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Based on these recent papers:

o "Lindbladian dynamics of the Sachdev-Ye-Kitaev model" [Kulkarni, Numasawa, SR,
arXiv:2112.13489]

e "Dynamical quantum phase transitions in SYK Lindbladians" [Kawabata, Kulkarni, Li,
Numasawa, SR, arXiv:2210.04093|

e "Symmetry of open quantum systems: Classification of dissipative quantum chaos"
[Kawabata, Kulkarni, Li, Numasawa, SR, arXiv:2212.00605]

These works cannot be completed without these wonderful collaborators:

Anish Kulkarni (Princeton), Jiachen Li (Princeton),

JIHH==SFE (Princeton), JRIEERR (M)

Special thanks also go to Lucas Sa (U Lisbon) who also worked on very closely related papers. And
we discussed quite a lot.

Outline
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e SYK YU RTZF 4T DIRDEE N (452, dissipative form factor)
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s MNIEFA: 1= &) BFERE
o BE.g., NRAOACHIVGERIRRE. ZERDEFHA R
(ETHX 2 HFHRDIERE)

o BIMEFR (le RIREOMEIER)  BEFF v
o E.g., T>&>7IJLX> MiEF% in monitored circuit;
Preparation of desired (topological) states by dissipative dynamics, etc.
o Unique properties not seen in unitary dynamics?

o AHGER : ZAFRETRD 72 X L1735
o AHER (SYKEUOIERY) AN 3UVVEEAER & Bi& Dinterplay 3809 % .

3 TR LTI, SERDETFHA R

o BWMAETHZ. X/ ROV IR, ¥R, etc.
o FER[EN RO 2 TS e.g., AL
o ETZKRA, HathFE~DIGA. e.g., ETH, Page curve

E.g.
3R/ \N— FERIDEEEFE 4R [Rigol-Santos (10)]

Kicked Ising model DAY NLT #—L7 72 & —: K(t) = |Tre 2
[Prosen (18)]

4 SYK 1&#Y

g-body SYK model:

Hsyx =i7% Y Jiifhi, -+ i,

<<

{¢17¢J}:61]7 17.7:177N

Ji,...i, = random

o T—UNKBRTHR(N= 7 LI 7 %)
e "Maximally chaotic". 1) 477/ 7#g¥0>)Maldacena-Shenker-Stanford bound (16) % ffiF0.
o 2RTENE R JTEN) 2L BP0 R
[Maldacena-Stanford, 16] [Maldacena-Stanford-Yang, 16]
o 3BT D)L A EADIGH
o ZUBIMEBFRTIL?
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5 Lindbladian Dynamics

o BEFF v RIUIT DRHEREROERT (7L 7MARE) [Lindblad, 76, Gorini-
Kossakowski-Sudarshan, 76|

L(p) = —ilH, 7]+ 3 [LapLL - H{E e} M)

o HFIH: AR IHIRE.

o EIIH kO =%) ; IRIE L OB ER "dissipators" or "jump operators".
o PL—RRfF: Trp(t) =1.

o il : “#EfYAR H=wo,and Lxo_, L x 0o,

6 SYK Lindbladians

e Model (i); non-random, linear jump operators

=V, i=1,---,N.

e Model (ii); Random, quadratic jump operators

o — Z K, KieC, a=1,---,M,

1<i<j<N

(Kj) =0, <| |> £§ Vi,j,a (nosum). R:=

SIS

¢ More generally, we can consider p-body jump operators

7 Doubled Hilbert space

BEITI A B IILNIL TR S b ILE B S E{EF("vectorization)
|5yl = 19)]5)*
p—p) eHRMN,
L — £ = non-hermitian operator acting on H @ H* (2)
* Schwinger-Keldysh, 450X 1 F 3 7 R[St - #IR(75)]
e Choi-Jamiolkowski isomorphism, &H - Fl&EiE:A
PL—R(EZEUEILAIL P SED b L—RIZXIET B, Tryp(t) = (I]p(t)).
o FL—Z2KEME, RIZRYREC2T—HEHETF T5 o> THREND

JARBJ '=B®A, Jz2J ==z

e Can draw an analogy with unitary dynamics (well, sort of).

LIFZBEAIL MERIZEITHIETIVLI — MERTF (F272LWO0hDfilh'Hh %)
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Bohigas-Giannoni-Schmit conjecture?
EFIERDOIEFE. operator growth, ...

VR TITATANT BT X LT

S. Denisov, T. Laptyeva, W. Tarnowski, D. Chru “sci "nski, and K. Zyczkowski,
Universal Spectra of Random Lindblad Operators, Phys. Rev. Lett. 123, 140403 (2019);
T. Can, V. Oganesyan, D. Orgad, and S. Gopalakrishnan,

Spectral Gaps and Midgap States in Random Quantum Master Equations,

Phys. Rev. Lett. 123, 234103 (2019);

K. Wang, F. Piazza, and D. J. Luitz,

Hierarchy of Relaxation Timescales in Local Random Liouvillians,

Phys.Rev. Lett. 124, 100604 (2020);

T. Can,

Random Lindblad dynamics, Journal of Physics A Mathematical General 52, 485302 (2019);
L. S a, P. Ribeiro, and T. Prosen,

Spectral and steady state properties of random Liouvillians, Journal of Physics A
Mathematical General 53, 305303 (2020);

L. S7a, P. Ribeiro, T. Can, and T. Prosen,

Spectral transitions and universal steady states in random Kraus maps and circuits, Phys.
Rev. B 102, 134310 (2020)]

AR MV E (O R— )

Outline

We will discuss three aspects:

Symmetries
Dynamical properties
Stationary properties

Papers:

"Symmetry of open quantum systems: Classification of dissipative quantum chaos",
Kawabata, Kulkarni, Li, Numasawa, SR, arXiv:2212.00605

"Dynamical quantum phase transitions in SYK Lindbladians", Kawabata, Kulkarni, i,
Numasawa, SR, arXiv:2210.04093
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¢ "Lindbladian dynamics of the Sachdev-Ye-Kitaev model", by Kulkarni, Numasawa, SR,

arXiv:2112.13489

9 XM -1 = &%) ROGE

« AZRYRHERR(TLI— NIV EZTY)
o 3-fold symmetry classification [Wigner-Dyson]
» RIS THEDERE K17

TRS: THT '=H (3)
= Unitary (A), Orthogonal (AI), Symplectic (AII)
e 10-fold symmetry classification [Altland-Zirnbauer, AZ]
o WFHIRERXSFRME(TRS). A FIEFLIFRME(PHS)DBHEE X1 7
TRS: THT '=H, (4)
PHS: CHiC'=-H (5)
CS: SHS'=-H (6)
o Free quadratic Hamiltonian, interacting Hamiltonians
o BIZER. EFENF
o TURLITIMR. TRV R, PROCHILAR
° Symmetry class TRS PHS TRST PHS' CS
Complex AZ & 0 0 0 0 ¢
Alll 0 0 0 0 1
Al  +1 0 0 0 0
BDI +1 +1 0 0 1
D 0 +1 0 0 0
Realaz DIl -1 +1 0 0 1
All -1 0 0 0 0
ca -1 -1 0 0 1
C 0 -1 0 0 0
ca +1 -1 0 0 1
o BB NERARET
10 X¥#ME -1 =% Y) ROImE
e JEI1=%&1)F: 38-fold classification
[Bernard-Le Clair (01);Kawabata et al (19);Zhou-Lee (19)]
FEIZRYNIIL b ZT o DONFHEDSEE
TRS THT '=H (7)
PHS' CHC'=-H (8)
SLS SHS '=-H (9)
TRS' TH'T'=H (10)
PHS CH'C'=-H (11)
CS THT '=-H (12)
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Symmetry class TRS PHS TRS' PHS' CS

Complex AZ L 0 0 : 0
Alll 0 0 0 0 1
Al +1 0 0 0 0
BDI +1 +1 0 0 1
D 0 +1 0 0 0
RealAz DHI —1 41 0 0 1
Al -1 0 0 0 0
cn -1 -1 0 0 1
cC 0 -1 o0 0 0
CI +1 -1 0 0 1
Al 0 0 +1 0 0
BDI' 0 0 +1  +1 1
Df 0 0 0 +1 0
RealAzi D' 0 0 -1 41 1
Al 0 0 = 0 0
cut o 0 -1 -1 1
ct o 0 0 -1 0
crr o 0 +1 -1 1
s AZclass t=0 t=1
0 A S
1 Al S. &_
s AZclass t=0 t=1 t=2 t=
0 Al S_ Sy
1 BDI S;y Sy S._ S;_
2 D 8e S_
3 DI S _ S, S+ 8-
4 Al S_ Sy
5 CIO Sip S_4 S__ 84_
6 C S, S_
7 CI S__ S_y Sii S

11 Constraints on Linbladians

Lindbladian: free quadratic Lindbladians. [Lieu-McGinley-Cooper (20)]
[Altland-Fleischhauer-Diehl (21), Sa-Ribeiro-Prosen (22), Kawabata-Kulkarni-Li-Numasawa-SR

(22)]

o ZELINLITEH
+ New "conditions": E.g., hL-—2 & T)LI— MEDRTE: Trp(t) = 1, pl(t) = p(t).
o TILI—ME = ED 2T —HRITRIE
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JA®B)J '=B®A, Jz2J '=2
e ImSpecL <0: "> 7 by AWE [Kawasaki-Mochizuki-Obuse (22), Prosen (12)]

- tr L
E.—E—tr—II

o 1 R)XIFRME : Strong v.s. weak

Need to reconsider symmetry analysis with these constraints

12 Some examples (bosonic)

Dephasing XYZ model with magnetic field:
H=-Y (J;;-Xin + LYY+ Jij-ZiZ,-) -3 omx;
i i
Li =iz
¢ Modular conjugation: JLJ ~* = J (symmetry about real axis)
e Timereversal I: TLIT 1=

o Particle-hole T: C(L + Y, %)t =—(L+ > ;i) (symmetry about shifted imaginary axis)
e Weak Zs spin flip

— Symmetry class "BDI f+ &, "

(a) 20 (b) 20
10 10
~< ~<
g o0 g 0
— —
-10 -10
g “206 5 4 3 -2 -1 0

Re )\

FIG. 1. Dissipative XYZ model in one dimension with periodic
boundaries and nearest-neighbor coupling (L = 6, J; = 1.0,
JY = 0.7, J5 = 0.9, v = 0.5). (a) Complex spectrum in the
presence of a magnetic field hf = 0.2. (b) Complex spectrum in the
presence of magnetic fields h] = 0.2, hf = 0.4.

 (Right panel) Adding h* breaks PH T symmetry (lose symmetry about shifted imaginary
axis)
e More complete analysis for bosonic case [Sa-Ribeiro-Prosen (22)]

13 7TV I A ROGE
Hgyg = i%? Z Jiyeig®iy i,

i1<"'<7:q
Lm - § Km,i1,~~~,ip¢i1 e 'l/)i,,
'L‘1<~"<l'p
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TS5BS ENICERT A 7 oL I A UIEEF. {vite (U aEZD

WG EZ DXIFRME

Modular conjugation J4tJ ' =4, T, T =, T2T ' = 2*
Weak fermion parity (—1)742(—1)7 = —¢

EDRBDOXSFRME, 5

Strong fermion parity (—1)7 ¢ (—-1)F = i (~1)F ¢l (-1)F =7

Additional symmetry R’l/)f’R_l = ff, RzR1L =2
What kinds of many-body symmetry classes appear?

14 SYKAERIDOXSHRIME

[You-Xu-Ludwig 16]

Hgyk =% > Jiii, -,

<+ ‘<iq

o (-1D)F Tz IALNY T AREE T BRI AR
o Projective symmetry analysis: N(ZBJL T 8 DA% HFD
cf. FAROSHIVBIZEIKRD ZshE[Fidkowski-Kitaev]

Ny (mod8)|
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15 Fermionic examples (SYK)

Modular conjugation JotJ =4, , T, T =), TT =2

Fermion parity (—1)7¢F(-1)7 = —¢

Strong fermion parity (—1)J‘!'ﬂiz/17jf(—1)Fi = —F (—1)}7i1/’§(_1)Fi =Y.
Additional symmetry Ry:R ' =4vF, RzR =2

o ZIRDEILRIL | SETHORE:

RZ _ (_1)(N71)/2
R(-1)" = —(-1)"R
RT = (-1)WVV27R
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TABLE I. Four-fold algebraic structure of total fermion parity symmetry (—1)7. modular conjugation symmetry 7, and antiunitary

symmetry R in the double Hilbert space of open quantum fermionic systems. Here, a € {+1, —1} specifies the commutation or
anticommutation relation between (—1) and R [i.e., R(—1)" = a(—=1)"R];b € {+1, 1} specifies the commutation or

anticommutation relation between J and R [i.e., RT = bJR ].

N(mod4) [0 1 2 3
a +1 -1 41 -1
b +1 +1 -1 -1
R? +1 41 -1 -1

16 More extensive analysis

e (-body interactions and p-body dissipation

Hsyi =177 )" Jioihi, -

L, = Z Km,il,-~~,i,,¢i1 T

1<

"IN X—=&%—,:N,p,q, Ko i K -

i< <ig

<ip

TABLE II. Periodic table of the Sachdev-Ye-Kitaev (SYK) Lindbladians with the linear dissipators p = 1 for ¢ = 0, 2 (mod 4) and the number
N (mod 4) of Majorana fermions. See Appendix A for the detailed definitions of the symmetry classes. For the antiunitary symmetry 7, P, Q,
R, S, the entries &1 mean the presence of the symmetry and its sign, and the entries 0 mean the absence of the symmetry. Additional symmetry
can be present for K,.;K7,,.; € R. For odd p > 3, the antiunitary symmetry P, R is no longer respected while the antiunitary symmetry Q,
S remains to be respected; for arbitrary odd p > 3 and N, we have class Al (or equivalently class DY) for ¢ = 0 with K, miil . ¢ R and

¢ = 2, and class BDI' for ¢ = 0 with Kim;i Kp,; € R.

N (mod 4) 0 1 2 3
fermion parity (—1)” Zs Zs Zs Zs
modular conjugation J +1 +1 +1 +1
P +1 0 -1 0
Q +1 +1 +1 +1
R +1 0 -1 0
5 +1 +1 +1 +1
g =0(mod 4) [Km:K},;; ¢ R] AI=Df AIl=D'  AI=D' AI=D'
¢=0(mod4) [Km;K},; €R] | BDI' +S., BDI' CI'+S;-  BDI'
g = 2 (mod 4) BDI AI=D' CI Al=D!

TABLE III. Periodic table of the Sachdev-Ye-Kitaev (SYK) Lindbladians with the even number p of dissipators for ¢ = 0, 2 (mod 4) and the
number N (mod 4) of Majorana fermions. See Appendix A for the detailed definitions of the symmetry classes. For the antiunitary symmetry
J, P, 9, R, S, the entries +-1 mean the presence of the symmetry and its sign, and the entries 0 mean the absence of the symmetry. Additional
symmetry can be present for Kon;: K,,.; € R. For even N, we assume even fermion parity (—1)}_ = +1 in the double Hilbert space, which

+
is relevant to the presence of modular conjugation symmetry .7 in the subspace with fixed fermion parity (—1)F .

N (mod 4) 0 1 2 3
fermion parity (—1)”, (=1)"" ZoxZs To  ToxZo  Zo
modular conjugation J +1 +1 0 +1
P +1 0 0 0
Q +1 +1 0 +1
R +1 0 0 0
S +1 +1 0 +1
q¢=0(mod 4) [K;;K},.; ¢ Rl, g=2(mod4) | AI=D'  AI=D' A AI=Df
g =0 (mod 4) [Kpm;iK},.; €R] BDIF BDI' A+n=AIl BDIf

Some observations:

o FRAIZ8 T 4(Z7 5.

o "7 —=HIBE) TFEIG LA S1-XFMES 5 2HF8NS, (Only AZ T for quadratic

Lindbladians)
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LTOIFETILI — MRS Z ZHVEIHT Bl TlEe UL
(HEER#RE ) > N 75714 T DFDER ?)

75 —ZXFMFIRENG LY (TR T with-1) (TR T with +1 ($OK ; shifted imaginary axis
LT 77 —24ER)

See also [Sa-Ribiro-Prosen (22)]

AE(T B AT

MROS—PEFEE EOBIZ?

17 BRI X 1 7 3 27 X ¢ Dissipative form factor

Dissipative form factor [Can 19]

F(Ty) == Trygy-et* = e S(Tw)

IR OHEERAEYI MR TARY MLT7 +—LT7 77 8—IC— 5
Trygmuet* = |Trye THH|?
Loschmidt echo (return probability): Try [p(T%)p(0)]
o WIHPREEMNFIAELS 1 p(0) — pr = UpoU' and Haar average over U
T 1/L L — Tr(p?
[ a0ooleelpg) = ZO Ve g e, LT

TaAe—L AL —}

p— _ 2Trlp(0)(dp(?)/dt)]
— _ ,
Tr[p(O) ] t=0
2 d
Do= i [ dU o)) (16)
o DFF|37— NHBRA{FE > THETE
18 DFF in large N
L= i + i) e — in Y W — ]
e Large N analysis:
F(Ty) = TLL]
/D ,(/)Jr zS [Yt]
= / DIT, Gle =] (17)
Collective field:
Gop(t,t2) = Ziﬁa t1)Yh (t2) (18)

For small p, a first order dynamical phase transmon similar to Hawking-Page
2nd order transition at small T,
For large p, no transition
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(a) p=0.1, large N

iS
0.6 — increasing T,
0.4 ~—— decreasing Ty,
02
5 10 m 20 Ty,
—0.2
o BRN & bk
(¢) p = 0.1, finite N
iS
i « N=8
0.6
l ¢« N=10 — large N
04
O,T
0 ; 1
o AR MILOE
(a) p=0.1

(d) p=09

5_)(10—15 L

(b) p = 0.5, large N

iS
0.6 — increasing T},
~—— decreasing T,
0.4
0.2
T,
. 5 0 15 2 ‘
(d) p = 0.5, finite N
iS
e N=38
0.6~
* N=10 — large N
0.4+ e N=12
0.2+
Ty
0 5 10
ImA

ImA

19 Comparison with two-coupled SYK model
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TABLE I: Analogy between the two-coupled SYK model [58] and the SYK Lindbladian with the non-random linear
jump operators for the case of small coupling p. The wormhole in the coupled SYK model corresponds to the
thermofield double (TFD) state at a certain temperature determined by . Similarly, for the Lindbladian SYK

model, the late time solution corresponds to the infinite temperature TFD state, which is the stationary state of the

Lindbladian.

Two-coupled SYK model

SYK Lindbladian with the non-random linear dissipators

Left/Right system
H = Hyie + (-1)E Hx +ind, Yivhk
Inverse temperature
Partition function Tr (e™#H)
Energy F = (H)
Specific Heat C = (H?) — (H)*
Energy gap
Black hole
Wormbhole (TFD)
Hawking-Page transition
N/A
Real time physics (e.g. chaos exponents)

Bra (+)/Ket (—) contour
o = a — 3 i i
L= —iHdyy +i(-1)2 Hyyg — i 3, ¥4yt — pl
Periodicity T,
Dissipative form factor Tr (e”2%)

Lindbladian (L) (average decoherence rate)

Decay rate
Early time complex solution
Late time real solution (Infinite temperature TFD)
Late time first-order transition (real-complex spectral transition?)
Early time second-order order transition
?

20 Summary

o ZKBAMET RO H1EHL Y LT, SYK Lindbladian&A&\ 7=,

e SYK Lindbladian (OXIFRMEADEEL .
HNRELT-
o MROC—EFEE L DBHZR?

e Physical relevance?

(7T)L3IA4 =y 27) Lindbladian(ZIRN 5 B XIFRME

o Graphene flake, Cold atoms, quantum computers, cavity QED [Uhrich 23|
¢ Maybe also interesting for quantum gravity community

21 Stationary properties

Large N solution to the stationary Green function:
GE(t) ~ Ae T sin(wot + )

Large N, (q,p)=(4,1) [Kulkarni-Numasawa-SR (21), Sa-Ribeiro-Prose (21), Garcia-Garcia-Sé-

Verbaarschot-Zheng (22)]
1

]

—o—T, GR(t)
—8— E,, Gpi(7), T = 0.002

Large N, (q,p)=(4,2) K: randomess in the jump operator
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25
2.0
1.5
1.0
0.5
0.0F . :

0.5 1.0

— K
1.5

Wo
0.4
0.3
0.2
0.1
0.0}

0.5 1.0 1

e Large g analysis is also possible

K

5

Stationary solutions, G4 (t1,t2) = Gii(t1 — ta).
Highly non-monotonic behavior of the decay rate I'
(consequence of the competition between dissipations and interactions?)

Phase transitions between fully damped and coherent dynamics as we change p or K

XTFRME 2 Z 2 OZEAftE

TABLE XIII. Equivalence between the real AZ symmetry class with sublattice symmetry (SLS) and the real AZ' symmetry
class with SLS. The subscript of Sy specifies the commutation (+) or anticommutation (—) relation to TRS/TRS' and/or
PHS/PHS'. For the symmetry classes that involve both TRS/TRS' and PHS/PHS' (BDI, DIII, CII, and CT; BDI', DIII',
CIIf, and CI'), the first subscript specifies the relation to TRS/TRST, and the second one specifies the relation to PHS/PHST.

AZ' class Sy S_ Syt Sy S_4 Sem

ATt D+S; C+8-

BDIf BDI+ S84+ DII+S; CI+S8.- CI+S8__
Df AT+ 8y Al + 8-

DIII* Cl+S8; CI+S.; BDI+S,_ DII+S _
Arrt C+S8S D+S-

cirt CIl +S84+ CI+S8S.. DII+S;- BDI+S__
ct AL+ Sy AT+ S

crf DIl +S4+ BDI+S4 CI+S8- CI+S _

TABLE XIV. Equivalence between pseudo-Hermiticity and sublattice symmetry as an additional symmetry in the AZ
symmetry class. For the complex classes, the subscript of 7+ and S specifies the commutation (4) or anticommutation (—)
relation to chiral symmetry. For the real classes, the subscript of 77+ and Sy specifies the commutation (+) or anticommu-
tation (—) relation to time-reversal symmetry (TRS) and/or particle-hole symmetry (PHS). For the symmetry classes that
involve both TRS and PHS (BDI, DIII, CII, and CI), the first subscript specifies the relation to TRS and the second one to PHS.

AZclass 7 n+ n- N+ N4— n—+ n--

A AIIT

AITI AIIl + 84  AIIl + S_

AT BDI' pirrt

BDI BDI +S8;; BDI+S8_ . BDI+S,. BDI+S _
D BDI DIII

DIII DI + S—— DI + Sy~ DIII + S—4 DIII + S4+

All cIrt crt

CII ClI+S844+ CII+S_4 CI4+8- CI+68_
C CII CI

CI Cl+S__ CI+ 84— Cl+S_4 CI + S44
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