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NRNOA D AR - B{ERD “tenfold classification”
(Ryu, Schnyder, Furusaki, and Ludwig, New J. Phys. 12, 065010 (2010))

Cartan label T C S Hamiltonian G/H (term. NLoM)
A (unitary) 0 0O O U(N) U2n)/U((n) x U(n)
Al (orthogonal) +1 O O UN)/O(N) Sp(2n)/Sp(n) x Sp(n)
All (symplectic) —1 0 O UQRN)/Sp(2N) O2n)/O(n) x O(n)
AIlI (ch. unit.) 0 O I UWN+M)/UN)xUM) U(n)

BDI (ch. orth.) +1 +1 1 OWN+M)/O(N)x O(M) U(2n)/Sp(2n)

Cl (ch. sympl.) —1 —1 1 Sp(N+M)/Sp(N)xSp(M) UQ2n)/O(2n)

D (BdG) O +1 O SO(2N) O2n)/U(n)

C (BdG) 0O —1 0 Sp(2N) Sp(2n)/U(n)

DIII (BdG) —1 +1 1 SO@N)/U(N) O(2n)

CI (BdG) +1 —1 1 Sp2N)/U(N) Sp(2n)




= THD I3

NRNO S B ILEO 2 EES

NRNOA D AR - B{ERD “tenfold classification”
(Ryu, Schnyder, Furusaki, and Ludwig, New J. Phys. 12, 065010 (2010))

XIIMEICSF S icEFHED 748
(Chen, Gu, Liu, and Wen, PRB 87, 155114 (2013), Polimann, Turner, Berg, and Oshikawa, PRB 81,

064439 (2010).)
weak interactions strong interactions
AKLTIRRE
gapped TI, TSC, ... SPT, top.order, ...
gapless | Dirac/Weyl semimetals,... gapless SPT, ...

. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, PRL 59, 799 (1987)
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e o o 1, ¢&
cf. AKLTIRES © H = ]Z (Sj S t3(5; Sj+1)2) SNWEEEKGIZEA L TEREL L
J
. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, PRL 59, 799 (1987)
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Symmetry Protection of Critical Phases and a Global Anomaly in 1 + 1 Dimensions
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We derive a selection rule among the (1 + 1)-dimensional SU(2) Wess-Zumino-Witten theories, based
on the global anomaly of the discrete Z, symmetry found by Gepner and Witten. In the presence of both
the SU(2) and Z, symmetries, a renormalization-group flow is possible between level-k and level-k’
Wess-Zumino-Witten theories only if k = k£’ mod 2 . This classifies the Lorentz-invariant, SU(2)-symmetric
critical behavior into two ‘“‘symmetry-protected” categories corresponding to even and odd levels,
restricting possible gapless critical behavior of translation-invariant quantum spin chains.
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e.g., S=1 Heisenberg/x 58 (£ SH+HIg E /7 14 el <pT
%=J2j3}’§}+1+DZj(SJZ)2 D. <0 o P
S FERSHE

ERNBIRZEZEWZ UGS EFIHE UTEENICTFEET B.
7K - Luttingeri&@ s (TL#&{ER) 1R E.

e.g., 5=1/2 Heisenberg < 58B4 I+ U2 714

R TL AR
K = szsj Sy +J(A - 1)2].5;5]11



S=1/2 vs S=1

S=1/2&S=1DEWNF K KHASNTWS.

A E'>S Heisenberg 5@ 4 5 D E[EIRRE (C D W T DHaldaneF1 (HaldanelisR)

S e Z+% - BKIRRE S gapless

S € 7 : EEIRREZunique & gapped

F. D. M. Haldane, Phys. Lett. A 93, 464 (1983)
F. D. M. Haldane, Phys. Rev. Lett. 50, 1153 (1983)

A B> 1/2 Heisenbergid O EEIREE [C D L\ T DLieb-Schultz-Mattis (LSM) & IE

AT 4
HEJREE[Tunique & gapped [T [ 2173 LY
gapless

gapped’d 5 BEEITNED B EWICIEN TEEREINEERT 5.

Lieb, Schultz, and Matthis, Ann. Phys. 16,407 (1961)



AN ML (BER3R)

half-odd-integer spin integer spin
energy ,

O(1)

O(1/L) T




REARY ML (FERR)

half-odd-integer spin
energy ,

L—+00

O(1/L) T




(#EPRR)

Integer spin
energy .,

L—+00

O(1)




i | L\JLk SU(2) Wezz-Zumino-Witten (WZW)3E

e.g, AES ki

R E > 8E

RIC LT S EFRAR EFRAENHE LT D,

e.g., Michaud, Manmana, and Mila, PRB 87, 140404(R) (2013)

X

X

= & FFEXT AR

SU(2)XIFNE & 18—+l
(LXK k) BEIRITBZES5IE L= mod 2 LD IID.

"D T, 2D0DEFERFA R 2 WIE=FiR5RE

37 DI D 7758,
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s FSEIERO /N —7%&

19 5 &, HaldanelR RPLSMTEE

W EFmFEHED D 4E,

:
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"HIEICST ST EFERFHE) ORE.
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£ ERFE DORINEIC X DIRE
BHREFRFE T TRRBEERRERICHEBER L ICDOBDH 5L,

HELGEEIRRE | BEEREMEHT Tunique & gapped G EEIRRE.

SPTIREE H trivial

e.g.,S=1/2 XXZ3H

TL /&K Néel
S — W
0 A —1

Heisenberg ke8I A BV #8725 DIBEHICEIER (GERIIRRY “1b)
L X)Lk SU(2) WZWiIiEzH
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A E'>SHeisenberg i@ E H = 25K D A B> 1/2 Heisenbergx i IEH D S Ak 155 F

JER[HARY V1biE

2SR DHubbardiEH 5 ©

RIS (e % 1B

L
|

XIFESU(2) X SURS) X U(1)D > 5

= (U())E/V RE

N

Mott gap

BDDIAEVE

N

:LJ—C, 7_ yd‘ﬁﬁ'ﬂ; N
B ICE A

n=25—@—

cf. Affleck and Haldane, PRB 36,5291 (1987)

Z (SUQ2S))Zgapout UTAEVEHDBZDEFZ =B 5.

Hund’'s coupling

ZIESUQR)OEREZF D

2SAKD/INY FEREZRIRUT,

L NILDYk = 281735, U URRICEEADAEYEAHEEERICK >TLARILDTH S,

BE, LANILE LS (N EORE)



SU(2)i% g DEA

AEY OIERHIRY 1t

> > S . . cf. Affleck and Haldane, PRB 36,5291 (1987)

Joy 1 BOSURBDLY hOBEBE (R), KB (L) RS

g € SUQ2) : SUQ)WZWIBFHDEANR & 75

c = (0% 0",0% I\ U175

NéelfkFZH# @ (— 1)JS’“ tr(gc™). L )Lk SU(2) WZWIBE 1%

3k
central charge ¢ = D2D CFT

4 R—BFEE  (-1)S)- Sy ~ g 2K




SU(2) WZW In spin chains?

AYICSURQWZWIEZAEVETEIRITEZDOHN?

VOLUME 59, NUMBER 1 PHYSICAL REVIEW LETTERS 6 JULY 1987

Are Antiferromagnetic Spin Chains Representations of the Higher Wess-Zumino-Witten Models?

Timothy Ziman
Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08855

and

H. J. Schulz

Laboratoire de Physique des Solides, Universite de Paris—Sud, 91405 Orsay, France
(Received 2 April 1987)




SU(2) WZW In spin chains?

spin-3/2AFMEH | H = (1 — /,t)Hb + ﬂHl [T. Ziman and H. J. Schulz, PRL 59, 140 (1987)]
Hy=J )5 Sjn ATAR AT Q
J :
H, = JZ S8 (S-S )2+ 28(5. .S )3 N
b e S DY A By 3 CALED YA B A - %
S ¢ ::.::ﬁ'ﬂi'.c"ﬁﬁ'...ﬁﬁ.'.i°.'i"_fff.'IZ:III'.I‘.’::'.':’-.::::s“‘::9:-'3313.'_.:E’j :
c=9/5(ie.k=3)u=0TEET3,
OT ________________________________________ "m
" | Tho

AEYSHKRELBDEHIFKDEHICTRD

SWVWLANJLDSUQ2) WZWIEFR IEAZE (relevant tHAERZELD) .
SU(2) HeisenbergtE [dE WLV L NJLDSUR)WZWICH XD EL EWELDICEZ 5.




(LEBRY) HwER Db > 7e RIFHI

level-2S SU(2) WZWICXTI5 9 b = FEa5E = [dspin-S Heisenberg AFMEED 9 <aE < [Cdh 5.

REYS T~ I, m
A pac Haldane Dimerized

H=J,) 58 +25) S -S)S;- S | Todane o
: j 0  0.111 I/,

Michaud, Vernay, Manmana, and Mila, PRL 108, 127202 (2012)

central chargeldBET 1 XRD
entanglement entropyH 5 A\ &

LI

S=1 §=3/2 S=2 28 =k

Ji./J; (DMRG)  0.111  0.063  0.0403
Js./J; (ED) 0.064  0.0406

3/2  9/5 2 3k/(2 + k)
1.502 1.807  2.01

34 3/5 172 3/Q2 + k)
Michaud, Manmana, and Mila, PRB 87, 140404(R) (2013) LL1MRG) 072 0.62 0.5




(LEBRY) HwER Db > 7e RIFHI

level-2S SU(2) WZWICXTI5 9 b = FEa5E = [dspin-S Heisenberg AFMEED 9 <aE < [Cdh 5.

REYS T~ I, m
A pac Haldane Dimerized

H=J,) 58 +25) S -S)S;- S | Todane o
: j 0  0.111 I/,

Michaud, Vernay, Manmana, and Mila, PRL 108, 127202 (2012)

central chargeldBET 1 XRD
entanglement entropyH 5 A\ &

LI

S=1 §=3/2 S=2 28 =k

J3./Ji (DMRG)  0.111  0.063  0.0403

3/ J1 (MG point 0 - + 1) —

¢ (WZW) 3/2 9/5 2 3k /(2 + k)
¢ (DMRG) 1.502 1.807  2.01
n (WZW) 3/4 3/5 1/2 3/(2 + k)

Michaud, Manmana, and Mila, PRB 87, 140404(R) (2013) 1 (PMRG) 072 062 052
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level-25 SU(2) WZWIZXH T 6 2 FERFR = (Espin-S Heisenberg AFMEE D 9 < 31

FE{LlDS=5/2 4
H=J, Z S-S

+2J3 Z (S:_;

k=5&k =300

+5, 0.5,
]

.S )(S

W5,

1°

]+1)

KIZH B.

[ a [ | |
1.4 F95, ‘.lst order
RO
= X
... ‘\.‘.
1.2 \ ‘.‘
A
2
1| @x'g
Floating -
\ X
‘_ \'\_%
0.8 F +2=9 LY
50 v
J20.6F 4 =065, X Partially dimerized

— Commensurz

Kosterlitz-Thouless

k=13

0.01 0.0
J3

k=73

Fully dimerized
P E = b
4 = Eéi =

‘e,
.
L ]

[
N Y o

0.05

Chepiga, Affleck, and Mila, Phys. Rev. B 105, 174402 (2022)
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S=1/2 Heisenberg AFM3H = L ~\)L 1 SU(2) WZW + 1E&f

L NJL1SU(2) WZW DrelevanttB B {ER A tr(go™) + A, trg

4

trivial

tr(go”) ~ (— l)ija w/a=Xx,V,2:
— trivial trivial

NéelBk PSR, BFUMERTNS, — S,y &
SU(2) R &> BIER i 2 i 5.

A

trg ~ (=1)S;-Sjy; trivial
54 X—KFEH WERTEERD

SU(2) & iETTIRETI N S Z=Z 1Ll 8
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—

marginally relevant interaction fR : fL ~ §] S D—HB

EREHLDNFSICK > TldgapzE LU 2.

Al A

Jo-J DgapEE LB EE, (rg)DiEESEHNEICIEAT S

g~ 1 (Z,5HRED B RN )
Affleck and Haldane, PRB 36,5291 (1987)

trivial

Z, SSB critical

43
S;~ Jp+Jy + (1Y tr(g6) &1
7 EXS FVIE S} — S’; L1 [dFon-site Z,XI ¥R g(x) — — g()ICXIIHNT B, trivial
WIhlcE L, SUQR)EIERTEDT (4, =4, =0)T HaldaneIR &R (& ?

JARGREEIRRE(EAAIEE (JTDLSMEIE) .




HaldaneIisk

S=1 Heisenberg AFM3H = L )12 SU(2) WZW +1E&)

relevanttBE{ERRD U X m

tr(go?), tr g : WERTRE (g — — g)EIRD D THEIE

(tr @) @ WHERTFRME, SUQR)IIRME & 6 ITIRD. Z,SSB SPT (Haldane)

—_— > )

(tr @)*DFRNE g ~ + 1 CWIFRMED B RHAIEN)

(tr @)*DIRIMIE : g ~ 0 (symmetric GS)

L NXJL2 SU(2) WZWIESR IZ A S TFNVEICIEIE T 5 Z &7 gapZz -

U 5.




i | L\JLk SU(2) Wezz-Zumino-Witten (WZW)3E

eg, AE>S

—— 4

R E > 8E

52 5E

RIC LT S EFRAR EFRAENHE LT D,

e.g., Michaud, Manmana, and Mila, PRB 87, 140404(R) (2013)
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X

= & FFEXT AR
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DT, 2D00EFEFERD D WI=FERFHE
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s FSEIERO /N —7%&
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JW I EFERFEED D4,
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IZDEFD 7/ N —

LSMEIR (FEK DX INEDE D “FEEE” hREA.
DR TIEEE (anomaly) & UTEHINTWS,
STES I  HEFEHRZE I 5 &, HHEIGER

H HE/_\

— AT

TN DIRR (A1 ZILIMMERE)

tHooftEF | H2=FIHIE/mDOIINE

B il (Canomaly & RSN E DV L,

([Z 3D > TeFNEDE F5IE5H T
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SU(2) WZWDO XKz 7/ ¥ ') —

L X)Lk SUQ2) WZWIBER D Z ,XIiE (g > —g) 20 —I1d52&T

FTUWHEGZERZ B TE 5.

g € SUQ)/Z, = SOB)& D, # L WEDEHRIZSO3) WZWIEH
Gepner and Witten, Nucl. Phys. B27/8, 493 (1986)

SO(B)WZWIEEHIE k=0 mod 2 D & =D Hwel
k=1 mod 20 & &, HEXHNEE Z,XIHMED

| defined.
HICT7/XYU—hDH 5.

k=1 mod 20 & &, HEXNMNEEZ,T — I JIEDHIL U 7L,

k=1 mod 20D & =, SORB)WZWIEiEH modularfh Z =K 5.

- 2DCFTAYmIc I NRE

modular I~NZ [

TZE DRIV ST




7/RIV=RYFVY

7/I)—=XYFYT
5 B2D CFTHSRID2D CFTAD LK h T HEEDTRNICE WT,
$a = (UV, ultraviolet) DCFTE#R = (IR, infrared) 7/ XU —HDH—KIT B2 &,

L NIV k L NILEK

o——=0

fFd

D ZHBEETHMICEL>TTF/ X —DEEHULEWDT, k=k mod 2

7/ RV —CK>TSUQR)WZWICXTIL T 2= FiRF R - EFERFENTETES &2 UEk.



& D gRIER Db > Ic BFpHI

level-2S SU(2) WZWICXTI5 9 b = FEa5E = [dspin-S Heisenberg AFMEED 9 <aE < [Cdh 5.

FEDLDS=5/2 #H

H=~712§]"S}+1"‘Jzz§j—
' L,

‘] -
+275 ) (S;_1 - S)(S; -
J

k=5Ck=30EELTWVS

k=30EFEEFHELH S

]+1)

1°‘S

1.4

1.2

[ a [ | | |
25 015 |‘.1 st order
Y ‘\‘
i ‘|‘\_! o Fully dimerized
e = E A E
R 4= e e

BER

0 J.03
J3
Chepiga, Affleck, and Mila, Phys. Rev. B 105, 1/4402 (2022)
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Yao and Oshikawa, PRL 123, 180201 (2019).
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Ohmori, Seiberg, and Shao, SciPost Phys. 6,017 (2019).
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e.g., Michaud, Manmana, and Mila, PRB 87, 140404(R) (2013)
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We derive a selection rule among the (1 + 1)-dimensional SU(2) Wess-Zumino-Witten theories, based
on the global anomaly of the discrete Z, symmetry found by Gepner and Witten. In the presence of both
the SU(2) and Z, symmetries, a renormalization-group flow is possible between level-k and level-k’
Wess-Zumino-Witten theories only if k = k£’ mod 2 . This classifies the Lorentz-invariant, SU(2)-symmetric
critical behavior into two ‘“‘symmetry-protected” categories corresponding to even and odd levels,
restricting possible gapless critical behavior of translation-invariant quantum spin chains.
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decorated domain walllC & % gapless SPTD 1AL Scaffidi, Parker, and Vasseur, PRX 7,041048 (2017)
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Spin-charge separation + spin-orbit coupling

gapless “charge” excitation.
SPT in “spin” sector.

PHYSICAL REVIEW B 102, 165147 (2020)
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Majorana end states in an interacting quantum wire
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SPC = level-1 SU(2) WZW73 5 C D tHIZgaplesstBE U TR RE.

gapped SPTE 7 7 —D eI,

EEIRREDY | SPC) ® | gapped SPT) D22 L TUWLWNIE, gapless SPTHNEIRY 5.
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. Affleck, T. Kennedy, E. H. Lieb, and H. Tasaki, PRL 59, 799 (1987)
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FIG. 5. (a) Exchange pathways and second-order virtual pro-

Fig. 3. View of a triple chain of copper octahedra (lower part) running CESSES, p1—p3 (See main tCXt), within the trlple chain of szenicsite.
in the b-axis direction. Bond lengths inside the triple chain (upper (b) The effective spin model of the central Cu2-Cu3 chain
part). Cul atoms and octahedra are shaded. *
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We investigate the phase diagram of the anisotropic spin-1/2 triangular lattice antiferromagnet, with ’ : ¢ s ¢ s ¢ s ¢ 1}
interchain diagonal exchange J' much weaker than the intrachain exchange J. We find that fluctuations " “ " ¢ . " ¢ . " ¢ . " “
lead to a competition between (commensurate) collinear antiferromagnetic and (zigzag) dimer orders. S . ¢ . .0 . N

Both states differ in symmetry from the spiral order known to occur for larger J/, and are therefore
separated by quantum phase transitions from it. The zero-field collinear antiferromagnet is succeeded in a
magnetic field by magnetically ordered spin-density-wave and cone phases, before reaching the fully
polarized state. Implications for the anisotropic triangular magnet Cs,CuCl, are discussed.
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Symmetry Protection of Critical Phases and a Global Anomaly in 1 + 1 Dimensions

Shunsuke C. Furuyal and Masaki Oshikawa®
LCondensed Matter Theory Laboratory, RIKEN, Wako, Saitama 351-0198, Japan
*Institute for Solid State Physics, University of Tokyo, Kashiwa 277-8581, Japan
(Received 25 March 2015; revised manuscript received 24 November 2016; published 11 January 2017)

We derive a selection rule among the (1 + 1)-dimensional SU(2) Wess-Zumino-Witten theories, based
on the global anomaly of the discrete Z, symmetry found by Gepner and Witten. In the presence of both
the SU(2) and Z, symmetries, a renormalization-group flow is possible between level-k and level-k’
Wess-Zumino-Witten theories only if k = k£’ mod 2 . This classifies the Lorentz-invariant, SU(2)-symmetric
critical behavior into two ‘“‘symmetry-protected” categories corresponding to even and odd levels,
restricting possible gapless critical behavior of translation-invariant quantum spin chains.
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Gapless symmetry-protected topological phase of quantum antiferromagnets
on anisotropic triangular strip
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Higashihiroshima, Hiroshima 739-8530, Japan

® (Received 30 May 2022; revised 5 October 2022; accepted 14 October 2022; published 28 October 2022)

gapless SPTHH
|Hidaka, SCF, Ueda, and Tada, PRB (2022)]

IRTEFAEVRTRESE WL



gapless SPTH®DimIARE D &R A

gaple55’779—7<inon-magnetic7°ot GHE, SPT (Haldane)ZmagneticiBERRE [CBhbtEL
’Ij( 75\ j: >, % D J-_,Z,%D

SCF and Morita, arXiv:2207.02485
Gapless chirality liquid with symmetry-protected edge spins

Shunsuke C. Furuya! and Katsuhiro Morita?

! Department of Basic Science, University of Tokyo, Meguro, Tokyo 153-8902, Japan
* Department of Physics, Faculty of Science and Technology,
Tokyo Unwersity of Science, Chiba 278-8510, Japan
(Dated: July 7, 2022)

|GS) = |TLL) ® | SPT)

chirality d.o.f.

cf. Okunishietal., PRB 85,054416(R) (2012).

unit cell




hmli

FERMREE(c ~ 1)

—— CC w/ oscillation

1 : 2 3 4
In[(2L/rt)sin(rtr/L)]

2.5
oooooooooo ® DMRG
2.0
LU
L
1.5
. | 1.0
20 25 0
0.501 | —+— raw data !
— edge mag. (x10)
0.25:

0.00

—0.25

50 100 150
r

200

SPTICHZ[A I D IRIREE & imhdiqb

cf. SCF and Sato, PRB 104, 184401 (2021)



XIENEICSF SN icEFEAEE WS BERBEEFZ AR DgaplesstBD 3 FEDFT L LNZEFE A
FDERD—ERICLSMEIERN A TgaplesstEOZEME) NEENS.

SEFEEFEODEICHINED T —I{b EZDEFD 7/ X —DNEETH D
HERNMTDTRITNEEFRHEEFZERONICHRFTEINSDT, 2RTTAULTH AR EHAR.

gaplessSPTHHZ SPTEJV Y —Z#S5SPCH, &£ LT, (&Z5<K) mbEMGERERYZZRR
NAROY AIBEE ZFRET DAED, X9 Sgapped SPTHHO FN & EiL 3.

XTI ICST S N EFEEFR (SPC)HH [SCF and Oshikawa, PRL (2017)]
SPCHH & U TDgapless SPTHE [Hidaka, SCF, Ueda, and Tada, PRB (2022)]
gaplessSPTE UL TD A T Y T« &4 [SCF and Morita, arXiv:2207.02485]



