を向きたい

基底状態（絶対零度で実現する状態）

<latexit sha1_base64="lEZ8QhKBf1ZEl2uYQS4tSjIuEuk="></latexit>

Ĥ =
PL

j=1 Ŝj · Ŝj+1 ハイゼンベルク模型



1 次元の量子反強磁性体

量子効果を取り入れた基底状態(絶対零度の状態)

スピンはほとんど逆向きにそろい、乱れは小さい
スピンの「大きさ」  が最小の  のときS 1

2

Bethe (1931)

Haldane (1983)

スピンは激しく乱れている
スピンの「大きさ」  が  のときS 1

<latexit sha1_base64="lEZ8QhKBf1ZEl2uYQS4tSjIuEuk="></latexit>

Ĥ =
PL

j=1 Ŝj · Ŝj+1 ハイゼンベルク模型



一般の  についての Haldane の結論S

絶対零度でスピンはゆるやかにそろっている
スピンが半奇数 の場合S = 1

2 , 3
2 , …

基底状態の性質は、スピンが半奇数  
か整数  かで質的に異なる！

S = 1
2 , 3

2 , …
S = 1,2,…

スピンが整数  の場合S = 1,2,…
絶対零度でもスピンは激しく乱れている 
（まるで高温状態）

量子効果を取り入れた基底状態(絶対零度の状態)

<latexit sha1_base64="lEZ8QhKBf1ZEl2uYQS4tSjIuEuk="></latexit>

Ĥ =
PL

j=1 Ŝj · Ŝj+1 ハイゼンベルク模型



一般の  についての Haldane の結論S

1981 年の論文の査読レポート
“This is in manifest contradiction to fundamental 
principles of physics”

基底状態の性質は、スピンが半奇数  
か整数  かで質的に異なる！

S = 1
2 , 3

2 , …
S = 1,2,…

長年にわたって研究されていた標準的な模型につ
いての常識破りの驚くべき結論

その後の様々な研究（実験、数値計算、理論、厳
密に解ける模型…）の結果は Haldane の主張が
正しいことを裏付けた
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Figure 8: Graphical representation of the AKLT ground state. The black dots denote

auxiliary spin 1/2 “particles”, the ovals project on spin 1, and the lines mean that

two spins 1/2 form a singlet state. Since two of the four spin 1/2 on two adjacent

sites form a singlet, the maximal total spin is 1, so the projection on spin 2 gives

zero. Since this is true for all pairs, this state is clearly an eigenstate of HAKLT .

Also note the unpaired spins at the end of the chain, which are the fractionalized edge

modes. (Figure taken from the Wikipedia article: AKLT model.)

the problem is much more complicated. The large fluctuations responsible for
generating the mass gap typically have non-zero winding numbers and, because
of the sign, (�1)

Q, there may be important cancellations. Thus, although the
argument based on the behaviour of the sigma model works for the integer
spin chains, it breaks down in the half-integer case. This observation, together
with the spin 1/2 chain being gapless, provides a motivation for the Haldane
conjecture. Note that the most surprising result – that the integer spin chain
is gapped – is natural in the language of the sigma model, while it was harder
to understand what happens in the half-integer case. Only later was it proven
that the ✓ = ⇡ sigma model really is gapless [48].

We now complement the above rather abstract argument, which also relied
on the assumption of large S, with a description of a very instructive and
exactly solvable model for S = 1, which is a close cousin of the Heisenberg
model in Eq. (1). The Hamiltonian for this AKLT chain, named after its
inventors Ian Affleck, Tom Kennedy, Elliott Lieb and Hal Tasaki, is [1]

HAKLT =

X

i


1

2

~Si · ~Si+1 +
1

6

⇣
~Si · ~Si+1

⌘2

+
1

3

�
=

X

i

P2(
~Si +

~Si+1) (18)

where ~Si is a spin 1 operator at the lattice site i, and P2 projects on the
subspace corresponding to spin 2 on two adjacent lattice sites. To find the
ground state, we imagine that each link in the chain hosts two auxiliary spin
1/2 that are projected to a spin 1. As explained in Fig. 8, forming a spin
singlet at each link in the chain gives an eigenstate of the Hamiltonian with zero
energy. Since the Hamiltonian is a sum of projectors, the ground state energy

17



AKLT 模型
Haldane が予想した、スピンの大きさが 1 で 
激しく乱れた基底状態の数学的に厳密なモデル

Figure 8: Graphical representation of the AKLT ground state. The black dots denote

auxiliary spin 1/2 “particles”, the ovals project on spin 1, and the lines mean that

two spins 1/2 form a singlet state. Since two of the four spin 1/2 on two adjacent

sites form a singlet, the maximal total spin is 1, so the projection on spin 2 gives

zero. Since this is true for all pairs, this state is clearly an eigenstate of HAKLT .

Also note the unpaired spins at the end of the chain, which are the fractionalized edge

modes. (Figure taken from the Wikipedia article: AKLT model.)

there will be a phase factor ei2⇡SQ. It follows that for integer spins this factor
is always 1, and we conclude that the chain is gapped. For half-integer chains
the problem is much more complicated. The large fluctuations responsible for
generating the mass gap typically have non-zero winding numbers and, because
of the sign, (�1)Q, there may be important cancellations. Thus, although the
argument based on the behaviour of the sigma model works for the integer
spin chains, it breaks down in the half-integer case. This observation, together
with the spin 1/2 chain being gapless, provides a motivation for the Haldane
conjecture. Note that the most surprising result – that the integer spin chain
is gapped – is natural in the language of the sigma model, while it was harder
to understand what happens in the half-integer case. Only later was it proven
that the ✓ = ⇡ sigma model really is gapless [48].We now complement the above rather abstract argument, which also relied
on the assumption of large S, with a description of a very instructive and
exactly solvable model for S = 1, which is a close cousin of the Heisenberg
model in Eq. (1). The Hamiltonian for this AKLT chain, named after its
inventors Ian Affleck, Tom Kennedy, Elliott Lieb and Hal Tasaki, is [1]HAKLT =

X
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where ~Si is a spin 1 operator at the lattice site i, and P2 projects on the
subspace corresponding to spin 2 on two adjacent lattice sites. To find the
ground state, we imagine that each link in the chain hosts two auxiliary spin
1/2 that are projected to a spin 1. As explained in Fig. 8, forming a spin
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乱れた基底状態を持つ模型
Haldane が予想した、激しく乱れた基底状態
を持つモデル

ĤAKLT =
PL

j=1

�
Ŝj · Ŝj+1 +

1
3 (Ŝj · Ŝj+1)2

 

AKLT 模型

当たり前の理由で、激しく乱れた基底状態
を持つモデル

<latexit sha1_base64="bZvTYmAmYFcWLD521e18L78qHbU="></latexit>

Ĥtrivial =
PL

j=1(Ŝ
(z)
j )2

0 0 0 0 000 00 0 00 0

自明な模型

どちらもスピンの大きさは 1



二つの模型をつなぐ 
ĤAKLT =

PL
j=1

�
Ŝj · Ŝj+1 +

1
3 (Ŝj · Ŝj+1)2
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Ĥs = sĤAKLT + (1� s)Ĥtrivial
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数値計算は桂法称氏による
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s
<latexit sha1_base64="tAoCvPhjunlb5GZUJXJaRhoYV9Q=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdi10c6AiJYJmAskS5idnE3GzM4uM7NCWPIENhaK2Pok1pZ2lr6Jk0uhiT8MfPz/Ocw5J0gE18Z1v5yl5ZXVtfXcRn5za3tnt7C3X9dxqhjWWCxi1QyoRsEl1gw3ApuJQhoFAhvB4HKcN+5RaR7LWzNM0I9oT/KQM2qsVdWdQtEtuRORRfBmULz4+L5+B4BKp/DZ7sYsjVAaJqjWLc9NjJ9RZTgTOMq3U40JZQPaw5ZFSSPUfjYZdESOrdMlYazsk4ZM3N8dGY20HkaBrYyo6ev5bGz+l7VSE577GZdJalCy6UdhKoiJyXhr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105LnlryqVyxfwVQ5OIQjOAEPzqAMN1CBGjBAeIAneHbunEfnxXmdli45s54D+CPn7QfYE4/o</latexit><latexit sha1_base64="usEhJX/6iZrJoL9ND0L3BPTG3Sc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozXvRmQESPCZgFkiH0dGqSNj0L3T1CHPIEXjwo4tUH8EE8evOYN7GzHDTxh4aP/6+iq8qLBVfatr+tzNLyyupadj23sbm1vZPf3aupKJEMqywSkWx4VKHgIVY11wIbsUQaeALrXv9ynNfvUSoehbd6EKMb0G7Ifc6oNlZFtfMFu2hPRBbBmUHh4nN0/XHwMCq381+tTsSSAEPNBFWq6dixdlMqNWcCh7lWojCmrE+72DQY0gCVm04GHZJj43SIH0nzQk0m7u+OlAZKDQLPVAZU99R8Njb/y5qJ9s/dlIdxojFk04/8RBAdkfHWpMMlMi0GBiiT3MxKWI9KyrS5Tc4cwZlfeRFqp0XHLjoVp1C6gqmycAhHcAIOnEEJbqAMVWCA8AjP8GLdWU/Wq/U2Lc1Ys559+CPr/QepfpFF</latexit><latexit sha1_base64="usEhJX/6iZrJoL9ND0L3BPTG3Sc=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozXvRmQESPCZgFkiH0dGqSNj0L3T1CHPIEXjwo4tUH8EE8evOYN7GzHDTxh4aP/6+iq8qLBVfatr+tzNLyyupadj23sbm1vZPf3aupKJEMqywSkWx4VKHgIVY11wIbsUQaeALrXv9ynNfvUSoehbd6EKMb0G7Ifc6oNlZFtfMFu2hPRBbBmUHh4nN0/XHwMCq381+tTsSSAEPNBFWq6dixdlMqNWcCh7lWojCmrE+72DQY0gCVm04GHZJj43SIH0nzQk0m7u+OlAZKDQLPVAZU99R8Njb/y5qJ9s/dlIdxojFk04/8RBAdkfHWpMMlMi0GBiiT3MxKWI9KyrS5Tc4cwZlfeRFqp0XHLjoVp1C6gqmycAhHcAIOnEEJbqAMVWCA8AjP8GLdWU/Wq/U2Lc1Ys559+CPr/QepfpFF</latexit><latexit sha1_base64="OxOLrntTln7cSloH7d+WEH80VQ0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LEggscWTFtoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dkobm1vbO+Xdyt7+weFR9fikrZNMMfRZIhLVDalGwSX6hhuB3VQhjUOBnXByO/c7T6g0T+SDmaYYxHQkecQZNVZq6UG15tbdBcg68QpSgwLNQfWrP0xYFqM0TFCte56bmiCnynAmcFbpZxpTyiZ0hD1LJY1RB/ni0Bm5sMqQRImyJQ1ZqL8nchprPY1D2xlTM9ar3lz8z+tlJroJci7TzKBky0VRJohJyPxrMuQKmRFTSyhT3N5K2JgqyozNpmJD8FZfXiftq7rn1r2WV2vcFXGU4QzO4RI8uIYG3EMTfGCA8Ayv8OY8Oi/Ou/OxbC05xcwp/IHz+QPenIz3</latexit>

 の基底エネルギー直上のエネルギーギャップĤs

相転移の兆候！

特徴的な長さ

∝ (

) −1
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相転移の兆候！

トポロジカルな相転移

AKLT 模型 自明な模型

乱れた状態 乱れた状態

相転移
「乱れた状態」と「乱れた状態」の間の相転移？！

<latexit sha1_base64="VQFqAhAXgEHnaSjMBr6vS4NCY1g=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgIgeEzALJEPo6VSSNj0L3T1CHPIEXjwo4tUH8EE8evOYN7GzHDTxh4aP/6+iq8qLBFfatr+t1MLi0vJKejWztr6xuZXd3qmoMJYMyywUoax5VKHgAZY11wJrkUTqewKrXu9ylFfvUSoeBre6H6Hr007A25xRbaySamZzdt4ei8yDM4Xcxefw+mPvYVhsZr8arZDFPgaaCapU3bEj7SZUas4EDjKNWGFEWY92sG4woD4qNxkPOiCHxmmRdijNCzQZu787Euor1fc9U+lT3VWz2cj8L6vHun3uJjyIYo0Bm3zUjgXRIRltTVpcItOib4Ayyc2shHWppEyb22TMEZzZleehcpx3TvMnJSdXuIKJ0rAPB3AEDpxBAW6gCGVggPAIz/Bi3VlP1qv1NilNWdOeXfgj6/0HrGyRTg==</latexit>s
<latexit sha1_base64="zCKjXmMUPk0aOGqcasYGR71FkE4=">AAAB6HicbZDJSgNBEIZr4hbjFpebl8YgeAozIurNgIgeEzALJEPo6VSSNj0L3T1CHPIEXjwo4tUH8EE8evOYN7GzHDTxh4aP/6+iq8qLBFfatr+t1MLi0vJKejWztr6xuZXd3qmoMJYMyywUoax5VKHgAZY11wJrkUTqewKrXu9ylFfvUSoeBre6H6Hr007A25xRbayS3czm7Lw9FpkHZwq5i8/h9cfew7DYzH41WiGLfQw0E1SpumNH2k2o1JwJHGQascKIsh7tYN1gQH1UbjIedEAOjdMi7VCaF2gydn93JNRXqu97ptKnuqtms5H5X1aPdfvcTXgQxRoDNvmoHQuiQzLamrS4RKZF3wBlkptZCetSSZk2t8mYIzizK89D5TjvnOZPSk6ucAUTpWEfDuAIHDiDAtxAEcrAAOERnuHFurOerFfrbVKasqY9u/BH1vsPRuCRCw==</latexit>

0 <latexit sha1_base64="1XV1FDw78bplzsitwgUtGRny/0o=">AAAB5HicbZC7SgNBFIbPxltcb1HsbAaDYBV2RdTOgIiWEcwFkiXMTs4mY2YvzMwKcckT2Fgotj6BD2JpZ5k3cZJYaOIPAx//fw5zzvETwZV2nC8rt7C4tLySX7XX1jc2twr2dk3FqWRYZbGIZcOnCgWPsKq5FthIJNLQF1j3+xfjvH6PUvE4utWDBL2QdiMecEa1sW7cdqHolJyJyDy4P1A8/xhdve8+jCrtwmerE7M0xEgzQZVquk6ivYxKzZnAod1KFSaU9WkXmwYjGqLyssmgQ3JgnA4JYmlepMnE/d2R0VCpQeibypDqnprNxuZ/WTPVwZmX8ShJNUZs+lGQCqJjMt6adLhEpsXAAGWSm1kJ61FJmTa3sc0R3NmV56F2VHJPSsfF8iVMlYc92IdDcOEUynANFagCA4RHeIYX6856sl6nhTnrp2MH/sh6+wbNmY/l</latexit>1

Ĥs = sĤAKLT + (1� s)Ĥtrivial
<latexit sha1_base64="WtmERGQNHIFAXHRR6Wah77WLYRg="></latexit><latexit sha1_base64="k34dAbj6ZOcK/8w0AGVIryjyKus="></latexit><latexit sha1_base64="k34dAbj6ZOcK/8w0AGVIryjyKus="></latexit><latexit sha1_base64="qwbu/tU0Ge8bwpH30E93KSRpbhM="></latexit>

Haldane 相 自明相



トポロジカルな相転移

Haldane 相

自明相
基底状態は一意的でエネルギーギャップを伴う

基底状態は一意的でエネルギーギャップを伴う

基底状態は長距離秩序を示さず、磁化もゼロ
端のある格子でももちろん磁化はゼロ

端のある格子では、端点（切り口） 
に実効的なスピンの自由度が出現！

『いらすとや』の素材を使用

基底状態は長距離秩序を示さず、磁化もゼロ



トポロジカルな相転移

Haldane 相

自明相
基底状態は一意的でエネルギーギャップを伴う

基底状態は一意的でエネルギーギャップを伴う

基底状態は長距離秩序を示さず、磁化もゼロ
端のある格子でももちろん磁化はゼロ

端のある格子では、端点（切り口） 
に実効的なスピンの自由度が出現！

『いらすとや』の素材を使用

基底状態は長距離秩序を示さず、磁化もゼロ
不純物を含む擬 1 次元 
 反強磁性鎖の実験でも確認！S = 1



トポロジカル相と端状態
端のある格子では、端点（切り口） 
に実効的なスピンの自由度が出現！

『いらすとや』の素材を使用

元のスピンの大きさは  だが端スピンの大きさは  1 1
2

https://earthobservatory.nasa.gov/images/43105/kelvin-wave-renews-el-niao

端に安定した新しい自由度が出現 
するのがトポロジカル相の特徴
トポロジカル絶縁体、 
量子ホール効果の端電流
ケルビン波（赤道付近を伝播する海水の波）



相転移は無数の要素が集まって全体として生み出
さられる「協力現象」の一種 
パーコレーションのような単純なモデルでさ
え、様々な応用があり、未だ解明しきれないほ
ど豊かで非自明な相転移と臨界現象を示す 
前世紀までは相転移は長距離秩序と「対称性の
破れ」の観点で理解できると考えられていた 
近年は「無秩序状態の間の相転移」であるトポ
ロジカルな相転移が注目を浴びて研究されている

まとめ

イラスト：成瀬ちさと、いらすとや


