e TYIIEERR S @GN Mar. 6 (Mon.) 2017

YFRE (CARZEE SN RO
> )L(SPTE &i5DIE H

Shintaro Takayoshi

University of Geneva

ST, K. Totsuka, and A. Tanaka, Phys. Rev. B 91, 155136 (2015).
ST, P. Pujol, and A. Tanaka, Phys. Rev. B 94, 235159 (2016).



Outline

e Introduction
What is SPT?

 SPT state in 1D antiferromagnets
AKLT VBS state, Haldane phase, MPS

* Field theory of SPT state

Nonlinear sigma model, GS wave functional

» Strange correlator
Indicator for SPT states

* Conclusion

1/43



Outline

* Introduction
What is SPT?

AKLT VBS state, Haldane phase, MPS

Nonlinear sigma model, GS wave functional

Indicator for SPT states

2 /43



What are different phases?

Phase transition

Ice / Water / Vapor
L atm 0°C 100°C T
* % >
Ice Water Vapor

Water and Vapor are the same phase.
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Landau theory

Phase transition
-> spontaneous symmetry breaking.

Ice / (Water, Vapor) : translational symmetry

We can define a local order parameter.
H=—J) 858, —h.» S/ Transverse Ising model
J J
0

1
| ¢ > h,/J
(57) # 0 (57) =0

In this talk, only Is considered.
Same phase: connected with continuous change
of parameters in
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SPT phase/state

Gapped phase

— Long-range entangled phase

FQHE, Z, spin liquid, etc.

— SSB phase

GS —¢— direct product state with local unitary.

Landau theory, local order parameter

4 N\
SPT phase
GS —¢— direct product state
only if some symmetry is imposed.
S y y y P y
— Trivial phase
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Outline

 SPT state in 1D antiferromagnets
AKLT VBS state, Haldane phase
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Integer spin antiferromagnets

Heisenberg model #=17>"8;-8;11(7>0)

Gapped, No SSB for integer spin

F. D. M. Haldane, Phys. Lett. A 93, 464 (1983);
Phys. Rev. Lett. 50, 1153 (1983).

AKLT VBS state

I. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, Phys. Rev. Lett.
59, 799 (1987); Commun. Math. Phys. 115, 477 (1988).

S=1
H = J[Zsj-SH%Z(SJ.-SM)M%}
J J

S=1

S=1/2 singlet
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1D antiferromagnets

H=JY (SiSL +S)S. +AS; S5 )+D Y (S;)
j J

Large-D state (direct product) [000---)

S=1 S=2

Chen et al., (2003) Tonegawa et al., (2011)
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String order parameter

M. den Nijs and K. Rommelse, Phys. Rev. B 40, 4709 (1989)

DL DRI 56 -

+1 0 -1 0 0 +1 -1

Neéel order without O

k—1
Can(G, k) = (S5 ] [ €™ S

[=j

eiﬂSla _ +1 (Sla — O)
1 (S = +1)

lim Cg.(j,k) : String order parameter

7 —k|—=00
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Hidden Z,XZ, symmetry breaking

T. Kennedy and H. Tasaki, PRB 45, 304 (1992)

Nonlocal unitary transformation for o.b.c.

U = H esfsif For general-S,

ik M. Oshikawa, J. Phys.: Cond. Mat. 4, 7469 (1992)

H= JZ(S?S?HJFS?S?HWLAS}ZSjH)+D Z(sz)z
' J

‘? 4

H=UHU"
=J > (Se™rnSy 48 MG LAS ™IS 4D Y (S5
J J

Z,XZ, symmetry (n rotation about x,y,z axes)
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Hidden Z,XZ, symmetry breaking

With this transformation,

String order In
<> Ferromagnetic order in

4-fold degeneracy in
<> Edge state in

RO DA ADAD

For general S, edge spin degeneracy is (S+1).
In S=even case, Hidden Z,XZ, symmetry
breaking seems incompatible.
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Is the string order enough?

Z.-C. Gu and X. G. Wen, PRB 80, 155131 (2009)

No.
The Haldane phase is more “robust” than Z,XZ..

H = ZJS Sj+1+ZDSZ ZBSQ““

String order cannot be defined.
Still, Haldane and large-D are “different” phases.
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Symmetry protection of S=1 AF chain

F. Pollmann et al., PRB 81, 064439 (2010);
PRB 85, 075125 (2012).

One of the following can protect
the Haldane phase.

A) Dihedral (Z,XZ,) symmetry
B) Time-reversal symmetry

C) Bond-centered inversion symmetry

Matrix product state (MPS) representation
Is useful for the discussion.
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Matrix product state

oy = > Al Alig] - - - Aflin]li, i, - - in)

11529, I N

) (@

N

Ex1:[¢) =[000...0) +[111...1)

Al0] =

0 1
(01

0

\

0 -

10
(o 0) Alll=

Ex2: ) = [100...0) 4]010...0)---+]000...1)

0

0 1

(

)

0 0
0 1

|

(

\1

matrices
1,...,d):d.o.f. on eachsite, eg. i=t1{

0
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Construction of MPS

A general way to obtain MPS of some state |)

Schmidt decomposition

W) =3 Ml )y @@ OTO—0—@
1,7 A B

M;; =) UaAoV], :singular value decomposition

A :diagonal U,V :unitary

o)a=U'li)a, [w)p=VTj)n

Y) =) Aald)a [w)s
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Construction of MPS

Schmidt decomp.

Y) = Z Al G b Z Al |2y
[1] 1 0]\ [0
Faoilal IS deflned aS |¢[< ] Z Faozloq <I A[ ] )

’Ll o7y
Diagrammatic representation

A L1 TIOIL[0] TI1] 9 [1]

O—0—0—0—= solid line = summation
o oc1|oc0 oc0|oc1 o

L [
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Canonical form

[U) =Y AL JAT i AL [ A | e, s et - )
{ir}

(Left) transfer matrix Tioa@p =D AalaslilAal? 5]

i)

Canonical condition o oL 5
Zéa,ﬁzT(a,@),(ﬂjB) — 6/6)78 l@k p—
1 is the largest norm and a X B B

nondegenerate eigenvalue of

Degrees of freedom of MPS

D. Pérez-Garcia, et al., PRL 100, 167202 (2008)

Phase factor: %

Unitary transformation: I' — U'TU (AU = UA)
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MPS for AKLT state

S

1 LR LR

)
(-LR)-GL)  Spin-1Proj  (jR)-(+1,L)

wy o (0 VR (D 0VRY (0 VR
=20 S0 /V2 = J\=1VE o

\ J

0);/2 [ =1);/V2
—|+1);/vV2  —0),/2

(V20 {00 (V20 o
= (2 0w (0 ) - (70 ) -

(

0 1
0 0

|
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MPS for AKLT state
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Inversion symmetry
O

—0—0 000 (44  -A) =A"...ATAT

Inversion Z acts on MPS as I'" = *zUITU;

[ = ™ UiTU;
D= e"TU; T Uz

I'=e*Y1(UsUL) TUSUS
[ = e 201 (U U T UL Uz

B {UIU%N
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Inversion symmetry

5=1
(V20 (00 (V20 (01
A_( 0 1/\/5) Fm_(—1 0) F[O]_( 0 —1/\/5) = (0 0)
' = 1UITU;
. 0 1
You can find Uz = (_1 0)

I = _ulru;

[ Ur = —UJ Nontrivial]
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Inversion symmetry

S=2

1/v/3 0 0 0 00
A= 0 1/v/3 0 r2l=|{0 00 M= |-
0 0 1/v3 V6 0 0

1 00 0v3 0 00 6
roj=10-20] T[-1=10 0 —/3| T[-2J=[00 0
0 0 1 00 0 00 0

I = e"tUirU;
0 0 1
Youcanfind Uz=10 -1 0

I 0 0O

I = +UTUz

[ Uz =+U; : Trivial ]
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Time-reversal symmetry

W) =) . AD[SEJAL[STAL[S A . (XR) 157)
Sj J

Time-reversal operation ¢™vK

TSI T, Complex conjugation

= (U UR) TUFU

[ — eiHTU;_eiTrSyFUT }
= (UgU5) ' TUFU

I = B_iHTUI?-eiWSyP*U;-

(UsUr) = e“E — Uf = Uy — Uy = £Ur

Same as inversion
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Z2X/2 symmetry

n-rotation about spin x,y,z-axis forms Z,XZ, group
{1, R}, Ry, RT} (RD = RLRy)
RT =™ UTU,
['= (RT)’T = &*(U?)TU?
o2 U;?: — R
Only one n-rotation does not protect the phase.
RIR} = RIR]

RTRTT = % +%)(U,U,)'TU,U,

= (UUUUNTUUUTUT

UUUIUT = v E — U,U, = e*vU,U,

UU, = U, U,U, = e*U,U? U.U, = +U,U,
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Outline

* Field theory of SPT state

Nonlinear sigma model, GS wave functional
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Nonlinear sigma model

(1+1) D Heisenberg antiferromagnet (Spin-S)
H = ZJSJ . Sj_|_1 (J > 0)

Effective field theory — O(3) nonlinear sigma model

S;/S ~ (=1)n(z) + (a/9)l()

Sinl = o [ e { @ + @ fivQ., Inl=1
g v
Qm=i/d7d:1:n-8m><8xneZ g=2/S v=2JS

A
Haldane's argument F D. M. Haldane (2008)
0 =2mS =0 (mod 27) Integer spin (gapped)
f=mn (mod 27) Half-odd integer spin (gapless, critical)
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Ground state wave functional

What is the difference between
S=odd and even?

-> See the ground state wave functional.

Easy plane AF # =3} JS; Sji+ ) D(S)) (D>0)

st = - [ drds {3<am>2 + v(awnf}ﬂ'e@m

g v
: : 60 =2nS
Meron configuration @ ==+1/2
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Ground state wave functional

Stn] 5 [ drds {%(af,-m? + v(axm?}ﬂ'@@m

Qrp=+1/2 6 =218

Strong coupling limit g — o0

W) = ) Vn(o)]n(x))
{n(x)}

Path integral formalism T

ng=n(x)

Un(x)] o f Dn/(1, z)e S ()

Tf

p.b.c.

T

n(x) '
~ / Dn,(T’ :Ij)e_ZQZQTm X
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Ground state wave functional

\Ij[n(ﬂf)] X / Dn,(T, m)e—ZQ'ﬂ'SZQTI QT$ — il/Q

S—even e 2™ Qr — 1

S=odd e L@ — (—1)22m

|

Winding number of
the planar config.

(—1)% if S = odd

1 if S = even

V()] o e | = {

29 /43



Dual vortex theory

Useful for the discussion of protecting symmetry
S =5 [ drde(@,07 +275Qes Q= 500w

q==+1:Core Q. € Z :vorticity

Hubbard-Stratonovich transformation
1 |
@(aﬂgb)Q = ng +i,0,0
o=+ ¢y (0.0, — 0.0,)¢, =0 : regular part

(0.0, — 0,0-)¢, # 0 :vortex part

Integration over ¢. > Delta function o §(9,J,)
Ju=€,0,0/2m ¢ :vortex free scalar field

1J, 0,0 = —1PPvor Pvor = €,,0,0, /2T
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Dual vortex theory

g .
S = s, deﬂ:(@ugoV +i(qmS — ©)Qvor

Small fugacity expansion z =e¢™*

(1 : creation energy of a vortex

Dual action
Saual|p(T, )] = /de.CC {%(6”90)242008(71'8) COS cp]

7T2
For integer-§,

Squallp(T, )] = /deaf [SL((S’HQQ)Z—ALZ(—DS COS c,o}

ﬂ-Q
sine-Gordon model
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SPT breaking perturbation

Staggered field changes z-component by §m
Meron contribution is shifted ixS — in(S — dm)

In addition, the meron core is fixed ¢ =1

/

Dual theory is modified as

Sauallp(T, )] = /d’rd:c [SL(au(p)Q—QZCOS(?T(S—(S?’R)—QO)]

2
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SPT breaking perturbation

7T2

» Saquall@(T, )] = /deiU {%(8@0)2—22 COS(W(S—(Sm)—Lp)]

v

Saual|p(T, )] = /dea: [SL(@ﬂgo)zﬁlz(l)S COS z,o}

For z>0
separated /

odd-S | even-S odd-S | even-S

Phase is locked at ¢ = 7(S — dm)

S = even and odd are continuously connected
by changing ém. Staggered field breaks

A) Dihedral (Z,XZ,) symmetry
B) Time-reversal symmetry

C) Bond-centered inversion symmetry
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2D AKLT state

ST, P. Pujol, and A. Tanaka,
Phys. Rev. B 94, 235159 (2016).
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2D AKLT state

1D-2D analogy
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Outline

» Strange correlator
Indicator for SPT states

36 /43



Strange Correlator

 Definition
Cu(R.0) = (To|A(R) - R(0)| W) V) :Ground state
T (Wo| W) |Uy) : Trivial (direct product) state
nonzero or power-law decay: SPT
At |R| — o0 P Yo
Exponential decay: Trivial
* [dea

e.g. 2d case Un(r) = Ne Winl)

Win(r)] E/d2 [21~(3Qn)2+i49n-8$n><@yn

T

Usual two-point correlator
C(R,0) = (Va(R}7(0)|) ~ [ Dnir)|[Vin(r)]Pr(R)n(0

No topologlcal effect
Strange correlator

Cs(R,0) = (Po|n(R) - n(0)[V)

Effects from the theta term
(Wo| W)
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1d case

Strange correlator

2 . .
Cs(X,0) = % D () cos p(X) cos ¢(0)e i/ 4ol sV +ihaz0uc)
pbe
— D¢($)e%fdw[%(am)%h%am}
pbe Aharonov-Bohm phase
Relabeling of coordinate z — 7 Flux 29
m
Calculation of imaginary time correlator of
a particle on a ring with flux
I =4
—im© - de (0-0)* = — 7
Z=> e / Dot m=o— | g€
mez
- g (. he g/ O .
= 4h? (W i 27'{') (N 7T) = —ihd,
\ 1 —m
Ry =ntpy a(9) = (gln) = ——e
En — g(n - 9)2
4 2T
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1d case

1 ; ©
—mqb o N2 L
/— En - 4(71 271') ©=nS

Cs(7,0) = (cos (b('r) COS gb(O))

| <&

Un(@) = (9ln) =

(O(1)0(0)) = (Glef10eF10|G) = Y~ e iE=E0)|(n]O|G) |

n

(n]e™"|0) = 6, 11

() ©=0 case
G) =10)

|U:a

Cs(1,0) =

|

e"% exp. decay: trivial phase

b | =

() ©=x case

|G) = col0) + 1)

1 i
Cs(7,0) = 7(1+e7*) Nonzero at T — oo: SPT phase
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1d case (Remark)

Strange correlator of 1d AKLT state can be
calculated exactly using MPS

ZAcrl o] - Aloy||{on}) (W) =1000...)
{on}

(Wo| W) = Tr(A[0]") =27
(W|S;" S} W) = 2Te( A0 A~ 1] A0~ A[1] A0} )
_ (_1)j—i22—N

Cs(i,5) =2(=1)""  Nonzero at |j — i = oo
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1d case (Remark)

0 00 L[t oo
Al =| =2 0 0], A[0] = 0 =2 0],A-1] =
0 =0 3\[(0 0 1)

Cs(i,7) ~ 9(—=1/2)""7  exp. decay

o O O
o o
g ©

Cs(i, j) ~ 8(=1¥""  Nonzero at |j—i] — o0
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Win(r)] = fdQ’P [Q—i?(aan)2+i9n-8mnx8yn} O = —

dr
Relabeling of coordinate y — 7

Strange correlator corresponds to two point correlator
in (1+1)d nonlinear sigma model + theta term

$=2,6,... © =7 (mod 27) half-odd integer spin chain (gapless)
power-law decay

S=4_8,... ©=0 (mod 27) integer spin chain (gapped)
exp. decay

Strange correlator correctly distinguishes SPT state
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Conclusion

* SPT phase is protected only if some

symmetry is imposed on the system.
(No LRE, No SSB)

* Typical example: S=1 AF chain. To discuss
the SPT phase, MPS is useful. String order
for the Z,XZ, case.

* Field theory: NLSM+topo. term. SPT
property appears in GS wave functional.

» Strange correlator: indicator of SPT.
(Wo|n(R) - n(0)|W)

GO =5 )
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