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“Pure” BEC (99% is condensed)

Cold atomic gases
1995 cold atomic bose gas
87Rb, 23Na, ’Li
Cornell (colorado), Ketterlemim)
& Wieman (Colorado)
2003 cold atomic fermion gas
JILA(Colorado), MIT

doppler laser cooling
magneto-optical trap
evaporative cooling

Temperature ~10-5,10-7 K
Number ~ 105, Size ~10-3cm




Scalar BEC, “He superfluid
Gross-Pitaevskii (nonlinear Schrodinger) Equation

ot 2M

UL : chemical potential M : mass of atoms

1
trapping potential }7_ = 5 Mco>r? Uw)

L 0 h’ 2 2 OF _ 4mh’ag
W L e p ol et

d ¢ : s-wave scattering length

Gross-Pitaevskii enerqy functional
h 2 2 g 4
— 3 — —
Ely - fd'r {TM‘W‘ w7 - wif + S }

Note: derived by Bogoliubov theory
weakly interactive Bose gas
with point interaction V' () = g6 (7)




Quantization Jr - h I 1 WV - gVy

Vo = v -
kerx[U(1)]=Z it M eff = 5 STET
— f(r)eik@ Ve =0 Superfluid verlocity
;U il
NSy ¥ energy
| ’/‘/ \ k2 miw A .
1- iy TN

tension T =2m’k’logA sytem size A

4y’ .
Intervortex - _ " djstance R
force



Rotation

M
Rotating frame V —V - i?szxr

E[I/J]=fd3r {% lé—iﬁﬂxr\{/)

h J

2

+ (Vg — M)W‘Z +§W‘4

Vst = Vexs _%92”2

Superconductors under magnetic fields
= generaction of a vortex lattice



Vortex lattice in BEC (expretiment), 2001

MIT [Abo-Shaer et.al, Science 292 (2001) 476]

*NSae

K. W. Madison et al. PRL 86, 4443 (2001)




Vortex lattice in BEC (simulation) K.Kasamatsu

amplitude phase (Kinki U.)
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Miscible 2 component BEC (T/J Y )
1>F2

Gross-Pitaevskii energy functional

h’ 2 2 g
E[l//]=fd3r {2 &\V% + (Vext — Mi)Wi /|+ 2 5 ’?‘/}i
Experiments

Rb, 2 comp BEC (of the same atom with different hyperfine 72, =m,)

Q) |1,—1), |2, 1): Matthews, Anderson, Haljan, Hall, Wieman, and Cornell,
Phys. Rev. Lett., 83, 2498 (1999).

® 12, 1), ]2, 2) : Maddaloni, Modugno, Fort, Minardi and Inguscio,
Phys. Rev. Lett. 85, 2413 (2000)

W |

In the following it phase
W= =, miscible \ separation
g = 8 g <&8n

g1=8»=8g, &,>0



Eto-Kasamatsu-MN-Takeuchi-Tsubota

Fractional vortex Phys.Rev. A83 (2011) 063603 [arXiv:1103.6144]
g=8n 0/ T 06 -
0. ; 0: 0. ;
0234 0.
215 10 -5 5 10 15 T T S S S ST
g12<0 g15=0 g12>0
attraction non-interactive repulsion

Invervortex  (1,0) (¢.1) @ «—— @

force log R 1/R
(@distance R) E12 R3

| 1/R
(0,1) (1,e) O «——O



(1,0) circulation, - ‘qj

g, >0 ® o v, o v, =
(1,0) — 2 2 0
Integer @ v+,
vortex = (0,1) )2 - O, =
' 2
D, (1,1) Apairof O P, =—52—®,
fractional v, +V,
vortices N

Quantization of circulation (1,0) fractional

2
= [d*x o =, drv- 1,

Sloo 2 2
/ Vi + V)

fy=— lf(po Tanaka(‘01), Babaev(‘02)
: v, +V, 27 : for 2gap superconductors




Vortex ... Q rot

Phase . i

diagram ... U T Y S
Mueller 812/ g
&Ho(‘02)
1 g,/2>1 Vortex
sheets
Kasamatsu-
Tsubota&

Ueda(‘03)




Vortex lattices of miscible 3 component BECs without Rabi
|,

¥ Cipriani & MN
Phys.Rev.A88

(2013) 013634
arXiv:1304.4375
[cond-mat.quant-gas]

0 -10 -10
-10-5 0 5 10 -10-5 0 5 10 -10-5 0 5 10

|7+ ]+ 5] [P, %, |9, [%, |¥3]* Overlay

10

Always
Abrikosov

# comp = # edges of triangle

Simulating QCD
10
10 -5 o 5 10 -0 -5 o 5 10 (colorsuperconductor)




Miscible 2 component BEC + Rabi

Gross- Pltaevsku e?ergy functional
h2

‘ 2 \ g
E ‘V Xt xuz ‘ E J
Rm
@U&UJB internal coherent coupling
- (Rabi oscillation) |

Josephson coupling=supercond

~ Yy, +c.c= =2y, ||y, |cos(6, - 6,)

w, >0 6, =0, Phases coincide

Ely |- [dr

w,<0 6, =0,+m T Phase



0)12 #Z= 0 (ml = m2,V1 = V2)
(\IJI,’LIIZ )N (ei91 ,1) — ei91/2(1,1)ei910'3/2
(lplaqu )N (1981'92 — ei92/2(1,1)e—i920'3 /2

b, b, U, . U
L1y ()40
(B)47)

relative

gauge

(190) = —(1,—1

(0,1) =




w,, =0

(ml =m,,V, = Vz)

(\IJI,lIJZ )N (e”.1) =e "7 (1,1)e’ ">
(LIJI,\IJZ )N (1981'92 — ei92/2(1,1)e—i920'3/2

b1 O—L—O b2 U(l)gauge U(l)relative

r

1 1
(190) = 5(191) + 5(1,—1) : bl + 7

Sine-

Gordon 1 1

kink - (0,1) = 5(1,1) — 5(1,—1) . b, —r
Kasamatsu .

Tsubota & . a)@)ﬂ/}z + C.C)

Ueda, I

PRL93(‘04) * = =2y, ||y, |wcos(b, - 6,)

Kink: Tanakaf01), - . Along the path r_

Molecule: Babaev(‘02), Goryo et.al (‘07) _
for 2 gap superconductors AG = (91 - 02 changes 2
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Miscible 2 component BEC + Rabi

Gross-Pitaevskii energy functional

S b

+ ( ext luz

R

E[y/]=fd3r J

v

ﬂl/} (P C mternal coherent coupling
(Rabi oscillation)

Josephson coupling=supercond

We rotate the system. V —V —iQxr
We introduce the trapping potential. }

ext



Vortex lattices of miscible 2 component BECs with Rabi

3

wr/d | | Integer vortex Abrikosov lattice

Cipriani & MN

Internal coherent
(Rabi) coupling

Phys.Rev.Lett. 111
(2013) 170401

WP, +c.c. [arXiv:1303.2592]
L/ 4| 2(€) frommmm] 2(E) fre 2(,g) 1 2(0) - Inter-component
@ ) l @ coupling
2(c) glz“Pl‘ ‘Lpz‘
o ‘ bo co | [do| 6=g1s/g

0.3




Vortex lattices of miscible 2 component BECs with Rabi

wR/d kl Integer vortex Abrikosov lattice H Cipriani & MN
Internal coherent |* . Phys.Rev.Lett. 111
(Rabi) coupling largew,, (%) (2013) 170401
¥ W, + c.c. p o : |  [arXiv:1303.2502]
1/412(0) =1 & 1 2(0) Inter-component
20 coupling
_ - ng “Pl ‘2 ‘\PZ ‘2

Kasamatsu,
Tsubota & Ueda,
PRL91 (‘03)

Triangular lattice Square lattice



Vortex lattices of miscible 2 component BECs with Rabi

A

wRr/o
Internal coherent
(Rabi) coupling

ES
¥, W, +c.c.

1/44-

1/10A

|le1|2 + |q12|2

Integer vortex Abrikosov lattice Cipriani & MN

! Phys.Rev.Lett. 111
(2013) 170401

50 - > 15 =
—15-10-5 0 5 10 15 —15-10-5 0 5 10 15

[arXiv:1303.2592]
2(e) 2(f) 2(g) i 2(b) [ Inter-component
: coupling
2(a) | - 2(b) i

B
oW, W, +c.c.



Vortex lattices of miscible 2 component BECs with Rabi

wRr/o
Internal coherent
(Rabi) coupling

ES
¥, W, +c.c.

1/44

1/10

A

Integer vortex Abrikosov lattice Cipriani & MN

! Phys.Rev.Lett. 111
(2013) 170401

|le1|2 + |q12|2

[arXiv:1303.2592]
-12(0) 2(0) 2(e) [ 2(h) [ Inter-component
rvoce B Evren coupling
Z\{ar) A\b} g12|q’1|2|q’2|2

L 15 =
-15-10-5 0 5 10 15 —15-10-5 0 5 10 15 =5 0 5

W W, +c.c. arg¥, —argW,



Vortex lattices of miscible 2 component BECs with Rabi

wR/d A Integer vortex Abrikosov lattice Cipriani & MN
Internal coherent - Phys.Rev.Lett. 111
(Rabi) coupling i (2013) 170401
W, +c.c. i [arXiv:1303.2592]
1/4+ 2(e) prmmeeemy 2(£) 2(g) 1 2(h) p-
' Phase
1/10+12¢=) 2th) separation

L . 15T ot
-15-10-5 0 5 10 15 ~=I5-10-5 O 5 10 15

2 2 %
| + P, | WP W, +c.c.




Vortex lattices of miscible 2 component BECs with Rabi

wRr/o
Internal coherent
(Rabi) coupling

Integer vortex Abrikosov lattice

Cipriani & MN
Phys.Rev.Lett. 111
(2013) 170401

WP, +c.c. [arXiv:1303.2592]
L4712 120 2(g) jj 2(h) - Inter-component
coupling
1/104262) 26
" A0+ Tr2 () g P
0] 0] 0O\ GCO
5 5
N 0 g b
—5? _53 CRd)
10 | =10 O\o dQ
15 - > 15 T
-15-10-5 0 5 10 15 -15-10-5 0 5 10 15
|‘I‘1|2 + |‘112|2 oW, ¥, +c.c.




Vortex lattices of miscible 2 component BECs with Rabi

wp /o [ [ Integer vortex Abrikosov lattice Cipriani & MN
Internal coherent - Phys.Rev.Lett. 111
(Rabi) coupling i (2013) 170401
W, +c.c. i [arXiv:1303.2592]
/4 25 2R Inter-component
: coupling
1/104-] 2(a) |-mmme »

-15-10-5 0 5 10 15 —15-10-5 0 5 10 15
2 2 %
W+ |, WP W, +c.c.




Vortex lattices of miscible 2 component BECs with Rabi

wp/o | | Integer vortex Abrikosov lattice Cipriani & MN
mte;"\a' °°h|ere"t — : Phys.Rev.Lett. 111
% i CG—OXG—O)CG—O)|3) 170401

g @ Partner changing _ = =2~ 0"

%3 @ (reconngction) 0D GO 50 1ter-com_ponent

(g%g

8 .............. coupling
Yo X (a green dashed ——+-(@OXG-DGO) 21y 2
% g oval boxes % o0 G0 G g12|lpl| |lpz|

.
.....

YERRE 050 5 10 15



Square lattice

Ca NG NC. | Ca NCL NC.
C 29N 29N 29 = JCs JCo  IC
COCOCe [ GCOGeGe
¢© 6O C_@reconnection_C » O
Ca NC. NC. | Ca NC NC. |
“ 29N 29N 29 VG 9COC—



Square lattice

4

N

el = Lok @-@ eo----
_%“%_@‘;@reconnectlon *@ %% @’-

Abrikosov’s
triangular lattice

Less enerqy

square lattice




9 29
COC0Ce
OO0
— erleler
CYSEYSEYS)
e

reconnection rotation



Triangular lattice Keeping partners
g‘e

g% # o?°

gi@ ol adCa OGO

@‘9% ‘e‘g‘j POBOBO
o of® 09

reconnection rotation

© 6O
COCOOS

T

Less energy




BEC | vortex trimer Baryon =q-q-q QCD

Three component BEC Y-junction of fluxes
+ internal coherent couplings not A

vvvvvvvvvvvvvvvvvvv

_;j: -13 -.l '.A) ; ; l;
Eto-MN, Phys.Rev.A85(2012)053645 ]
[arXiv:1201.0343[cond-mat.quant-gas]] 1Chie-Suganuma et.al (‘03)




4 component BEC

Eto & MN, Europhys.Lett. 103 (2013) 60006
[arXiv:1303.6048 cond-mat.quant-gas]

Gross-Pitaevskii energy functional

S b

+ ( ext qu

R

v

E[yj]=fd3r J

‘QZI/J (P C mternal coherent coupling
(Rabi oscillation)

Graph theory (Mathematics)

(3,2,2,1)

Josephson coupling=supercond

Edges = coherent couplings

a)l.j;éO

# edges

o~

Vertices = Vortices

@ each vertex O —




I — N ——
EEEE

Left
=absolute
minimum
Right
=local min.

4 component BEC
All possible
connected graphs

W, = or O



One can manipulate Eto & MN, Europhys.Lett. 103 (2013) 60006
the shape of graphs [arXiv:1303.6048 cond-mat.quant-gas]

as one likes, l_m

by changing @, . -
o I—oms

7 component BEC. - boso
1 I '
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Quantum Chromo Dynamics (QCD)
Quark matter quarks

Color-flavor locked qi = u,d,s flavor(global) SU(3)
(CFL) phase a o =r,9,b color(gauge) SU(3)

“Color superconductor”
Quark-Gluon Plasma

@ high density
Bailin-Love(‘79),
Iwasaki-lwado(‘95)

' AIford RajagopaI-W/{rIczek( 98)
D, = €0, €539, ~
3x3 matrix

Temperature 7

ol
Color superconductivity

f Fukushi & Hatsud

Rept Prog Phys. 74 (2011) 01400 as well as superfluidity




Quantum Chromo Dynamics (QCD)
quarks

Quark matter

l
Color-flavor locked q
(CFL) phase a o

A NEUTRON STAR: SURFACE and INTERIOR
Sarss spaghats

= u,d,s flavor(global) SU(3)
=r,9,b color(gauge) SU(3)

“Color superconductor”
@ high density
Bailin-Love(‘79),

Iwasaki-lwado(‘95)
Alford- RajagopaI-W/{rIczek( 98)

(I)(xz = g(xfo’y ykqﬁqy loa

N 4 3x3 matrix
K neutron Color superconductivity
" stars as well as superfluidity

AAAAAAAAAA
————————————

OOOOOOOO

e INNER CORE

hitp :/www.astro.umd .edu/~miller/nstar.html



Color superconductor

— B v
(I)ai _ 80{[3’y8y‘kqj 9k &

a=1273(r,g,b) i=12,3 (u,d,s)

D = d[bsr] Stpl u[bdr] : = br
QI[rSg] E[rug] u[i’dg] /b =78
u=ds d=sb s=ud
G = U(I)B X SU(3)C X SU(3)F (I)ai — eiagcolorq)aigﬂavor

€S Sielly) Upe, \};=gb



Color superconductor
— By
(I)ai _ 8aﬁy€y’kqj 9k
a=1273(r,g,b) i=12,3 (u,d,s)

Ground B
state A O O \V = gb
o =10 A 0 }g = br
color-flavor 0 0 A Jb=rg

locked (CFL) wu=ds d=sb s=ud
G =U(1), xSUQ3). x SU(3), %B superfluidity
3

— -1 . .
— H = SU(3)C+F g =gl )Ccolor superconductivity



Color superconductor

_ B v
Integer D, =€.4E:19; 9

quantized |

superfluid o = 19293 (rn gab) I = 19293 (ua da S)

vortex _
(Abelian) 1(’” 0 0 Y =gb
D = 0 Al(r 0
\ 0 0 Al(rb

u =ds d =sb s =ud

lida & Baym, Forbes & Zhitnitsky(‘02)

= br



Color superconductor

— B v
(I)ai _ 80{[3’y8y‘kqj 9k &

a=123(r,g,b) i=12,3 (u,d,s)

1/3 quantized _
\Ollortex 1(r 0 0 \’; = gb
b

b = 0 A, (7) 0 |[g=0br

al

\ 0 0 Ayr))

uUu=ds d=sb s=ud

Balachandran, Digal & Matsuura (BDM) (‘05)
Nakano, MN & Matsuura (‘07), Eto & MN (‘09)



1/3 quantized vortex

1(r 0 0 \

e

D = 0 A, (7) 0
\ 0 0 AO(V)/
N o 0 0\AG() O 0
=§exp %9)6)([)? -1 0 0 A() O
113 Guantized 0 -1/%0 0 Ar))

SU(3) color gauge tr Superfluid vortex
—> co or flux tube Non-Abelian vortex



1/3 quantized vortex

1(r 0

P = 0 Ay(7)
\ 0

T —

1.0 \{(

A

0:4 ‘l‘/ Al

0o \ I Gauge field

— mgr

0 )
0

AO(V)/

F = Al + 2A0, trace
Profiles G=A -A, traceless

T 1 1
o1 = g Tem s (- o L)
19 2/714,1“( ( 3/71;/)1“ (m(,)r)4

T
~ -~ , =M, r
0G = q K ;3(m,r) = q, T X"
X
,'mncr B
oh = ggmgrK,(mgr) = qg 5S¢ mgr

Eto & MN (‘09)




1/3 quantized vortex

o(7) 0 0

o =0 Al(r 0

\ 0 0 Ay(7))

e

10 0NAM 0 0
~ exp g}xp? 0 @ ol 0o A@) o

1/3 quantized 0 0 =110 0 Ay(7) )

SU(3) color gauge tr Superfluid vortex
—> co or flux tube Non-Abelian vortex




1/3 quantized vortex

o(7) 0 0 \|

e

o =0 A, (7) 0

\ 0 0 A(r
1

— , £1 0 0\ (r) 0 0
=Eexp g}xpﬁ A,(7) 0
113 Guantized 0 @ 0 A(r))

SU(3) color gauge tr Superfluid vortex
—> co or flux tube Non-Abelian vortex



Non-Abelian vortices color

1 ()¢ 0 0 Fluxes
f 0 Am 0 @ Abelian vortex |
’ O A \ No flux
ro(’” ) 0 0 \ (r)e” 0 0 )
0 A(r)e” A, (r)e 0
\ E Al(’")eig/

0 0 A (r) / 0
o(7) 0 /

r 0 A7) )@ Which are

\

0 0 A (r)e energetically
favored?



Non-Abelian vortices color

l(r)e“g 0 0\ Fluxes
0 A 0 |8 Abelian vortex
0 0 A (r)/ No flux
()0 (Me” 0 0
0 A()e”’ ‘. ¢ Q 0 A (r)e” 0
\ 0 0 Ay(r)) 0 A (r)e” y
0 Split E[._ 1
0 A 0 )@ =L@ = —E[Q]
00 A -cl@] 9

Nakano: MN & Matsuura (‘07)






Colorful vortex lattice °
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|A1(7')ei9 0 0 H=SUQ)q.¢

l
P | 0RO 0 KL [SUQ)X UMD,
\ 0 0 Ayr)) @ vortex core
Nambu-Goldstone modes Iocaligeld around the vortex
Kelvon mc; or: n Continuous family
C x E =(Cx SU(3)C+F = (C x C%’ZQ of solutions exists

K SU2)xU(1) Eto,Nakano&MN(’09)
= Gapless modes propagating along the vortex line

oHLHHE, s HEEEEL S

“ground state” 1+1 dim effective theory fluctuations



lAI(,.)eiH 0 0 H = Si](3)C+F
P | 0RO 0 KL [SUQ)X UMD,
\ 0 0 Ayr)) @ vortex core
Nambu-Goldstone modes Iocaligeld around the vortex
Kelvon nagnon Continuous family
C x E =Cx SU(3)C+F = (C x C%’ZQ of solutions exists
K SUR2)xU(1) type-l Type-i

Eto,Nakano&NMN(’09)
= Gapless modes propagating along the vortex line

Liawon = XV =YX =T(X2 477 ) ypett g= (. 4%.0°) C°

Lep=C Z K, o*dTa,d + (dpTa*d)pTd,4)], homogenous ¢T¢ _1
a=0,3 Type-l coordinates B



Interaction between vortices
Long-range vortex-interaction by exchanging phonons

. Nakano,MN
Eint= _4][‘/2 logR Q distance R Q &aMaatg::ua (‘07)
2 <€ >
F =— 0Ly — Ay Same with superfluid vortices
OR R This does not see colors

Positions are locked as
AbrikosovV’s triangular lattice r
cf) lattice oscillation = Tkachenko mode

=<

CP? “color” spin
on a triangular lattice
cf) CP'=S2; Heisenberg spin on a triangular lattice




Short-range vortex-interaction Eto.Hirono,Yasui & MN (13) T
by exchanging gluons (massive gauge) /\

E it otuon™ G(¢1>¢2 )GXP(—ng) repulsion among colors
G(1.09) = ng{'T("gf)l c‘);T("G)Q T SuU(3)

Short-range vortex-interaction
by exchanging adj scalar (gap) Auzzi-Eto-Vinci(‘07) T T

E int,adjoc@G(¢1a¢2 )exp(—made) attraction among colors

Kobayashi,Nakano & MN,
arXiv:1311.2399

2 e
int,total E int,gluon + L int,ad] H= / o <Z>: A i'AbjA
1,5,
T colltIO; :OIOr T T —}—I&vg{lc':)zc)ﬂz + (Oj(‘)zoi)z}]
§ /\ anti-ferro erro ) Sia=0Tadi,  Juy = AG(L)

-




Kobayashi,Nakano & MN <—
arXiv:1311.2399 , m madJ (type II)

Colorful vortex lattice

® o o o o o o o (Cf. notfrustrated (unlike Heisenberg spin)
°© o o o o o o ¢ because # color = 3 = # of edges of triangle

./ E E \. [ J [ [ [ ] [ [ ] [ ] [ J
int,total = 1nt,gluon ar int,adj

I .calor . . cojorn.........

&. /\‘antq-ferre -ferro-..‘j.. c o o o o o o




Kobayashi,Nakano & MN « « o o
arXiv:1311.2399 , ., .

T Mg < m,(typel)

e 'vaotvsq cplpr{ulvvqrt_ex_la_tti_cef e



int,total = int,gluon r int,ad]

1.color...colo.rTT‘.....
\ /\a"*"femzdi"?‘.u)

Kobayashi,Nakano & MN . e o o
arXivii311.2399 , ., o o o m <m(typel) e o o o

© e Not SO colorfulvortex lattice °

° Dense QCD Mg << M,=a color ferromagnet ° ° °

o= / Z mebzASJA Contlngum limit of a lattice

+Ix3{\dzoi| + (O@TUzOv;)z}] . Lei = Z Ky, [OMQ)TOMQ*) T (C>T8MG)) (CV)T({)MG»Y
— . . 2
Siat=dTac. Ty =22y o o 5% Anisotropic CP° model

b
° ° ° ° order Y - 1. °
_ Order-disorder transition temp i T Ashmax
e o o max e o
[ ] [ ] [ ) [ ] [ ] [ J [ J [} o [ J [ o [ ] [ ) o [ ] [ ] o [ J [ ] o [ ]
(] [ ] [ ) [ ] [ ] [ ) o { ] [ ) o [ ] [ J [ ) [ ) [ ) o [ ] [ ) [ J [ J ([} [ )
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Summary
Vortex Lattices under rotation

BEC: Lattices of vortex molecules
triangular / square lattices, e
Rabi (Josephson) interaction, reconnectlon

QCD: Lattices of non-Abelian vortices
superfluid vortex: Abrikosov’s triangular lattice
color flux tube
(i) type-I color super m,; <m,
color ferro = not so colorful lattice ".".".".".".".".".".".".
(ii) type-ll color super m, <m,;, ..U
color anti-ferro = colorful lattice




