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__Entanglement of quantum states

W) : entangled? to what extent?
two spins:  [¢) = |T1¢2> not entangled S1(¥) =0

f - |¢) = \/—(|T1¢2> +[{1T2)) : entangled Si(v) =log(2) #0
entanglement entropy: Sa(¢) = —tra (pa () log [pa (¥)])
) pa () =trz (|¥) (¥])
/ large S5 (1)) > A and A are highly entangled
system

low entanglement
-4 K .

many spins on 1D chain: f \ \ \ f S

highly entangled .




_Dypamics in isolated quantum systems

Hamiltonian dynamics

/_' entanglement growth
1) = e o) = D cieT W)

eg. H = ZJawanrl—l—Ba

—?,Ht

)
70) /\/\/

spectral analysis
= behavior of dynamics




Ground-state entanglement

—__iniselated quantum systems_

the spectral gap A = e5 — 1, &; < é&i41
transition of the gap €= ground-state phase transition

e.g. XXZ model
€ € €2 H= Z amJHl + amJHl + JU:UU:chl
A#0
&1 &1

A\ =
gapless phase gapped phase M

logarithmic-law area-law
parameter

Sa(¥1) oclog(|A])  Sa(¥1) o [A]Y

> » log(|Al)




—Monitored random dynamlcs

w [9y) 12 cpin

- idependent
jump! R

M., >
T
x measurement at 2 with probability ¢ |7,Dt> > o |¢t> ‘
\/Pwt (wa:) entangled
[T1d2) + [J1T2)

w, =T]: random measurement outcome

e.g. projective measurement M, = |w,) (w,| Mmn 5 x [T1l2)
Born probability: Py, (wy) = (¢¢| MI,_ My, [t¢) entangled
] witarygate  [¢) = Ug [¢hr) ‘U

¢.f. Hamiltonian dynamics: 1)) = e™"H" 1) oy~ i

—iH 6t —iHeyendt  —1Hgqq0t
e " ~ g tHtevenOtpTtiHodd independent



ugement-induced entanglement transition

- | S
A S sii I ROIRE ROV O A TR : g‘_

Sa(tr) Sale) oc |4 221
100 I
50 I
—f-\-F\—\—f-}:CE[l,L] /|q
A 1/2 spin 1: 72 :
oot i
Sa(¥r) = —tra (pa (Y1) log [pa (¥1)]) //;mm ¥
an indicator of how complex the state is 0.;' F Sa(we) x |A]° laﬁrge

5 10 ‘A‘ 50 100

: S A (wt)} x S A (?,Dt) \ Y. Li et.al. PRB 100, 134306 (2019).
‘ volume-law phase ‘ area-law phase |
q ‘probability of measurement

Sa(e) o< [Al - Sa(ty) oc |A]




Tag() = Sa(¥) + Sp(¥) — Sap(¥)

[(0405B),, — (0a), (OB),|”

< Iag(v
2041052 < lan(¥)
volume area b=
0.04} 4 | L=%4
- L =128
VN
< 0,03 o b=2%6
= — L =512
S—
)
< 0.02 3
~ IA| = |B| = L/8
0.01}
Y. Li et.al., PRB 100, 134306 (2019). 0.00

M. M. Wolf et.al., PRL 100, 070502 (2008). 0.0 0.1 0.2 0.3 0.4 0.5
q : measurement probability

entanglement transition €m peak of 1ap(¢:) |
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Compagison of isolated and monitored systems

—

1solated systems:
€
e o A — 0

M log-law phase area-law phase
PRSELTERRE gapless phase gapped phase

H |\Ijz> =£&; ‘\PZ) SA(‘Ill) X log(|A|) SA(\IJl) X |A|0

1

-
» b

parameter

monitored systems:

%- - volume-law phase | area-law phase

parameter

Sa(ty) o< | A Sa(ty) o< |Al°

Entanglement transition €= Spectral feature ???

0) @ Conventional spectral analysis seems difficult
\“ | temporal randomness due to measurement 3¢
jump! W [¢h;) » no static generator |t;) # e |a)g)
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Ken Mochizuki

_'b]ectlve results

volume-law phase area-law phase

strength of
Sa(yhy) o | A Sa(iy) oc |A|° measurement

quantum measurements
= entanglement transitions without static generator |i);) # e~ |1)g)
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random nonunitary dynamics Quo,(n) =M, (n)U;

Ve, (7)) X Qu, (N) -+ Qu, (n) |ho) | “t= (Wey Wity 5 w1)

x generalized measurement
Born probablllty 0 + T]U

2 My, — =
Py (@) = Quy(0) [ ()2 Mere=2) = T5E=55

7 © strength of measurement

Wiy = T measurement outcomes
th—2 (77)

; I o Up=2 H Mo, (1)

th=1 (T}) Wt = (wt,m_l, 7wt,a::L)

] ] - Ui : unitary gate
Y\-/_\_/- » r=12---,L f 1/2 spin



Ken Mochizuki

_dsyapunoy analysis
e, i

e SN ST -

Ve, (1)) X Vo, () [0) s Vo, (1) = Qu, (1) Quoy 1 (1) - -+ Quy (1)

1
effective “Hamiltonian™ H . (77) — _2_t log [th (n)Vj . (77)}

intuitive | imaginary-time evolution: |%w, (7)) ~ exp|—Hy,, (1)t] |t

picture L - o o L L L Y L
Hey, () |95, () = el () Ve, (0), elr(n) < el " (n)
, L
singular-value decomposition: Af:,t (1) = exp [_523]: (n)t}

Vio, MV () 195, (n)) = ALE(n)? [P, (n)
VI (Ve () |@L, (n)) = ALE(n)? |@L,, (n)



Ken Mochizuki

ysis

e SN ST -

He,, () 19, () =Ll () YL, (n), ebl(n) <elt"(n)

spectral gap: Ay, (1) = tli)m Af,t (n), Afjt( )=¢€

ground state of the effective Hamiltonian : | \Ifcl‘, . (77)>

Q analogy to ground-state transitions

. . in isolated quantum systems
relaxation time: q y

t>1/AL(0) = [V, () = [T, (7))



Ken Mochizuki

Spectral gap

He, (1) [Pe, () = €5, (1) [Py, (0)), €5,/ () < e (n)
spectral gap: Ay (1) = lim Ay (n), Ay, (1) = eg, (n) — e, ()

Wi
18 —m—e—_ 10’ E T T T | |
- L ' ' (o0 L constﬁﬂt .
. - [ ]
1'2 I different symbols: o E ﬁw“nnnnn 'E
- 1.2 B different trajectories = 102 3 . +§§ﬁii P
— ¢ +;x§% L=8 <
1F T L=10 +——
N ok E%@kﬁ 2 L=12 —5—
a0 i,
0.6 ¢ ' EE'* =18 E
04l _ ‘decreasmg Fa ;
0.2 R, TR TR 107 | | I_=|22 |
| 10* 10° 108 10 0 01 02 03 04 05 06 07
4
Ar(n) : independent of trajectories
: allm): lim A =0
global quantity! smalll] L—o00 L (77)
77 ‘measurement strength largen7: lim A L (?7) 75 0

L—o0

[ : system size
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_Spectral transition

‘=107 ++§§ =l spectral transition!
\:103 +><>|< §§ L=10 1 = 10 ' I I I
<] 10" ;:Eﬁé ﬁi — 3 2 i ' gapped phase ]
10 EEE}* ||:=1g 3 o 7FH 5
=18 —e— 3 ! N
108 " ‘decreasmg =20 —— ] ‘= 6] gapless phase | f ]
10-7 | | I_=|22 | ] h\": 5F f —
0 01 02 03 04 05 06 07 ’E. 4 |- | -
M > 3r i ¢ -
. I 5 | ]
fitting: al . f il
®
fit _ —L Dle o o o o o & ]
AL (77) — A(TI) -+ 04(77) [/8(?7)] 1 | .| | | |

. 0.05 0.1 0.15 0.2 0.25 0.3
A(n) = lim AT*(n)

L—oo L n



Ground-state entanglement entropy

6 T T T \ T
s 5 I O| 1 N B B
- n-=0. |
S5 % n=0.3 i
. o 4 | _
—~ 4"y 3 -
o H5g me* B L=6 —+—
\K] 3 L o L 1 | L=8
E ?KJ%K%EI' 5 L=10 ———
=] 12 5
P e N I -
g, i*%%t g J T T L-16
1 ¥ +§f§!@% 6 810121416182022 || _18 1 e
i gg" L L=20 —a—
0 ' ‘ L[ T T=reepemm— I R

0 014 02 03 04 05 06 07

n
Sry2(n) = E¢ (Spy2 [V, ()])
Sa(¥) = —tra (pa(¥)log [pa(¥))) Wye1(n)) 4
£t ‘time average pa(v) = trz(|v) (¥|) system

A

small 77 : volume law Sy, /5(n) oc L large S ()
large 1) : area law Sy, /5(7n) o L = A and A are highly entangled
and R. Hamazaki PRL 134, 010410 (2025).




Ground-state entanglement entropy

Bl e

” B —— Iap(¥) = Sa(¥) + Sp(¥) — Sap(¥)

6 I I I I I

51 e=. T 228513 i O O O O 2

4_'.‘i 4 = |< A B>¢_< A>1p< B>¢| <I (T/))
—~ moe n 4 1 . ~1AB
S Z i [ . 2(04[?|0B/?

Q| e, il I i . M. M. Wolf et.al., PRL 100, 070502 (2008).
i 2 __i_i%**iiéég ol 1 vy | I|:=1g e
+ ¥
e +§f§§%¥hf 810121;16182022 L8 e peakof I1 1,(n) = E, (Il,L [\Ifit (7‘])})
0 | |

B » phase transition!
0 01 02 03 04 05 06 07

A i R
S =B (Su [ 0)]) - Ay ==

— e
o
| |

|

Sa(¥) = —tra (pa(y)log [pa(¥)])
£t ‘time average pa(v) = trz(|v) (¥|)

small 77 : volume law Sy, /5(n) oc L

ngym4

large 7) : area law Sy /5(n) oc L°
and R. Hamazaki PRL 134, 010410 (2025). N




ncidence of the thresholds

Heo, (1) W5, (0)) = €5, () [Py, (1))

gapless phase = volume-law phase
A(n) =0 Spy2(n) o< L

gapped phase = area-law phase

A £0  Spya(n) o L

spectral transition < entanglement transition:
ubiquitous in a wide range of quantum systems

, Ryusuke Hamazaki,
Physical Review Letters 134, 010410 (2025).




Outline

O Introduction:

P entanglement, spectrum, phase transitions
P isolated systems without randomness

P random dynamics in monitored systems

O Motivation and rough sketch of results

0 Our results:
P measurement-induced spectral transition
P oround-state entanglement transition

O Foundation of the Lyapunov spectral analysis

O Summary




Typical convergence of

Vo, (1) = Qu, () - Quy (1)

[V, (1)) o< Vi, (1) [10)
Py, (W) = |Qu, (1) [Yw,_, (0))]

products of random matrices
obeying the Born rule

¥

spectrum typically independent of
initial states and measurement outcomes [




ln.the case of i.i.d outcomes

N . A ald Rand, A/__\ o0
products of random non-unitary matrices: random outcomes:
V(w) = Q(wi)Q(wi-1) - - Q(w1) w = (w1,wWa, "+, W)

{w:} are independently and identically distributed
= the probability of w:: P(w;) = P(w1)P(w2) -+ P(wy)

Qt - a set of Wy shift of time: QUJt = (UJQ,C{}?,,"')
e.g. Qoo = {woo|ws =T Vt} (one spin) = P(Qs) = P>(1) = 0: neglected
e.g. Qoo = {woo|wz =] and wg =]} (one spin) = P(Qy) = P?({) #0

1 | —~ A\~
goal: lim ——log [A;(w:)] = &; | a-ig : P =
t—oo l_\/\\’\ , atypical, neglected

£; dependent on W

typically independent of w.

*Kingman’s subadditive ergodic theorem

V(w) VT (wy) [V (we)) = A7 (wr) |5 (wy))



lnsthe case of i.i.d outcomes

products of random non-unitary matrices: random outcomes:
V(w) = Q(wi)Q(wi-1) - - Q(w1) w = (w1,wWa, "+, W)

{w:} are independently and identically distributed
= the probability of w:: P(w;) = P(w1)P(w2) -+ P(wy)

shift of time: fw; = (wo,ws, -+ )

(), : a set of wy

B invariant measure P(w; € Q;) = Po 0 '(Q) = P(0w; € Q)
M ergodicity Q, = 671(Q,) = P(£;) = 0,1 (roughly speaking)

e.g. O = {wilwy =1 and wy =1} = P(Q) =Pob~ () =P(H)P(])
picture of ergodicity :
0 covers the whole space of w;

, 1
goal: tliglo 7 log [Ai(wt)] — &

typically independent of w. 4 A
*Kingman’s subadditive ergodic theorem 0
V(w)VT(wi) [Wi(wr)) = A (wr) [i(wy)) _ space of “t )




Wi = (Wl,&)g,“' awt)

Viwy) = Qwi)Q(wi—1) - - Q(w1)

th — (&)2,(,{)3, )
[V(wt)pVT wt) P = sz |¢z Cbz

(;:a set of wy

I . .
; B invariant measure pP(w, € Q,) = Po 0~ 1(Q) = P(0w, € Qt)l
: B ergodicity Q, = 07'(Q;) = P(€;) = 0,1 (roughly speaking) |



Condition for typical convergence

—

time-dependent measure:
PPT (wt) = tr [V(wt)pTVT (wt)]
PPT (th € Qt) =P (wt € Qt)

Pr+1

Viw) = Qwr) -+ - Qwr)

averaged dynamics'

pri1 = ZQ )pr Q" (w

T. Benoist et.al., Probability Theory and Related Fields 174, 307 (2019).

: B invariant measure |
!
] | W ergodicity (roughly speaking) |
oooopeeooooooe 299
I tllm —7 log [A;(wy)] = &4 : O O O
—00
I p= ZPH@) (¢l

' typically independent of Woo | f? f? t)



Condition for typical convergence

—

time-dependent measure:
qu— (wt) = tr [V(wt)pTVT (wt)]
PPT (th - Qt) = PPT+1 (wt - Qt)

Viw) = Qwr) -+ - Qwr)

averaged dynamics'

pri1 = ZQ )pr Q" (w

@ unique and positive-definite stationary state
Poo = I'(pss) > 0 (present in our model)

T. Benoist et.al., Probability Theory and Related Fields 174, 307 (2019).

B invariant measure P, (w; € () = P, (0w, € (1)

M ergodicity Q, =6~ (%) = 0,1 (roughly speaking)

Q) = P,

1
lim 7 log [A;(wt)] = €

t—o0

typically independent of w

p= ZP@ |Pi) (i




@ unique, positive-definite stationary state poo = I'(poo)
) W ergodicity QO = 071(Q4) = P, () = 0,1

(\ Pr+1 = F(p’r)

;. T T--SSo-- - === s |

I Ppoo [(wt S Qt) M (GT("J?’& S Q:‘,)} Woo = (wtv 7(‘);7 )I

_ I

L= Y w Ve VeV @lViw)] |

wi ey w;eﬂl |

I * :

: ~ Z tr [V (we) poo VT (wy)] Z tr [V (w})poo VT (w))] ,

I w €y w; €N, |

I =P, ()P, () forlarge T :
I

I * FT_t[V(wt)pooV (wt)] ~ tr [V(wt)poov (wtﬂ Poo :
I

| S = and Q = 071(Q) > P () = P2 ()

T. Benoist et.al., Probability Theory and Related Fields 174, 307 (2019).



Typical convergence in

sarbitracy initial states

@ unique and positive-definite stationary state

Poo = I'(pso) > 0 (present in our model)
T. Benoist et.al., Probability Theory
and Related Fields 174, 307 (2019).

M invariant measure P, (w; € ;) = P, (0w, € Q)

B ergodicity Q; = 671

(2) = P, () = 0,1 (roughly speaking)

— | === -~ — -
lim ——log [A;(wy)] = &

t—oo ‘ . IM I atypical, neglected

£; dependent on wse

in typical trajectories from Poo




Typical convergence in

_Tsarbitracy initial states

@ unique and positive-definite stationary state

Poo = I'(pso) > 0 (present in our model)
T. Benoist et.al., Probability Theory
and Related Fields 174, 307 (2019).

M invariant measure P, (w; € ;) = P, (0w, € Q)

Q) =P

B ergodicity Q; = 6~ . (©2:) = 0,1 (roughly speaking)

Poo > 0, Pp(wt) = 1r [V(wt)pVT(wt)]
Q absolute continuity : P, (£2;) = 0 leads to P,(€2;) = 0 for any p

lim 2 log [A;(wy)] = & «(2) =0

t—oo ‘ . IM I atypical, neglected

in typical trajectories from any p
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Summary

Ho,(n) [, () 401
= () [, ()

Sae spectral transition

n entanglement transition

I c.f. topological phases and bulk-edge correspondence in monitored dynamics

| -Z. X1ao0 and K. Kawabata, arXiv:2412.06133

Ken Mochizuki

1 unique and positive definite stationary state

1 in averaged dynamics poo = I'(poo) > 0 D

- Sp2(n) ;SL/2(77)

- B ovs M .

. O(L) - O(Li)f | typical convergence of Lyapunov spectrum
i -, 1 in trajectories |1, (1))

i T. Benoist et.al., Probability Theor
;f;a‘ple?s.!‘;,ifgapped and Related Fields 174, 807 (2019) 12

10* 10° t  10° 107

(analogous to isolated systems)

I -H. Oshima, K. Mochizuki, R. Hamazaki, and Y. Fuji, arXiv:2412.11097



m. in systems with no randomness

—

" T~ - "<

systems described by time-independent generators

SI0) = —iH[0(1), S a0) = La(0),

the spectrum of K = —iH, L

.

essential information of the system




Spectral gap in open quantum systems
, e, i |

~

E ORI R

——
wpvhe ; v

master equation in Markovian open quantum systems:

d : A ..
~(t) = LAt pt) = e“'p(0) = Z ciep;

| the spectral gap A = [Re(A2) — Re(A1)], Re(A;) > Re(Ajt1) !
| ==p> the relaxation time to the stationary state 1 /A :




_Jransition of purification timescale

P it disa o

E circuit p; — UthWL

mixed-state dynamics \ M., p:M :ru
x measurement Pt —
0.15 . - Py, (w)
Mixed phase Pure phase -
0 Born probability:

P, (w) =tr (watl\/l:fu)

— o (pc — p)” purification at 7 :
1 ~ V) (Y|, S(pr) =0
0 :2_LZ|¢Z.> (s Pr = [¥r) (Ul S(or)
0.05 - _ |
1 /2" S(p) = —tr[plog(p)]
purification transition in
Oo.iz 0_i4 0.16 0.18 02 the mixed-state dynamics

¢ : measurement probability M. J. Gullans et.al., PRX 10, 041020 (2020).



pure-state dynamics

oosl VOlume } area

B
|A| = |B| = L/8

- | =32

—- L =64
- L =128
- L =256
— L =512

q

Tap() = Sa(¥) + Sp(¥) — Sap(¥)

0.0 0.1 0.2 0.3 0.4 0.5

peak of [4p(1;)

entanglement transition

Y. Li et.al., PRB 100, 134306 (2019).

M. J. Gullans et.al., PRX 10, 041020 (2020).

mixed-state dynamics

purification at 7: S(p,) ~ 0

0.15 : ; :
Mixed phase ' Pure phase

_ o) |: _ 0

= T =090 | T=0(L")
N 1 1

~ : ,

¥ — (pe—p)

SY

_ L
& po = 1/2%
O.i2 O.i4 0.16 04.18 02

entanglement transition (pure)

purification transition (mixed)
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® numerical data

16
14§ n \ ﬁt — I
P n=01 - ~ A(n) = Aln) + a(n)[B(n)]
10 ]
= \
X 8l . el VAN — lim A"
sal N | (n) = lim Az (n)
< Z : S e 1 o spectral transition!
O = jmm o o = | —?: :?: = 9 | ! | | —
10 12 14 1; 18 20 22 gl gapped phases |
7 : :
2 [ ' (\-::._:j s | gapless phase f |
T e - 1  5f i -
C\ulg 8 I * = =0 —p- - A 4 |- ; f ]
N et R A
€ .l n=0.3 | < 2} - ? :
=) 1+ 9 i
2r il 0 o000 3 —
0L l l l l \ _ '1 l | i l l
10 12 14 16 18 20 22 0.05 0.1 0.15 0.2 0.25 0.3




Spectral transmon (pure-state)

~_Purification transition (mixed-state) —
Qur s (M) P, (MQL,,, (1)

mixed-state dynamics: Puw,,, (1) = P,.. () (Wit1)
Puwy T

Born probability: Ppwt(?’l)(wt—Fl) = tr [QWt+1( )th( )thﬂ( )]
t > 75.0(n) = 1/ A7 N) = pu, (n) < Voo, (n)poVil, (n) = [V, () (¥, (n)]

~ rank-1 matrix = purification

§ 100 cohstaﬁt;. if I Amlxed( ) Apure( )l

e,

5 o2 %% gapless phase = mixed phase :

g +3 _

S 108 F .10 ig L=10 — + Ap(n)=e OL) _ T5.0(n) = eOL)
2 L=14 = gapped phase = pure phase:

5 REMe* exponent1ally L=16
< o E. decreasmg =18 e Ap(n) =O(L%) — 75,0(1) = O(L?)

10—7 | | | | | |
02 03 04 05 06 0.7

: 1 I
Ve, (0)) n po =51 Z |95) (¢i] = 5L

and R. Hamazaki, PRL 134, 010410 (2025).




Spectral transmon (pure-state)

~_Purification transition (mixed-state) —
Qur s (M) P, (MQL,,, (1)

mixed-state dynamics: Puw,,, (1) = P,.. () (Wit1)
Puwy T

Born probability: P, (y)(we+1) = tr [me( )pw, (MQL,. (0 )]
t > 75.0(n) = 1/APXYn) = pu,(n) < Ve, () poVil, (n) =~ [®L, () (B, (n)]

~ rank-1 matrix = purification

10° 1 | | T | | E [
= F i I d pure I
= Jose et I LARTT () = AL
% 10" F L «® { gapless phase = mixed phase :
S=b | Aun) =B oy ) = OO
igm-z L e 1 gapped phase = pure phase:
U | AL =01 — — o(L°
. ey e | 2400 = OE)  751(1) = O(L)
—e— . .
o3 1 A spectral transition
0.1 0.15 0.2 0.25 0.3 0.35 0.4 045 05 ‘
N _ purification transition
and R. Hamazaki, PRL 134, 010410 (2025).




_Comparison of transitions

A . PNE v ," o T ;_' i

Monitored dynamics where Well-known equilibrium systems
Hamiltonians can be non-local| described by local Hamiltonians

Gapped SL/2 — O(LO) @ SL/2 — O(LO)
phase Ar = O(L%) Ar = O(LY)
Gapless 8L/2 = O(L) SL/2 — O[log(L)]
phase A = exp [—O(L)] Ay = O[l/pOly(L)]
’? *1D systems
M « e.g. )gXZ model
long-range interaction = volume law?

T. Udagawa and H. Katsura, B. Zeng, X. Chen, D.-L. Zhou, and X.-G. Wen,
J. Phys. A: Math. Theor. 50 (2017) 405002. Quantum information meets quantum matter (Springer, 2019).

, Ryusuke Hamazaki, Physical Review Letters 134, 010410 (2025).



—~ “,Irj.reducibility

averaged dynamics: p,y1 = Z Q(w)p-Qf (w

@ irreducibility: any operator O can be constructed as O = >, ¢ o,V (wy)
st ?
»positive'deﬁnite (a) and unique (b) stationary state in averaged dynamics

I positive-semi-definite stationary state (always present): Poc = L' (poc) > 0

proof-a’ (do| poo [¢0) = (Pl T (poo) [¢0)
= (ol ViwpeVI (@) ldo) = > |v/pmVHwi) )] =

—}pOOVT(wt (o) = 0 for any ¢, w; =+ p. O \gbo) — () for any O

proof-b: Poo (Y *) = (1 : y)fclm — yp2, f\\\ tAi(y)
=> poc(y) [S0(y™)) =0 0 AN
poo(y) 19i()) = Ni(y) 9 (y))  y =0 y =1
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