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SS and A. Shimizu, PRL (2012)E%
Thermal Pure Quantum States SS and A Shimizu, PRL (2013)EF

The canonical thermal pure quantum (cTPQ) state at temperature 1/ is

defined as
_ 1 1 :
8) = < ¥ feal [exp |~ 18 || 1)
A = & Arbitrary basis
Random number High energy cut-off
Z =3 |ei|?ePEi,  {|a,b)}q arbitrary orthonormal basis

{ci}i: random complex numbers  s.t. C; = %

(x; and Y;obey normal distribution with mean = 0 and variance = 1)

v" Equilibrium value
For Ve > 0,

P (|(81418) — (A)g| >

<1 ((AA)) S+ ((A)55 —(4)5™)?
6)— ° exp[ZVB{f(ZB) f(ﬁ)}]

1 VSm 1 M 1 "
S 2 |exp[O(V)] TYplCOllTy

£(8;V) = ZUY): Free energy density
(A)es: Ensemble average, ((AA)2)s :Variance of A




Numerical Applications of TPQ state SS and A.Shimizu, arXiv (2013)
M. Hyuga, SS, K. Sakai, A.Shimizu ,PRB(2014)

Number Density Correlation Function

exact (L =o0) -r-=rmees
TPQ (L = 15)

Number Density #

Distance §

A single realization of the TPQ state gives
equilibrium values of all macrocscopic guantitfies.




s such a state metaphysical?
No, such states are realized in ultracold atoms experiments.

By I.Bloch’s Group (S. Trotzky,et.al, Nat. Phys.(2012))
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By M.Greiner’s Group (A.Kaufman,et.al, Science(2016)
“Quantum thermalization through entanglement in an isolated many-body system”)
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Bipartite Entanglement Entropy

We consider isolated quantum system

Hamiltonian: ﬁ

Time evolution: ¢~ # )

When a system is devided into A and B;

Hilbert space: H = H 4 Q Hp
Quantum state: p4 = trg||y) (Y]]

Renyi entanglement entropy
_ 1 ~
Sn = 1 In (tra|p’4])

It quantifies a quantum correlation
between A and B.

— 1 . .
g >SvNEtrA[,0AlnpA]

What is the role of the entanglement entropy in thermalization?

, When we look locally, the thermodynamic entropy is recovered as the

\.

entanglement entropy

, When we look grobally, guantum correlation breaks the correspondence

between the thermal and entanglement entropy.




What is the role of the entanglement entropy in thermalization?
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Alice
Thermalization <L [~ L/2 Quantum Correlation
Chi Tranter “snow monkeys in hot spring Japan” Steve Harris “dsc_7150-monkeys.jpg”
https://www.flickr.com/photos/chitranter/14212780326/ https://www.flickr.com/photos/steveharris/47049240/
Experiment Energy eigenstates And more...

(P. Calabrese and J. Cardy
: J. Stat Mech 2007

Thermal T.Takayanagi and T. Ugajin
JHEP 2010 .....)

Renyi entropy: S,

In this talk, | focus on...

Volume A

(Kaufman et.al., Science, 2016) (Garrison et.al, arXiv, 2015) v Volume-law erj’rqnglemen’r, i.e.,.
the state has finite energy density
v The second (n =2 ) Renyi entropy




Renyi Entropy of TPQ state
Let’s calculate the Renyi entropy for the TPQ state;

8) = Capcw oxp |~38H] la.b) 2=, [0

Reduced density matrix
pa =trp[|8){8]
1
— 7 Zal,ag,ag,a4,b1,b2,b3 Ca2b2023b3

x (a1, bi|e” 7% |ay, by) (az, bs|e= 77 H |ay, by)

Therefore, we can calculate tr4|p" |:

e
x{ay, bile"27 |ag, b

1
2
_13F
x(af, bile= 27 |a3, b)

» Just consider n=2 (&3) case in this talk.




Renyi Enfropy

2nd Renvyi

trA [ﬁ?ﬁl] — % Z{az}z,{bz}z Ca2b2 623[)360,5[)5626[)6
x (a1, bi|e” 2" |az, bo)(as, bsle™ 35 |ay, by )

x (a4, bale™ 20 a5, bs) (ag, b|e ™27 |ar, ba)

Using

Randomness in cTPQ state

*

Casbz Cyapy Casbs 026196 — 5(a2b2);(a3b3)5(a5b5)7(a6b6) + 5(a252),(a656)5(60555),(&353)7

we get

tralph) = 22 Xiayidviye (ar,bile 7 ag, bi)(as, bale P2 |ay, by)

+{a1,bi|le P a1, by){aq, bsle P |ay, b1)

-3 (tI‘A {trB [e—ﬁﬁ]ﬂ + trp {trA[e_Bﬁ]QD




2nd Renyi Entropy

We evaluate 2nd Renyi entropy in statistical-mechanical way:

— n {trA [trB[e_Bﬁ]ﬂ +trp [trA[e_ﬁﬁ]Q} :|

S2 = — AGE

Step1) Forlarge Z(j3), by using transfer matrices, we can prove

.4 [trB e BH ]2} — P x Za(28)Z5(B)?,and Z(8) = Q x Z4(8)Z5(5)
P, (). const.

Q. Za(28) | Zp(28) |
Therefore, SQ — —ln(Zj(B)Q | ZB(B)2> | ID.R REQ/P

Step2) For large d, the free energy is extensive, i.e., g%%@ — Sa=*
A
S: const.

Extensivity of density matrix

Finally, we get S5 = — In (a—é i a—L+€) +1nK K =R/S

=/lna — In (1 —I—a_LJF%) 4+ In K




Analyfical Result:
2nd Renyi Entropy of cTPQ states

So ={/Inal—|In (1 —1—a‘L+2£) Hin K
y
Volume law

" L} L
Deviation around {~ 5

Constant offset

Key of derivation
v Randomness in cTPQ state

v~ Extensivity of density matrix

v~ 2nd Renyi entropy is characterized just by two parameters, @ and K.

v Right at the middle, ¢ ~ £, the deviation is always In 2, independent of 5.




Numerical calculation

Entanglement entropy of — Ny
the cTPQ states S =/(Ilna—In(1+a ") +InK

Entanglement entropy of
excited pure quantum states

(Garrison and Grover, arXiv, 2015)

We will use our analytical result for the cTPQ states
as a fitting function for other excited pure states.

— It works when the state is scrambled,
and doesn’t when it isn't.




Numerical calculation 1: Energy eigenstates

Energyeigenstate Thermalization Hypothesis (ETH) (Deutsch, Srednicki, Rigol) :

In nonintegrable systems, a single energy eigenstate is
expected to represent a thermal equilibrium state.

Popular expectation in ETH: At /<< L, trg[|n)(n|] ~ e~ PH

In) : Energy eigenstate [ : Inverse temperature
estimated from Energy

However, trg[|n)(n|] and e—BH will be very different at £ ~ L

How about entanglemente

—> We will test our fitting function for energy eigenstates.

Sy =/lna — In (1 +a_L+%) +InK




Numerical calculation 1: Energy eigenstates

H =3, 85758, + SYSPy + ASFS7 iy + Jo(SPSE + SPSY o + 5757 15)

Non-infegrable A =0, J; = 0.45 Infegrable A =2,J,=0

30
20 —
10

0
-10
-0 =2

Dots: numerical data
10 12 14 16 Line: Fittings

Energy eigenstates agree with the function: S; = ¢Ina —In (1 + a=2*2) + In K

v At ¢/ < L , volume law. Consistent to Energy eigenstate thermalization
hypothesis (ETH)

v At ¢~ L[, Systill exhibits generic behavior predictable by our formula




Numerical calculation 1: Energy eigenstates

H =3, 85758, + SYSPy + ASFS7 iy + Jo(SPSE + SPSY o + 5757 15)

Non-infegrable A =0, J; = 0.45 Infegrable A =2,J,=0

Integrable

ner r
30
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= —

= —

10 12 14 16 10 12 14 16

Dots: numerical data
Line: Fittings

In the integrable model, there are a lot of energy eigenstates for which
the fittings don’t work.

» Let’s see this difference quantitatively.




Numerical calculation 1: Energy eigenstates
H Z Sx z+1+SySz—|—1+ASZ z+1+’]2(SxS+2+SySz—i—2+Sz z—|—2)
Non-integrable A =0,J; = 0.45 Infegrable A =2,J, =0

residue/L, sorted residue/L, sorted

Bad

Good

4
0.4 0.6 . 5 . . 0.4 0.6
v index/ total number of states index/ total number of states

Vertical axis: Residues of fittings of energy eigenstates
Horizontal axis: Index of eigenstates. Eigenstates are sorted in order
of their residues, i.e., percentile.

Non-integrable: Fittings improves as L increases. Leads to typical behavior.
Integrable: Fittings gets worse as L increases, maybe due to many conserved
quantities.  Cf) L.Vidmar,L.Hackl,E.Bianchi, M.Rigol PRL.119,020601(2017)

Effect of energy fluctuation in microcanonical energy shell
Cf) T.Grover et.al, arXiv 1503.00729 &1709.08784, A.Dymarsky, N.Lashkari,& H.Liu, arXiv 1611.08764




Correction from energy fluctuation

e PH
Pmec/2 = Trp|n)(n| ~ ="

von Neumann Entropy

—BH

A

Sux(Pme) = Sun(“——) Sun(p) = —Tralplng]

However, energy fluctuation is different

(n|(AH)?|n) =0 (BI(AH)?|8) = O(L)

Renyi entropy has the correction which comes from the energy fluctuation...

_Bﬁ
SQ(,amc) 7£ S2( 7 )

(T.Grover et.al, arXiv 1709.08784, A.Dymarsky, N.Lashkari,& H.Liu, arXiv 1611.08764)

&




Numerical calculation 1: Energy eigenstates
H =13, 87S0, +SISYy + ASFSE, + Jo(STSE L, + SYSY 5 + 5757,5)
Non_|n'|'egr0b|e A\ = O7 J2 — (.45 |ﬂTegrOb|e A = 2, JQ =0

residue/L, sorted

residue/L, sorted

Good

0.4 0.6
v index/ total number of states

0.4 0.6
index/ total number of states

2nd Renyi entropy is 5, = —In [tr (tr b 2>+t1. (tr 5 2)] (T.Grover et.al,
' ' i A5 (Pomc) GG arXiv 1709.08784)

This correction in non-integrable model is subtle effect only appear in
eigenstates and in large L (and is easily fixable).
By contrast, the behavior is completely different in integrable model




Numerical calculation 2: States after guantum gquench

Quench protocol | |nitial state: | 1) - -+ 1))

We suddenly change Hamiltonian from H = 1 Lintegrable Hamiltonian

to ﬁ — Zz ﬁz . ﬁi-l—l

In integrable systems, a state after quench may relaxes to
some stationary state, but it never thermalize.

Thermalize?
Yes! No @®
It locally relaxes to... / \It locally relaxes to...
Thermal state (Gibbs ensemble) Generalized Gibbs Ensemble (GGE)
o—BH . characterized e—ﬁfHZn AnIn | characterized by temperature 1//3 and
only by temperature 1/(3 many integrals of motions [,, A, Lagrangian multiplier

How about entanglemente




Numerical calculation 2: States after guantum gquench

Non-integrable | H =3, 5, i1 |+ 0.5(5257,, + SYSY o+ SFSE0)

After the entanglement entropy
saturates, it oscillates around our
predicted curve.

- S

10 12 14 16




Numerical calculation: States after guantum guench

Non-integrable | H =3, 5, i1 |+ 0.5(5257,, + SYSY o+ SFSE0)

After the entanglement entropy
saturates, it oscillates around our
predicted curve.

The time averages agree with our
fitting.

Even the state has O(L) local integrables of motions, e—ﬁfﬂZn Anln,
2nd Renyi entropy is still characterized only by two parameters!




Why it works?

Key of derivation

v Randomness in cTPQ state
Extensivity of density matrix

In the case of a stationary state after a quench, the quantum state is

)

= ¢ anin)

n

And the 2nd Renyi entropy is

So = —1In (trA< Z

i7j7k7l

o~ 7 (Bi—Ej+Ey—I)

watagaitrp (i) ) tes (R)) ) ).

v

0;i jOk,1 + 04,1041

f B, #E;fort7#jand BEi —E; #Ex—Ej fori # kand j#1

Sy = —1In [tl‘A (tl“B (ﬁdia)2> +irp (trA (ﬁdia)2>}




Why it works?

Key of derivation
v Randomness in cTPQ state

v~ Extensivity of density matrix

Sy = —1In {tm (tl“B (ﬁdia)2> +irp (trA (ﬁdia)zﬂ

In the case of non-integrable model,

Thermal state (Gibbs ensemble)

c—BH | characterized \

only by temperature 1/

In the case of integrable model.

Since (VI(AH)?|p) = O(L)

tra (tl”B (ﬁdia)Z) = Ka™ ¢

Generalized Gibbs Ensemble (GGE)
e—ﬁﬁJan AnIn | characterized by temperature 1/3 and

many integrals of motions [,, A, Lagrangian multiplier




Numerical calculation 3: Many-body Localization

H=3.5; 8 +hs.

{hi}i: drawn from a uniform distribution[—h, h]

It shows ETH-MBL transition.

h, = 3.62, v = 0.80 (values at £=0.5)
(D.J. Luis, N. Laflorencie, and F. Alet, PRB(R) 2015)

Participation coefficient a

ETH phase

7 local field local spin (D. Pekker, G. Refael, E. Altman, E.A.Demler,
And V. Oganesyan,, PRX 2013)

m—— hond cluster

It is an eigenstate transition (dynamical transition), which cannot be
captured by the equilibrium values of ensembles.




Numerical calculation 3: Many-body Localization
What kind of eigenstates?

ETH phase
a local-field-dominated eigenstate b cluster-dominated eigenstate
MBL phase T< T+ el Dol e

ﬁﬂ T+ 14)

|¢>®%<|u>+|m>>®|¢>®u>®|¢>®|¢> SN+ el nelhe )

Area law

5 - S\ 3\

1
(HTT>+H¢T>+\¢M>)®!T>®|¢>®EUN>+!H>) +

Volume law

Numerical caululations

(V.Khemani,S.P.Lim,D.N.Sheng. and D.A.Huse, PRB 2017)

(D.J. Luis, N

. Laflorencie, and F. Alet, PRB(R) 2015)



Numerical calculation 3: Many-body Localization

H — ZZ ?Z : ?7;4_1 + h; S,
{hi

It shows ETH-MBL transition.
At the middle of the spectrum,

}i: drawn from a uniform distribution [—/, h]

he = 3.62, v = 0.80
(D.J. Luis, N. Laflorencie, and F. Alet, PRB(R) 2015)

Problem: Harris bound requires v > 2, and thus this result violates the bound...
(A. Chandran, C. R. Laumann, and V. Oganesyan, arXiv, 2015)

Our formula helps to estimate the slope of
the volume-law precisely.

Sy =/¢Ina — In (\1—|—a_L+2£) + In K

(Cf Conventional way:
v =1.30)

0'940 -30 =20 =10 0 10 20 ’
L'/"(h—h.)

Our formula becomes
aremedy: p =1.88

In(a), h,=3.60, »=1.88

Estimation of the critical exponent

value is very close to satisfy Harris bound » > 2.

v IS so improved that the




Summary arXiv: 1703.02993

v~ Universal structure of Renyi entropy is obtained at finite temperature
S, =/Ilna —In (1 + a_L“L%) +InK

Non-integrable
P

v 2nd Renyi of Energy eigenstates
- obeys our prediction

00 2 4 6 ? 10 12 14 16

v~ 2nd Renyi of Stafe affer Quench to infegrable JEEHE
obeys our prediction § '

In(a), h,=3.60, »=1.88

0. 920 -15 =10
L'/"(h—h,




